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Abstract

Various uncertainty quantification methodologies are presented using a combination of several deter

ministic decline curve analysis models and two bootstrapping algorithms. The bootstrapping algorithms 

are the conventional bootstrapping method (CBM) and the modified bootstrapping method (MBM). The 

combined deterministic-stochastic combination models are applied to 126 sample wells from the Permian 

basin. Results are presented for 12 to 72 months of production hindcast given an average well production 

history of 120 months.

Previous researchers used the Arps model and both conventional and modified bootstrapping with 

block re-sampling techniques to reliably quantify uncertainty in production forecasts. In this work, we 

applied both stochastic techniques to other decline curve analysis models—namely, the Duong and the 

Stretched Exponential Production Decline (SEPD) models. The algorithms were applied to sample wells 

spread across the three main sub-basins of the Permian. A description of how both the deterministic and 

stochastic methods can be combined is provided. Also, pseudo-codes that describes the methodologies 

applied in this work is provided to permit readers to replicate results if necessary.

Based on the average forecast error plot in the Permian Basin for 126 active wells, we can also 

conclude that the MBM-Arps, CBM-Arps, and MBM-SEPD combinations produce P50 forecasts that 

match cumulative production best regardless of the sub-basin and amount of production hindcast used. 

Regardless of concerns about the coverage rate, the CBM-Arps, MBM-Arps, CBM-SEPD, and MBM- 

SEPD algorithm combinations produce cumulative P50 predictions within 20% of the true cumulative 

production value using only a 24-month hindcast. With a 12 month-hindcast, the MBM-Arps combined 

model produced cumulative P50 predictions with a forecast error of approximately 20%. Also, the 

CBM-SEPD and MBM-SEPD models were within 30% of the true cumulative production using a 12

month hindcast. Another important result is that all the deterministic-stochastic method combinations 

studied under-predicted the true cumulative production to varying degrees. However, the CBM-Duong 

combination was found to severely under-predict cumulative production, especially for the 12-month 

hindcast. It is not a suitable model combination based on forecast error, especially when hindcast fractions 

on the low end of the spectrum are used. Accordingly, the CBM-Duong combination is not recommended, 

especially if production history of no more than 24 months is available for hindcasting. As expected, 

the coverage rate increased, and the forecast error decreased for all the algorithm combinations with 

increasing hindcast duration.
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The novelty of this work lies in its extension of the bootstrapping technique to other decline curve 

analysis models. The software developed can also be used to analyze many wells quickly on a standard 

engineering computer. This research is also important because realistic estimates of reserves can be 

estimated in plays like the Permian basin when uncertainty is correctly quantified.
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Chapter 1. Introduction

1.1. Statement and Significance of the Problem

Reservoir evaluation entails forecasting the production of existing and planned wells and applying those 

forecasts along with sound economic indices to determine project profitability. Reserves and Production 

forecasts are useful for reserves development and policy decision making by the government, pipeline

capacity planning, and equipment sizing calculations by oil companies, and engineering, procurement, 

and construction (EPC) companies. Also, reserves and production forecasts are useful to evaluate the 

performance of producing companies by financial institutions and investors. The Estimated Ultimate 

Recovery (EUR) represents a rough estimate of the hydrocarbons recoverable from an oil and gas well at 

the end of its producing life. Oil companies and reservoir asset managers must factor in the estimated 

ultimate recovery in determining whether a production pro ject will be viable and profitable or not. In 

reservoir management as part of the project planning phase, the estimated ultimate recovery is useful 

during the decision-making process on whether to proceed with the development of the hydrocarbon 

reservoir on which studies are being conducted.

Depending on the amount, quality of production data available, and the evaluation of that data, 

reserves estimation will usually involve uncertainty. The respective degree of uncertainty can be expressed 

by classifying reserves into proven and unproven reserves. Unproven reserves are subdivided into probable 

and possible reserves. Jochen and Spivey (1996) cited the 1983 World Petroleum Congress (WPC) 

probabilistic classification of reserves as a maximum at 90% (proved), a middle value at 50% (proved + 

probable), and a minimum at 10% (proved + probable + possible). Proved reserves have a reasonable 

accuracy (at least 90% confidence) of being recovered under existing conditions with the current technology. 

This value of certainty is referred to as “P90” in the industry or “1P”. Probable reserves have a 50% 

certainty of being produced, denoted as “P50” in the industry or “2P”, i.e., there is a 50% probability 

that the quantities recovered will equal or exceed the estimated recovery value. Possible reserves are less 

likely to be recovered than Probable reserves. They have at least a 10% probability of being produced, 

denoted as “P10”.

Production forecast and reserves estimate are an essential input in the decision-making and investment 

evaluation scheme. However, the intricate nature of reservoir and production data, combined with 

bounded analytical insights for reservoirs make production forecasting and reserves estimation an arduous 

task. Cheng et al. (2010) noted that even under the best circumstances, there is often significant 

uncertainty in reserves estimates. Hence, it is considered good practice to quantify the uncertainties in 

1



these estimates to improve decision making. Raul Alberto Gonzalez, Gong, D. A. McVay, et al. (2012) 

observed that there existed significant uncertainties in forecasting production and reserves estimation 

for shale gas reservoirs. The ma jor sources of uncertainty include complex flow geometry, variability in 

reservoir and completion well properties, and the dearth of long-term production data. Yu et al. (2016) 

identified uncertainties arising from potentially long duration of the transient flow regime, complex 

fracture geometrics, and multiple gas-transport mechanisms as other sources of uncertainties. Several 

techniques have been proposed to forecast production in conventional and unconventional reservoirs. 

Decline Curve Analysis (DCA) is the most-used empirical method for estimating reserves when production 

data is readily available. The production decline curve method extrapolates an estimated trend into the 

future. However, the deterministic estimate of reserves might not be close to the true value of reserves. 

That is, the deterministic estimate contains significant uncertainties (Cheng et al. 2010). The Arps' 

equation has been an industry standard for decline curve analysis in conventional reservoirs. We note 

that the Arps' equation requires a “b” value obtained from stabilized flow (Arps 1945).

Several deterministic methods have been applied in unconventional shale gas reservoirs. They include 

the Logistic Growth Analysis (LGA) model proposed by Clark, Lake, Patzek, et al. (2011), the Power 

Law Exponential (PLE) rate decline relation by Ilk et al. (2010). Other deterministic models are the 

Duong's model proposed by Duong et al. (2010), the Stretched Exponential Production Decline (SEPD) 

model postulated by Valko and Lee (2010), amongst others. Newer approaches for production forecasting 

include the use of machine learning methodologies to forecast production in unconventional, liquids-rich 

shale and gas shale wells (Fulford et al. 2015), application of data mining and time series analysis (TSA) 

(Gupta, Fuehrer, and Jeyachandra 2014); (Olominu and Sulaimon 2014). Regardless of the simplicity and 

ease of application of the decline curve analysis method in comparison to other production forecasting 

tools, there exist some weaknesses. The most significant of these weaknesses is the DCA method's strong 

dependence on the smoothness of production data, i.e., the presence of too many outliers make the 

estimation of unknown model parameters difficult. This difficulty is more pronounced in the shale gas 

reservoirs because shale gas production data are generally more random and complex compared to data 

from conventional reservoirs (Lei, Zuo, and Wang 2018). However, these deterministic decline curve 

methods used by themselves do not quantify uncertainty in the production forecast. It is possible to 

combine these methods with Bayesian approaches for uncertainty quantification. This approach, however, 

requires an assumption or definition of probability distributions for the parameters associated with the 

different DCA models.

Uncertainty quantification is essential for forecasting production, especially if limited data is available. 

Proper application of the probabilistic approach to decline curve analysis can potentially bracket the 
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actual value of production by providing a range of estimates for a well-defined confidence or credible level. 

Several authors showed that probabilistic decline curve analysis could accurately quantify uncertainty in 

production forecasts and reserves estimation. Jochen and Spivey attempted to carry out probabilistic 

production forecasting using Arps' equation and the bootstrap method (Jochen and Spivey 1996). To 

correct for underestimation of uncertainty when applying the conventional bootstrap method (CBM), 

Cheng et al. (2010) presented a new probabilistic decline curve analysis approach. This new approach, 

called “Modified, Block Bootstrap Method,” helped improve probabilistic estimation from reserves and 

obtained well-calibrated confidence intervals. Their new probabilistic approach produced much wider 

confidence intervals and improved the coverage rate of the confidence intervals. This approach led to 

an accurate estimation of reserves and better prediction of P50 values compared to the conventional 

bootstrap approach. However, in their approach, only the Arps' equation was used for validating the 

methodology.

Gong et al. (2014) introduced the Bayesian probabilistic methodology using Markov Chain Monte 

Carlo (MCMC) and the Arps' equation. Their proposed method reliably quantified uncertainty in 

estimating reserves but required the analyst to have “prior” information about the reservoir (Gong 

et al. 2014). Korde (2019) used approximate Bayesian methodology to quantify uncertainty with some 

success. Other Bayesian probabilistic decline curve analysis includes the works of Yu et al. (2016) and 

Raul Alberta Gonzalez, Gong, D. McVay, et al. (2013). Can and Kabir (2011) applied a probabilistic 

method to the Stretched-Exponential Model. Paryani et al. (2017) applied an approximate Bayesian 

probabilistic methodology and rejection sampling to quantify uncertainty associated with shale reservoirs. 

Joshi, Awoleke, and Ahmadi (2018) used the Logistic Growth Analysis model and Time Series analysis to 

quantify the uncertainty of gas production.

No work has compared the application of conventional bootstrap and modified bootstrap with block 

resampling methodology to different decline curve models. We conducted this study to expand the 

implementation of the Conventional Bootstrap and Modified Bootstrap methodologies to other decline 

curve models. We did this in an attempt to address the challenges encountered by previous authors and 

to develop scripts that can be embedded into a commercial reservoir modeling software or developed as 

a stand-alone probabilistic decline curve analysis software. Korde (2019) worked on the probabilistic 

decline curve analysis using Bayesian inference. The scope of the present research focuses on frequentist 

inference and the application of Conventional Bootstrap and Modified Bootstrap methodology to three 

deterministic DCA models. The three DCA models applied include the Arps' hyperbolic model, the 

Duong's model, and the Stretched Exponential Decline model.
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1.2. Overview of Unconventional Hydrocarbon Resources in the Permian Basin

The Permian Basin is a large sedimentary basin located in the foreland of the Marathon-Ouachita 

orogenic belt encompassing West Texas and some parts of southeastern New Mexico. The Permian basin 

is known to have the world's thickest deposits of reservoir rocks from the Permian geological period. 

It covers approximately 86,000 square miles with an area of about 250 miles wide and 300 miles long 

(Shale Experts 2020). The Permian Basin is divided into different sub-basins and platforms. The three 

main sub-basins are the Central Basin Platform, the Delaware Basin, and the Midland Basin. Other 

sub-basins include the Northwestern Shelf, the Hovey Channel, the Val Verde Basin, and the Eastern Shelf. 

The dominant unconventional reservoir systems consists of the Spraberry and Wolfcamp formation of the 

Midland Basin, the Wolfcamp shale, Bone Spring sand, and the frequently-targeted Avalon formation 

in the Delaware Basin (EIA 2020). Figure 1 shows the Permian basin location in West Texas and 

Southeastern New Mexico.

Figure 1: Permian Basin Province in West Texas and Southeastern New Mexico. The province is a large 
oil and natural gas producing area containing the Central Basin Platform, Delaware Basin, Midland 
Basin, Val Verde Basin, Eastern Shelf, and Northwestern Shelf. Adapted from Schenk et al. 2008.
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The Delaware Basin is a multi-stacked play located in the western section of the Permian Basin. It 

is bounded to the north by the Northwestern shelf, on the west by the Diablo platform, the south by 

the Marathon-Ouachita orogenic belt, and to the east by the uplifts area of the Central Basin Platform. 

Delaware Basin plays include Yeso trend, Avalon shale, Wolfcamp shale, and Bone Spring sands. Since the 

Wolfcamp formation is common and analogous to both the Delaware and Midland basin, the Wolfcamp 

formation is also called the “Wolfbone”. The Bone Spring and Avalon formation averages about 2,500 to 

3,500 feet in thickness. The average depth of the Delaware Wolfcamp is about 2,000 feet and can extend 

to 6,000 feet in the western section of the basin (EIA 2020).

The Midland Basin is characterized as a multilayered play, located to the east of the Central Basin 

Platform, bound to the north by the Northwestern shelf and the east by the Eastern shelf. Sub plays 

within the Midland basin include Wolfcamp oil shale, Cline Shale, Spraberry, and Dean formation. The 

Spraberry and the Wolfcamp formation are commonly combined and dubbed “Wolfberry.” The Spraberry 

represents the most significant accumulation of oil and gas in the Permian basin, with average depths of 

6,800 feet across the sub-basin (EIA 2020). Figure 2 shows the three main sub-basin and their producing 

reservoirs.

Figure 2: Permian Basin Resources Play. Adapted from Shale Experts 2020.
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The Central Basin Platform is a tectonically uplifted basement block capped by a carbonate platform 

that separates the Delaware basin from the Midland basin. Sub-plays within the Central Basin platform 

include Abo, Yates, Glorietta, Tubb, San Andres, Seven Rivers, Tansil, Queen, Grayburn, and the oldest 

Wolfcamp formations. Although the Central Basin Platform features more conventional resources, the 

Wolfcamp shale is underlying the Central Basin Platform, so there are some potential unconventional 

resources in this basin (EIA 2020).

1.2.1. Unconventional Production within the Permian Basin

In a 2020 U.S. Energy Information Administration (EIA) report, the Permian basin produced more 

than 33.4 billion barrels of oil and about 118 trillion cubic feet (Tcf ) of natural gas as of September 2018. 

The Permian basin has seen an increase in the use of multi-staged hydraulically fractured completions, 

thereby reversing previous production declines in the basin. In 2018, more than 35% of the total U.S. 

crude oil production and about 9% of the total natural gas production in the United States was from the 

Permian basin. A 2017 EIA estimate places the Permian basin as the largest hydrocarbon-producing 

basin in the United States and the world, with an estimated remaining proven reserves exceeding 8 billion 

barrels of oil and 27 trillion cubic feet of natural gas (EIA 2020). Based on EIA's August 2018 Short-Term 

Energy Outlook, tight oil in the Permian basin will account for more than half of oil production in the 

United States (EIA 2020). Figure 3 shows the historical growth in oil and gas production in the Permian 

basin from 2011 to 2020.

Figure 3: Oil and Natural gas production in the Permian Basin. Adapted from Drilling Productivity 
Report, Energy Information Administration 2020.
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(a) Oil production across major plays in the U.S. The chart shows the size of cumulative oil production across 
major plays in the U.S. The Permian basin accounts for more than 35% of total U.S. crude oil production. Adapted 
from ShaleProfile Analytics 2020

(b) Cumulative production profile for selected formations in the Permian Basin from 2009 to 2019. The Wolfcamp 
formation, found throughout the entire Permian Basin area is one of the six formations responsible for the surge 
in Permian basin crude oil production. Adapted from ShaleProfile Analytics 2020

Figure 4: The Cumulative production profile of selected oil-producing basins in the U.S. The Permian 
basin accounts for more than 35% of total U.S. crude oil production. The unit for the vertical axis in 
both plots is in million barrels of oil with the horizontal axis in years
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According to a 2016 U.S. Geological Survey (USGS) report conducted to assess potential oil and gas 

resources in the Permian basin province, the Wolfcamp shale in the Midland Basin (especially in the 

Wolfcamp shale formation) contains technically recoverable shale oil reserves of up to 20 billion barrels of 

oil. The Wolfcamp shale formation contains technically recoverable shale gas reserves of up to 16 trillion 

cubic feet of associated natural gas and 1.6 billion barrels of natural gas liquids (NGLs). A more recent 

assessment of undiscovered unconventional oil and gas resources in the Permian basin identified a mean 

of 46.3 billion barrels of oil, 281 trillion cubic feet of natural gas, and 19.9 billion barrels of natural gas 

liquids (NGLs) (Gaswirth et al. 2018).

Figure 4a shows the amount of oil production in the Permian basin compared to other key producing 

regions in the United States. The figure shows a larger amount of oil production in the Permian basin 

relative to the other key oil producing regions of the United States - Anadarko, Appalachia, Bakken, 

Eagle Ford, Haynesville, and Niobrara Basins. Based on a recent drilling productivity report from the U.S. 

Energy Information Administration, oil production from the Permian basin accounts for a large share of 

total tight oil production in the United States. Figure 4b shows the Permian basin oil production for 

selected formations from 2009 to 2019.

Oil production in the Texas portion of the Permian basin was about 710,480 barrels of oil per day 

(BOPD) in 2008. From January 2007 to August 2015, Permian basin crude oil production rose from 

843,000 BOPD to 1,961,000 BOPD. Natural gas production in the Texas portion of the Permian basin 

rose from 3,529 MMscf/d of gas to 4,201 MMscf/d and averaged 4,636 MMscf/d between January and 

September 2015. The Delaware basin has one of the highest gas plays in the Permian basin as of June 

2015. Six formations in the Permian basin, including Delaware, Wolfcamp, Bone Spring, Spraberry, 

Glorieta, and Yeso, provided a 60% increase in Permian basin production (EIA 2020). In Table 1, 

the Permian basin accounted for a considerable percentage of oil produced in the region. It was the 

second-most productive basin for tight gas production in the April 2020 report. The different resource 

plays, type of reservoir, and locations in the Permian basin are shown in Table 2.
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Table 1: Drilling Productivity Report for Total U.S. Tight Oil & Gas Production

Region

Oil production 

thousand barrels/day

Gas production 

million cubic feet/day

April 2020 May 2020 change April 2020 May 2020 change

Anadarko 483 462 (21) 7,047 6,831 (216)

Appalachia 148 146 (2) 32,215 31,889 (326)

Bakken 1,389 1,361 (28) 3,008 2,973 (35)

Eagle Ford 1,336 1,301 (35) 6,954 6,838 (116)

Haynesville 37 36 (1) 12,086 11,997 (89)

Niobrara 734 714 (20) 5,636 5,581 (55)

Permian 4,582 4,506 (76) 17,081 17,049 (32)

Total 8,709 8,526 (183) 84,027 83,158 (869)

Table 2: Major sub-basin in the Permian Basin

Resource play Type Location

Abo Formation Tight Sands - Oil NM, W. TX

Avalon Shale Shale - Gas NM, W. TX

Bone Spring Tight Sands - Oil NM, W. TX

Cline Shale Shale - Oil W. TX

Penn Shale Shale - Oil W. TX

Spraberry Tight Sands - Oil W. TX

Wolfberry Shale/Tight Sands - Oil W. TX

Wolfbone Shale/ Tight Sands - Oil W. TX

Wolfcamp Shale Shale - Oil NM, W. TX

Yeso Formation Carbonate - Oil NM
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Figure 5 shows the monthly oil production and cumulative production profile of selected ma jor oil 

producing basins across the U.S. versus months on production.

(a) Monthly oil production across ma jor basins in the U.S. The chart shows the historical monthly 
oil production in barrels (bbls) versus months on production. The plot shows higher monthly oil 
production in the Permian than in other basins. Produced from ShaleProfile Analytics 2020

(b) Cumulative Oil Production for ma jor basins across the U.S versus months on production. Cumulative 
crude oil production is highest in the Permian basin than in other basins across the U.S. Produced 
from ShaleProfile Analytics 2020

Figure 5: Monthly Oil Production and Cumulative Production profile of selected oil-producing basins 
across the U.S. versus months on production. The profile shows the size of production in the Permian 
basin compared to other major producing basins across the U.S.
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One of the goals of this research is to apply an empirically-based probabilistic approach using the 

conventional bootstrap and modified bootstrap with block resampling methodology and the decline 

curve analysis model to forecast production and reliably quantify uncertainty in production forecasts 

from unconventional reservoirs. Wells from the Permian Basin were used as case studies due to their 

importance to oil production in the United States, as outlined above. The tool developed in this research 

will be useful as a basis for critical decision making during reservoir management and field development 

planning and should help authenticate reserves estimates.

1.3. Research Objectives

The objectives of this research are as follows:

• To apply the Conventional Bootstrap and Modified Bootstrap with Block resampling methodology 

to the Arps' hyperbolic decline curve model, the Duong's model, and the Stretched Exponential 

decline curve model in the R programming environment.

• To reliably quantify uncertainty in production forecasts using the above methodology in a computa

tionally manageable manner.

• To apply the approach to various categories of wells and to automate the well-filtering process using 

R.

• To determine which combination of probabilistic approach and deterministic model gives better 

forecasts and coverage rates in the Permian Basin as a function of the production history used in 

the analysis.

1.4. Outline of the Research

The research looks at uncertainty quantification in production forecasting using conventional bootstrap 

and modified bootstrap methodology. This research is organized into five chapters. The statement and 

significance of the problem, research objectives, and a general overview of unconventional hydrocarbon 

resources and unconventional production in the Permian basin are discussed in Chapter 1. Uncertainty 

quantification in production forecasting, review of the decline curve analysis models, challenges in reserves 

estimation, and the classical (“frequentist”) statistics versus Bayesian methodology argument are discussed 

in Chapter 2. The chapter reviews several papers on the subject area, briefly discusses parameter 

estimation and the likelihood function, the concept of bootstrapping, and closes with a conversation 

on probabilistic decline curve analysis approaches. Chapter 3 looks at the methodology used in the 

implementation of the research, including the method for production data collection and cleaning. The 

chapter also explains the development of the conventional bootstrap approach and the computational 

algorithms for the conventional bootstrap method. The development of the modified bootstrap and block 
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resampling approach and the computational algorithms for the modified bootstrap method was also 

investigated here. Chapter 4 elucidates the methodology using a single well case study and presents the 

results from applying these probabilistic decline curve analysis methods to different unconventional oil 

reservoirs in the Permian Basin. The results of the analysis carried out are interpreted, and observations 

are discussed in full detail. The main implications of the findings are highlighted. Chapter 5 concludes 

the research, summarizes the main conclusion, and makes recommendations for future work.
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Chapter 2. Literature Review

2.1. Introduction

“Uncertainty is life's way of saying that there's only a few things you can control.”

—Anonymous

Uncertainty quantification in production forecasting remains a crucial issue for reservoir engineers 

involved in evaluating production forecasts. Quantifying uncertainty aids decision making during appraisal 

drilling, reservoir selection among various prospects and enables flexibility in field development planning. 

Accordingly, uncertainty quantification is an increasingly important area of research. Numerous approaches 

have been used to forecast production in conventional and unconventional reservoirs. One of the most 

commonly-applied methods is the Decline Curve Analysis (DCA). DCA is used extensively in the oil and 

gas industry to forecast future production performance. The Decline Curve Analysis (DCA) method 

depends on history-matching readily available production data to determine the numerical value of few 

essential parameters and using the history-matched model to forecast future production and estimate 

reserves of wells, fields and reservoirs. In recent times, decline curve analysis has been applied to 

unconventional resources to predict individual well performance.

Various authors developed numerous techniques to forecast oil production in conventional and 

unconventional reservoirs. J. J. Arps developed the first technique of its kind in 1945. The technique 

depends on the empirical observation of production decline over time. The assumption is that whatever 

controls the trend of a production curve in the past will govern its future trend. Arps (1945) derived a 

comprehensive set of equations to model exponential, hyperbolic, and harmonic declines. Other authors 

extended his work to numerous cases. Fetkovich (1980) enhanced the application of decline curve analysis 

by developing a set of type curves. He defined the hyperbolic decline b exponent for various production 

mechanisms using a combination of new forms of oil well rate equations with material balance equations 

for solution-gas drive reservoirs. He showed that for a highly saturated reservoir, b = 0 (exponential), for 

gravity drainage with no free surface, b = 0 (exponential), for gravity drainage with a free surface, b = 0.5 

(exponential), and for solution-gas drive reservoir, b = 0.667 (Fetkovich 1980). Baker, Anderson, and 

Sandhu (2003) analyzed 21 Alberta water-flooded pools and applied decline curve analysis to diagnose 

and forecast field behavior. They observed that 67% of the pool had b value between 0 and 1 while the 

remaining 33% have a “super” harmonic decline with b value greater than 1 (b > 1). The mean value of 

the Arps' decline exponent obtained for the water-flooded pool was b = 0.68. Yang (2009) forecasted 

production in water flooded reservoirs using the Buckley-Leverett theory.

13



The Arps (1945) model using the Arps' hyperbolic and exponential relations is useful for estimating 

the ultimate recovery for both conventional and unconventional resources. However, in unconventional 

reservoirs, the model yields erratic results because the physics of flow in unconventional shale reservoirs 

sometimes violate Arps' model assumptions. Lee and Kim (2016) noted that the derivation of the 

traditional DCA hinges on the assumption that the reservoir has no significant change in operating 

conditions during the well production life. They also observed that most wells produce with a constant 

flowing bottom hole pressure and boundary-dominated flow regime exist. Nonetheless, in unconventional 

reservoirs, several flow regimes exist. This observation is because well completion in an unconventional 

reservoir is by hydraulic fracturing. Misapplication of the Arps' model to unconventional wells will cause 

significant overestimation of reserves. Overestimation of reserves is mainly for extrapolated hyperbolic 

relation with a b exponent greater than one. Several authors have proposed alternative decline curve 

models to capture the various flow regime characteristics of unconventional reservoirs such as the Power 

Law Exponential model (Ilk et al. 2010), the Duong's model (Duong et al. 2010), the Stretched Exponential 

model (Valko and Lee 2010) and the Logistic Growth model (Clark, Lake, Patzek, et al. 2011).

2.2. Challenges in Reserves Estimation

Demirmen (2007) observed that in-built uncertainties in the assumptions that go into building the 

model and uncertainties related to data make reservoir models and estimates from reservoir models 

imperfect. They recommended the use of the probabilistic approach for reserves estimation over the 

deterministic approach. Purvis and Kuzma (2016) noted that one of the most important factors in the 

accuracy of the deterministic analysis is the systematic bias between engineers making the evaluation. The 

challenges in reserves estimation arise from elements involved in the estimation process, and uncertainty 

is an integral part of it. Uncertainty arises from errors in one-dimensional data such as data from cores, 

well logs, and well test analysis. And reservoir models are built using the combination of laboratory 

measurements like porosity, relative permeability, and one-dimensional data.

Lei, Zuo, and Wang (2018) observed that although decline curve analysis methods are simplistic and 

easy to apply, DCA based techniques have their shortcoming arising from the nature of the deterministic 

inversion procedures and their firm reliance on the smoothness of production data. Probabilistic decline 

curve analysis techniques become vital in providing probabilistic forecasts in shale gas reservoirs as 

opposed to the single-answer associated with the deterministic decline curve method.

More generally, other than using decline curve analysis, reserves estimation could be done using 

these different techniques, namely analog, material balance, rate transient, volumetrics, and reservoir 

simulation. All these other techniques are usually both data- and model-intensive. DCA methods aid 
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the engineer in making production forecasts and reserves estimates using rate and pressure data. The 

primary advantage of DCA methods over others is their non-data-intensiveness and relative simplicity. 

Their primary disadvantage is that they are empirical and not based on the physics of flow in reservoirs. 

We attempt in this work, as others have done, to combine the deterministic DCA models with various 

probabilistic frameworks. We discuss the DCA models in the next section in greater detail.

2.3. Review of Decline Curve Analysis Model

We applied the Arps' model, Duong's model, and the Stretched Exponential model in the methodology 

part of this thesis. Other decline curve models, such as the Power Law Exponential and Logistic Growth 

model, are discussed for completeness.

2.3.1. The Arps' Decline Curve Model

The Arps' hyperbolic decline curve equation is given as:

where:

q is the current production rate, qi is the production rate at time zero, b is the hyperbolic decline constant, 

t is the time since the start of production, Di is the initial nominal decline rate. For hyperbolic decline, 

the b value is between 0 and 1. When b equals 0, the decline is exponential, and when b equals 1, the 

decline is harmonic.

For Arps' exponential decline, the decline curve equation is given as:

For Arps' harmonic decline, the decline curve equation is given as:

2.3.2. Duong's Model

Duong et al. (2010) developed a model to estimate the ultimate recovery for wells with fracture 

dominated flow and negligible matrix contribution. He tested field data from several shale gas plays and 

plotted log-log plots for rate over cumulative production versus time in days giving a straight line with a 
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negative slope, -m, and an intercept a such that:

From the expression for the slope, m is positive and greater than 1 for shale reservoirs. An m value less 

than 1 could signify a conventional tight well. Duong et al. (2010) derived an expression for the gas flow 
rate q and cumulative production Gp as follows: 

where: q is the gas flow rate, Gp is cumulative production, a and m are constants for a given dataset 

derived from the log-log plot of q/Gp versus time in days, qi is the rate at day 1, t is production time.

Duong et al. (2010) determined four parameters (a, m, qi , q∞) for the model using two stages of 

sequential ordinary least squares regression. Taking the log of both sides in Eq. 2.4, parameters a and m 

were obtained by least squares regression from the intercept and slope of:

To determine qi, the gas flow rate q is plotted against t (a, m) (defined below) to give a straight line 

regressed to the origin with a slope qi . Nevertheless, due to conditions in the wellbore, the slope does not 

always regress to the origin. This means that the production at infinite time q∞ is not zero. To obtain a 

solution for qi and q∞ , another sequence of ordinary least squares regression was done: 

where:

Duong et al.'s model is advantageous due to its numerical stability when fitting the curve. Also, the 

solution obtained is unique.

2.3.3. The Stretched-Exponential Model

Valko and Lee (2010) proposed the Stretched-Exponential model to be applied for a quick evaluation 

of datasets of rate behaviors. In formulating the model, they assumed that the rate behavior agrees with
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the stretched exponential decay and is of the form:

where:

qi is rate “intercept,” n is time “exponent,” and τ is the characteristic time constant. To obtain n and 

τ parameters, Valko and Lee (2010) estimated one-third, two-third, and the last point of cumulative 

production, i.e., given three years of production history, cumulative production is calculated at year-end. 

The ratio of the second year to the first year cumulative (ratio of two-thirds to one-third) and the third 

year to the first year cumulative (ratio of last point to one-third) are calculated using the equation below.

Solving the two nonlinear equations shown by the expression below, n and τ parameters can be calculated

where Γ (t) and Γ (s, x) are the gamma function and the incomplete gamma function given as:

Can and Kabir (2011) concluded that the stretched-exponential decline model (SEPD) is better than the 

Arps' hyperbolic equation for estimating reserves of unconventional wells primarily due to the bonded 

nature and linear behavior of the expression for recovery factor.

2.3.4. Logistic Growth Model

Clark, Lake, Patzek, et al. (2011) altered the Logistic Growth model to forecast production in oil and 
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where: Q(t) is cumulative production at time t, K is carrying capacity, a is constant, n is hyperbolic 

exponent, and t is production time. Meyet, Dutta, Burns, et al. (2013) stated that one method for 

calculating parameters a and n was to plot log qQ—γj versus log (t), and fit the plot using a linear trend 

where a is the intercept and n is the slope.

Clark, Lake, Patzek, et al. (2011) found the derivative of cumulative production with respect to time 

to obtain the Production rate.

where: q is the production rate. They concluded that the model gave a better forecast of the expected 

ultimate recovery than the Arps' model, and the carrying capacity enables the computation of realistic 

estimates by constraining the estimate to known volumetric values of oil and gas. This model was applied 

for production forecasting in extremely low permeability oil and gas wells.

2.3.5. The Power Law Exponential Model

The Power Law Exponential (PLE) model was developed by Ilk et al. (2008) from the behavior they

noticed about the D — parameter and b — parameter. They defined the loss-ratio as:

and derivative of the loss-ratio as:

The D — parameter is represented using a power-law function based on observations of hydraulically- 

fractured tight gas systems as:

which means that the loss ratio (1/D) can be approximated by a decaying power law function with a 

stable nature. i.e., D∞ is constant. (Ilk et al. 2008) noted that the D — parameter can model transient 

flow, transition, and boundary-dominated flow.

The b — parameter is not constant but a function of time and can be obtained by substituting the 

D —parameter into the derivative of the loss-ratio to obtain:
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The Power Law Exponential model is given by: 

where:

qi is rate “intercept,” D1 is decline constant “intercept” at one time unit, D∞ is decline constant at 

“infinite time,” Di is decline constant, n is time “exponent.”

2.4. Classical (“Frequentist”) Statistics versus Bayesian Methodology

Statisticians can characterize and make inferences about a population from random samples of data 

obtained from a population using inferential statistics. In Inferential statistics, you apply a statistical 

approach to infer the properties of a large population from samples taken from that population. Often, 

the main goals of inferential statistics are to:

• Estimate parameters

• Predict future performance

• Compare models

The two main philosophical approaches in inferential statistics are frequentist inference and Bayesian 

inference. The major difference between the two philosophies depends on the way probability is interpreted. 

Under the frequentist paradigm, the data is a sample from some more significant, potentially hypothetical 

population. Any probability statement made about the sample refers to the characteristics that a long 

series of repeated samples will possess. In order words, classical (“frequentist”) statistics strives to 

characterize uncertainty by describing the variability that would exist in a long-run frequency of outcomes 

in repeated samples.

The Bayesian paradigm depicts probability as a measure of the subjective confidence an individual 

may have about the likelihood of an event's occurrence. An observer enters the situation with specific 

beliefs about unknown parameters, quantified with Bayesian probabilities. These beliefs are then updated 

by new data collected. Hence with Bayesian inference, subjective views are updated in the presence of new 

data. In the Bayesian paradigm, uncertainty is derived from prior beliefs and the randomness inherent in 

the data itself. A key component of Bayesian methodology is the observer's posterior beliefs, which are 

the prior beliefs after being updated by new data. Posterior beliefs are expressed as probabilities and 

must be calculated using the Bayes' theorem, which is written as:
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where q is the observed historical production data, θ is the model parameter set, f (θ∣q) is the posterior 

distribution about θ given the data, f(θ) is the prior distribution of parameters, f(q| θ) is the likelihood 

function defined as the joint distribution of the observed data, f(q∣θ)f(θ)dθ is the marginal likelihood. 

The Bayes' theorem above is written in terms of functional probability distribution instead of probabilities 

of basic event since probability distributions must be used to model probabilities on random variables. 

The three critical components of the Bayes' theorem are the prior distribution, the likelihood function, and 

the posterior distribution. The prior distribution f(θ) is the probability distribution of parameters before 

considering the data. The likelihood function f(q∣θ) is the probability density function of q assuming θ is 

the actual parameter, the posterior distribution f(θ∣q) is the distribution of the unknown parameters 

after considering the data.

2.5. Parameter Estimation and Likelihood Function

To apply either the frequentist inference or Bayesian methodology, some unknown parameters have to 

be estimated. In classical (“frequentist”) statistics, the unknown parameters are often estimated using 

the maximum likelihood estimation (MLE), and the parameter estimates depend on the distribution of 

the data. In Bayesian inference, the maximum likelihood estimation is a particular case of maximum a 

posteriori estimation (MAP), which assumes that parameters have a uniform prior distribution. The 

likelihood function is essential to estimating the unknown parameters, and it is the data's joint density 

function, expressed as a function of θ. If we assume that the data is independent and identically distributed 

(iid), then the likelihood function is:

The maximum likelihood estimation is the parameter θ that maximizes the likelihood. The maximum 

likelihood estimator computed via the log-likelihood is given as:
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In practice, the natural logarithm of the log-likelihood is easier to maximize.

For faster computation efficiency, the negative of the log-likelihood can be minimized instead of maximizing

the log-likelihood. In that case, the negative log-likelihood is the function to be minimized.

The minimum of the negative log-likelihood is often useful for obtaining the ordinary least squares 

estimate for the β coefficient.

2.6. Concept of Bootstrapping

The root of the word bootstrap is defined from the expression “to pull oneself up by one's bootstrap,” 

meaning we can build a bootstrap distribution by obtaining new samples from the original sample. Efron 

(1992) published the bootstrap method in the Annals of Statistics. He presented it as a procedure to 

handle independent and identically distributed univariate data, but the technique can be extended to 

multivariate and/or autocorrelated data. Bootstrapping is a statistical technique in which sampling is 

done with replacement from the initial sample in a bid to estimate the sampling distribution of an 

estimator. The main idea is that a reasonable representation of the population of interest is the sample 

available. In other words, samples are drawn from our sample instead of from the population. Hence 

the “samples from a sample” are referred to as bootstrap realizations or bootstrap samples. We can then 

compute the bootstrap statistic of interest, which is used to characterize the sampling distribution of the 

sample statistic. This sampling distribution is, in turn, useful in estimating the uncertainty inherent 

in estimates of the parameters of interest (Berrar 2019). Figure 6 gives an illustration of the idea of 

sampling randomly from a population with unknown parameter θ.

The unknown parameter θ, which could represent a correlation, the mean or any other parameter 

such as an estimated regression slope or intercept obtained from regression analysis would be computed 

by applying a functional t to the distribution function: θ = t(F). Since F is not normally fully-known, it 

can be estimated with (F"), which is the empirical distribution function. This implies that the sample is 

used to make inferences about the unknown parameter θ by computing the statistic θ from the sample
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Figure 6: Sampling randomly from a population with unknown parameter θ. Adapted from Berrar 2019.

data. Uncertainty about θ, ideally expressed as standard errors that depend on F , may be estimated 

by bootstrap standard errors that depend on (F). These standard errors require the use of multiple 

bootstrap samples drawn from (F), which necessitates drawing with replacement from the original sample. 

This statistical method of sampling with replacement from the original sample to estimate the sampling 

distribution of an estimator is referred to as bootstrapping. A visual representation of the bootstrap 

sampling approach is shown in Figure 7.

Figure 7: Visual representation of Bootstrap sampling

Large numbers of the bootstrap samples 2, 7, 10, 15, 2, 13, and so on are drawn with replacement 

from the original sample (Population). Since sampling is done with replacement, the same item can be 

repeated several times in the resamples. For instance, 2 can appear several times in the resample. Figure 

8 gives a visual illustration of the block bootstrap approach. Sampling is done in a block of samples with 

each block replaced into the original sample before the next block resampling is done.
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Figure 8: Visual representation of Block Bootstrap sampling

2.7. Probabilistic Decline Curve Analysis Approach

Different authors have applied different probabilistic approach to decline curve analysis to reliably 

quantify uncertainty in production forecast and provide a measure of uncertainty in estimating the reserves. 

One of the first works on probabilistic decline curve analysis was carried out by Jochen and Spivey 

(1996) using the bootstrap method. They applied the bootstrap method to two water flooded oilfields by 

generating 1000 synthetic datasets from the actual production data and then utilized nonlinear regression 

to acquire estimates of the decline curve parameters for each synthetic dataset. Subsequently, parameter 

estimates obtained from the synthetic datasets are then used to forecast reservoir performance and obtain 

the distribution of reserves estimate. The main advantage of the conventional bootstrap method is that 

probabilistic reserves estimates are obtained based on the rearrangement of actual production data. It 

does not require the analyst to have prior information about the probability distribution of parameters 

used in the decline curve analysis. This advantage exists only because the conventional bootstrap method 

assumes that production data are independent and identically distributed.

Since production data is a sequence of observation that is time-dependent, Cheng et al. (2010) 

developed the modified bootstrap approach to correct for the underestimation of uncertainty that results 

from the conventional bootstrap method. Cheng et al. (2010) combined the ideas of block bootstrap and 

confidence intervals to present an alternative probabilistic decline curve analysis approach. They called 

this approach the “Modified Bootstrap Method with Block Re-sampling” to obtain reliable confidence 

intervals and improve the probabilistic estimates of oil and gas reservoirs. The modified bootstrap 
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approach is more rigorous than the conventional bootstrap method. The result from Cheng et al.'s 

application showed that the modified bootstrap methodology has a better coverage rate (83%) than 

the conventional bootstrap method (34%). This approach led to an accurate estimation of reserves 

and better prediction of P50 values than the conventional bootstrap approach (Cheng et al. 2010). 

However, their approach was tested using only the Arps equation. To the best of our knowledge, Cheng 

et al. (2010) did not comment on the difficulty of implementing the modified bootstrap method or how 

much computational effort it took to achieve their results. However, Purvis and Kuzma (2016) stated 

that the modified bootstrap method was time-intensive, challenging to implement, required wells to have 

no large abnormality in declines, and to be properly filtered.

Raul Alberto Gonzalez, Gong, D. A. McVay, et al. (2012) showed that the modified bootstrap 

method could be applied for conventional and unconventional reservoirs. Can and Kabir (2011) applied a 

probabilistic method to the Stretched-Exponential Model. They tested their methodology on 820 field 

datasets and 54 synthetic datasets. They found that the stretched-exponential decline model (SEPD) 

is better in estimating reserves in unconventional wells than the Arps' hyperbolic equation. Also, their 

method gives reliable production forecasts for both oil and gas unconventional wells.

Gong et al. (2014) introduced the Bayesian probabilistic methodology using Markov Chain Monte 

Carlo (MCMC) sampling. Their proposed method reliably quantifies uncertainty in estimating reserves 

but required the analyst to have prior information about the parameters used in the decline curve analysis 

(expressed as probability distribution) (Gong et al. 2014). They used a Metropolis-Hastings algorithm for 

MCMC sampling to estimate the posterior distribution. Their Bayesian methodology was coupled with 

three DCA models based on Arps' equation (Arps, Arps with 5% minimum decline, and modified Arps) 

and tested on 167 horizontal fractured Barnett shale gas wells. Their result shows that the probabilistic 

Bayesian method quantifies uncertainty with narrower P90 to P10 intervals, and computation time was 

faster than the modified bootstrap method. Their results indicate that, as the amount of available 

monthly production data for history-matching increases, uncertainty in production forecast decreases 

(Raul Alberto Gonzalez, Gong, D. A. McVay, et al. 2012).

Yu et al. (2016) combined a fractional decline curve (FDC) model with Bayesian methodology and 

Markov-chain Monte Carlo (MCMC) sampling to improve the reliability and efficiency of uncertainty 

quantification in the well performance of shale gas reservoirs. They validated the new Bayesian approach 

by carrying out a case study using natural gas well from the Fayetteville shale with more than six years of 

production history. They applied a robust Adaptive Metropolis (AM) algorithm to estimate the posterior 

distribution of the parameters in the decline curve. They observed that the fractional decline curve model 

generated a narrower range of production forecast than the traditional Arps' model, and their model 
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catches the long-tail anomaly of shale gas decline curves excellently. They showed that the fractional 

decline curve model is better than the Arps model using the hindcast of 2 years of available production 

data.

Paryani et al. (2017) introduced a method based on rejection sampling to quantify the uncertainty 

associated with the decline curve analysis model by incorporating the models with an approximate 

Bayesian probabilistic methodology. The method simplified the Bayesian inference by approximating the 

complex likelihood function. In Approximate Bayesian computation (ABC), a large number of simulated 

(or synthetic) production datasets was generated by using different values of the parameters of the decline 

curve equation in the Arps' model. Based on an optimum threshold value, the synthetic datasets and their 

generating parameters are either accepted or rejected, and then the posterior could be approximated from 

the accepted parameters. Paryani et al. (2017) tested the techniques on 100 gas wells and 21 oil wells. 

They observed that when the approximate Bayesian computation was coupled with rejection sampling, 

the methodology reliably quantifies uncertainty in shale reservoirs, and the estimates from the ABC 

methodology were well-calibrated.

Joshi et al. (2018) applied Logistic Growth and Time Series analysis to quantify the uncertainty of 

gas production. They history-matched production data from 8 Barnett shale counties and applied their 

method to 100 gas wells with a minimum of 100 months of production history to check the reliability of 

the method. Their methodology utilized two different nonlinear regression schemes to generate predicted 

trends. They generated two sets of stationary time series by subtracting estimated trends from actual 

production data. They then applied the time series analysis technique, i.e., Auto Regressive Moving 

Average model (ARMA), to model and forecast residuals. These forecasted residuals were then added back 

to the estimated trend and applied with a trend forecast to obtain the coverage rate of 80% confidence 

interval (CI). They found out that 84% of the time with 40 months of available production data and 

92% of the time with 60 months of production data, the CIs obtained covered actual production (Joshi, 

Awoleke, and Ahmadi 2018). Their methodology did not account for the fact that the residuals were 

sometimes not perfectly stationary.

Korde (2019) used a combination of the Bayesian statistical method with a deterministic model to 

present a probabilistic method for decline curve analysis. The Gibbs sampling, Approximate Bayesian 

Computation, and the Metropolis Algorithms were the three different sampling algorithms utilized to 

sample parameter values from their posterior. Korde (2019) tested the methodology using 74 oil and 

gas wells in the Permian Basin with as low as six months of production hindcast. Results showed a high 

coverage rate, narrow uncertainty bounds with low production prediction error for the wells analyzed.
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“To move the world forward, we need better answers to our best solution.” . . .

Anonymous
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Chapter 3. Methodology

3.1. Introduction

The goal of this section is to present the methodologies applied in this research. Two probabilistic 

approaches, namely the Conventional bootstrap and Modified Bootstrap with block resampling approach, 

are applied with the Arps', Duong's, and SEPD decline curve analysis models. The computational 

algorithms for both the conventional and modified bootstrap are presented in this chapter. The bootstrap 

is a computationally-intensive method of resampling. With respect to reserves estimation, the bootstrap 

method is useful for quantifying the uncertainty of the estimated parameters in a model without the need 

to have “prior” knowledge of the parameter probability distribution. The conventional bootstrap assumes 

that production data are independent and identically distributed. This assumption is a weak point for the 

bootstrap method because presumably production data are not independent and identically distributed 

but a sequence of observations occurring in succession (i.e., a time series) with an overall decline trend 

(Cheng et al. 2010). For time series data with autocorrelation and a certain form of heteroscedasticity, 

Cheng et al. (2010) proposed a more rigorous model-based modified approach to the bootstrap to preserve 

the structure of the original time series data using blocks. This approach was called “Modified bootstrap 

with block resampling.”

3.2. Production Data Collection and Cleaning

We tested the methodology of this research using production data obtained from publicly available 

and downloadable oil and gas production data. This data was made available by the Railroad Commission 

of Texas (or Texas Railroad Commission, RRC)(Railroad Commission of Texas 2020) and production 

data from the data analytics firm Enverus (formerly known as Drillinginfo)(Enverus 2020). We selected 

unconventional reservoirs in the Permian basin as a case study due to the vast potentials of the basin 

and its importance to the U.S. oil and gas industry. The wells selected for this case study were 126 

unconventional wells. The wells were within the three main sub-basins of the Permian basin, namely, 

Central Basin Platform, Delaware Basin, and Midland Basin. Active oil wells produced by horizontal 

drilling technology and completed within the last decade from 2010 to 2020 were selected. We filtered the 

wells by removing oil wells producing less than 5 bbl/d of oil. The goal of this filtering process was to 

obtain well data that mostly show a natural decline.

We set the minimum production history for each well at 90 months or seven and a half years, with 

the most prolonged production period without stimulation used as a criterion for selecting the data. This 

means for a well that has undergone some stimulation in the last decade, the interval between the initial 
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production date to date of stimulation or from the first production date after restimulation was used as 

production data for the case study. We could obtain a more reasonable least-squares fit by deleting some 

individual production measurement as outliers from the data. The wells used in this case study were 

selected based on the following criteria:

• Wells should have a similar completion strategy and should be located in geographically similar 

areas

• Wells should have a minimum of 90 months of production activity

• Wells with no decline or wells with extreme spikes in production data were excluded

• Production data with no trend were excluded

Table 3 below shows the number of oil wells analyzed and their location in the Permian Basin.

Table 3: Unconventional Permian Basin Wells Used in the Case Study

Basin Sub Basin No. of Wells Production Type

Permian Basin

Central Basin Platform 42 Oil

Delaware Basin 35 Oil

Midland Basin 49 Oil

3.3. Development of the Conventional Bootstrap Approach

The bootstrap technique is a special type of Monte Carlo simulation used to obtain uncertainty 

bounds on the reserves estimates based solely on the rearrangement of actual production data. To carry 

out the conventional bootstrap approach, we resample observed data with replacement. There are two 

major assumptions made in using the bootstrap method for probabilistic reserve estimation. Firstly, 

the production dataset available is assumed to be independent and identically distributed. The second 

assumption is that we are using a suitable decline curve model to predict reservoir performance.

The manner of verifying a probability forecast from the decline curve model is through “hindcasting,” 

where a fraction of the known data is entered in the model, and the output is validated by comparison 

with the actual data. The bootstrap process begins by generating a large number of synthetic datasets 

(or bootstrap realizations) from the “hindcast” of the original production dataset by sampling random 

points in the “hindcast” dataset with replacement. The bootstrap realizations obtained is the same size 

as the original hindcast dataset. After that, estimation methods (either linear or nonlinear) are used 

to estimate the parameters of the decline curve model. The estimated parameters from the synthetic 

datasets are then used to predict future production and to estimate reserves.
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3.3.1. Conventional Bootstrap Methodology

The overall workflow for the conventional bootstrap methodology using an arbitrary decline curve 

model is illustrated below:

1. Set aside a fraction of the dataset as the hindcast and use the rest of the dataset to estimate the 

misfit between predicted (forecast) and actual production.

2. From the initial “hindcasted” production dataset, generate multiple bootstrap realizations (or 

synthetic datasets) by randomly sampling with replacement. Each bootstrap realization has the 

same size as the hindcast.

3. Compute the parameters in the decline curve model by fitting the selected decline curve analysis 

model to the generated synthetic data using regression analysis.

4. Using the estimated parameters and a decline curve analysis model, forecast production performance.

5. Repeat steps 1 to 4, iterating through a large number of bootstrap realizations.

6. Summarize the overall distribution of reserves and compute the 10th, 50th, and 90th percentile of 

the reserves distribution.

3.4. Computational Algorithms for the Conventional Bootstrap Method

In this section, we will illustrate the algorithm for uncertainty quantification using the conventional 

bootstrap with application to the Arps', SEPD, and Duong's decline curve models. The pseudo-code is a 

representation of the steps applied in the development of the overall workflow. For ease of computing, 

we use the R programming environment (RStudio Team 2019) for computation and analysis. The 

conventional bootstrap method begins by generating a large number of synthetic datasets of production 

by random sampling with replacement from the hindcast of the original production dataset. That is, 

for a set of m1 data points, multiple bootstrap realizations are obtained by sampling randomly with 

replacement n times (each of size m1 ) from the hindcasted dataset. This means that after sampling a 

particular data point, it is “replaced” back in the original dataset, and it can be resampled again. Each 

bootstrap realization (or synthetic dataset) is fit using regression analysis to estimate the decline curve 

parameters. In the case where the Arps' decline curve model is applied with conventional bootstrap 

methodology, nonlinear regression is applied to estimate the decline curve parameters qi, b, and Di.

To do this, we first linearize the Arps' model, as shown in Appendix A.1 to estimate good starting 

parameters for the nonlinear fitting process. A self-start function in R can also generate starting 

parameters for the nonlinear regression (Ritz and Streibig 2008). Using the starting parameters we 

obtained from the linearization process, nonlinear regression is done to determine the estimates of the 

parameters in the decline curve model. We extrapolated the fitted model obtained from the nonlinear
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Algorithm 1: Algorithm for Conventional Bootstrap Methodology for forecasting reservoir 
performance with Arps' model

Figure 9: Algorithm for Conventional Bootstrap Methodology for forecasting reservoir performance with
Arps' model
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fitting process to estimate future production and reserves. The pseudocode of the conventional bootstrap 

methodology using the Arps' decline curve model is shown in Figure 9. The flowchart displayed in 

Figure 10 is used to describe the methodology. In addition to providing estimates of future production 

and reserves, the nonlinear regression also provides useful information about the variability of the 

distribution of estimated parameters qi , b, and Di and the uncertainty in reserves estimates. We quantify 

the uncertainty expressed by the confidence limits on the forecasted reserves using the percentiles denoted 

by P90, P50, and P10.

Figure 10: Sequence for Conventional Bootstrap using Arps' model. Adapted and modified from Cheng 
et al. 2010.

The conventional bootstrap method with the Duong's model begins by generating bootstrap realizations 

of the hindcast dataset. Each bootstrap realization is fit using two stages of sequential ordinary least 

squares (OLS) regression (as described in Appendix A.2) to obtain estimates of the four parameters a, m, 

qi , and q∞ of the Duong model. A flowchart describing the methodology is shown in Figure 11. Firstly, 

the log of both sides in Eq. 2.4 is taken, and first-stage sequential OLS regression to estimate parameters 

a and m from the synthetic dataset is done. Parameters a and m obtained from the regression are used 

to compute the time function t (a, m) given by Eq. 2.9, and the second sequence of ordinary least squares 

regression is carried out to obtain a solution for qi and q∞ in Eq. 2.8.
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Figure 11: Sequence for Conventional Bootstrap using Duong's model

The four estimated parameters (a, m, qi , q∞) from the two-stage sequential linear regression fitting 

process are used to estimate future production and reserves. Uncertainty in probabilistic estimates is 

quantified as P90, P50, and P10 values. This linear method of fitting production data using Duong's model 

is quite advantageous and faster than the Arps' model because the parameters estimated by regressing 

Eq. 2.7 and Eq. 2.8 results in a unique solution and they minimize the mean squared error (MSE) in a 

global sense. This is usually not true for the nonlinear regressed Arps equation. The pseudocode for the 

application of the conventional bootstrap methodology with Duong's model is shown in Figure 12.

In the Conventional Bootstrap with the SEPD model, similar to the Arps' and Duong's models, 

bootstrap realizations of the hindcast dataset are generated. Initial starting parameters are estimated 

using a function in R and used in the nonlinear regression algorithm to estimate the parameters of 

the SEPD model, namely τ, n, and qi. The parameters obtained from the nonlinear regression of the 

dataset are extrapolated to estimate future production and reserve. The pseudocode of the conventional 

bootstrap methodology using the Stretched Exponential Decline model is shown in Figure 13. A 

flowchart describing the methodology is shown in Figure 14. The parameters from nonlinear regression 

of the dataset are also used to estimate future production, the distribution of reserves, and uncertainty in 

reserves estimates, i.e., P90, P50, and P10 values.
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Algorithm 2: Algorithm for Conventional Bootstrap Methodology for forecasting reservoir
performance with Duong's model

Figure 12: Algorithm for Conventional Bootstrap Methodology for forecasting reservoir performance with 
Duong's model
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Algorithm 3: Algorithm for Conventional Bootstrap Methodology for forecasting reservoir
performance with SEPD model

Figure 13: Algorithm for Conventional Bootstrap Methodology for forecasting reservoir performance with
SEPD model
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3.5. Development of the Modified Bootstrap and Block Resampling Approach

In the conventional bootstrap methodology, the assumption that production data is independent and 

identically distributed was made. However, production data is not independent and identically distributed 

but a sequence of observations occurring in succession (i.e., a time series) with an overall decline trend. 

For time series data with autocorrelation and a certain form of heteroscedasticity, Cheng et al. (2010) 

proposed a more rigorous model-based modified approach to the bootstrap to preserve the original time 

series data structure within blocks. This approach was called the “Modified bootstrap method with block 

re-sampling.”

In the modified bootstrap approach, the production data is fit using the decline model, and then 

residuals are obtained from the fitted model. The constructed residuals are divided into blocks, and 

random bootstrap samples from the residuals are added to the fitted values of the model to generate a 

new synthetic dataset. The new set of synthetic datasets is fit using regression techniques, either linear 

or nonlinear regression to estimate parameters of the decline curve model. The estimated parameters 

from the synthetic dataset are then used to estimate future production and reserves.

35

Figure 14: Sequence for Conventional Bootstrap using SEPD model



3.5.1. Block Bootstrap

Since production data are not independent and identically distributed, but a sequence of time series 

data, the efficiency of bootstrap for time series data can be improved using the block bootstrap approach. 

In the block bootstrap approach, the production data is divided into blocks to preserve part of the time 

series structure within blocks. The main intention of implementing the block bootstrap is to sub-divide 

the time series into consecutive blocks of equal sizes. The blocks of consecutive observations are then 

sampled with replacement, i.e., for instance, if the time series is of length 50 and the analyst uses five 

blocks with size 10, then the blocks are the first 10 observations, the next 10, and so on. The performance 

of the block bootstrap is sensitive to the choice of the block size. Numerous statisticians have investigated 

the choice of the block size. The optimum block size in this research was determined using the approach 

proposed by Cheng et al. (2010), as described in the block-size selection algorithm below.

3.5.2. Optimum Block Size Determination

3.5.2.1. Autocorrelation Function (ACF) of Residuals

The autocorrelation function (acf ) is useful in the process of obtaining the optimum block size. This 

function determines how observations in a time series are related to each other. If the autocorrelation 

is high, i.e., the observations are strongly related to each other as a function of lag (the lag refers to 

how many time steps exist between two data points that are being compared), we can account for the 

autocorrelation in the dataset to predict future observations. An implicit assumption here is that for 

a particular time series, the optimum block size will be the same as the lag distance just before the 

autocorrelation function goes near to zero. For a sequence of data y1, y2,..., yn at time t1 , t2 ,..., tn, the 

autocorrelation function, rk , at lag k is defined as:
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An example plot of rk against lag time k , called a correlogram, is shown in Figure 15. In Figure 15, the 

acf goes to approximately zero at a lag period of 7 months. Accordingly, the optimal block size for this 

example would be 7 months. Note that the acf function is stochastic. Accordingly, acf values that fall 

within the dashed lines of Figure 15 are not significantly different from zero, given certain additional 

assumptions.



Figure 15: Autocorrelation plot of residual for determining block size

3.5.2.2. Block Size Selection Algorithm

The algorithm to select the optimum block size is as follows:

1. Define the confidence level or confidence limit.

2. Calculate the autocorrelation function (acf ).

3. Using the autocorrelation function and confidence bands, determine the lag time after which the 

autocorrelation goes to zero.

4. The lag time determined in step 3 is the optimal block size.

3.5.3. Modified Bootstrap Methodology

The overall workflow for the Modified bootstrap methodology with an arbitrary decline curve model 

is described below:

1. Set aside a fraction of the dataset as the hindcast and the rest of the dataset to estimate the misfit 

between predicted (forecast) and actual production.

2. Fit the initial “hindcasted” dataset with a decline curve model and compute residuals between the 

fitted model and observed data.

3. Determine the optimal block size using the autocorrelation function and sub-divide the residuals 

into time intervals based on the optimal block size.

4. Generate multiple bootstrap realizations (or synthetic datasets) of the block of residuals by randomly 

sampling with replacement. Each bootstrap realization has the same size as the original hindcast.
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5. Add the synthetic datasets consisting of consecutive time blocks of residuals to the fitted production 

data to obtain a new synthetic (bootstrap) datasets.

6. Estimate the parameters in the decline curve model by fitting the selected decline curve analysis 

model to the generated synthetic data using regression analysis.

7. Using the estimated parameters and a decline curve analysis model, forecast production performance.

8. Repeat steps 4 to 7, iterating until the last bootstrap realization.

9. Quantify the variability of the reserves by computing the 10th, 50th, and 90th percentiles.

3.6. Computational Algorithms for the Modified Bootstrap Method

In the modified bootstrap method, the hindcast is fit with nonlinear regression using the appropriate 

decline curve model. The residual between the fitted data and actual production data is computed. A 

plot of residuals versus fitted data is shown in Figure 16. The residuals versus fitted data plot can 

tell us about the heteroscedasticity of the data (whether error variance is largely constant or otherwise). 

The residuals are then divided into time blocks based on the optimal block size, as described above. A

Figure 16: A Plot of residuals (in stock tank barrel, STB) versus fitted values.

plot of residuals as a function to time (with time blocks shown) is depicted in Figure 17, with a block 

size of 7 months. Sampling with replacement is done on a block-by-block basis as opposed to sampling 

individual residual data points. The initial endpoint would be to generate the bootstrap realizations of the 

hindcasted fraction of the residual. This approach is essential because autocorrelation within the residuals 

is accounted for and some of the time-dependent structure of the data is preserved. Multiple bootstrap 

realizations of the consecutive blocks of residual are obtained by random sampling with replacement.
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Figure 17: A Plot of residuals with time blocks

The synthetic block of residuals obtained is added to the fitted data to generate a new synthetic 

dataset of production. Each bootstrap realization (or synthetic dataset) is fit using regression analysis 

and a decline curve model. In the case where the Arps' decline curve model is applied with modified 

bootstrap methodology, nonlinear regression is used in the fitting and parameter estimation process. 

Nonlinear regression is applied to the “hindcast” of production data first to obtain the fitted values and 

residuals. After that, nonlinear regression is applied to the bootstrapped dataset to determine the decline 

curve parameters of qi, b, and Di. Figure 18 is a flowchart depicting the procedure used to apply the 

Modified Bootstrap approach with the Arps' decline curve model. The pseudocode for the application 

of the modified bootstrap methodology to the Arps' model is shown in Figure 19. Cumulative values 

for P90, P50, and P10, the relative error in the forecast, and the confidence interval bounds can also be 

obtained.

To apply the Modified Bootstrap methodology with the Duong's decline curve analysis, we first 

obtain the hindcast of the original production dataset and compute the cumulative value for the hindcast 

production dataset for each time in the month we are hindcasting. Sequential linear regression and 

nonlinear regression is applied to the hindcast dataset to obtain the Duong's model parameter best fit. 

The residual between the fitted data and actual production data is also computed. Autocorrelation and 

confidence limits are then applied to the computed residual to determine the optimal block size. Multiple 

bootstrap realization of blocks of residuals are obtained by random sampling with replacement. The
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Figure 18: Sequence for Modified Bootstrap using Arps' model. Adapted and modified from Cheng 
et al. 2010.

bootstrap realization of residuals is then added to the regressed dataset (or fitted data) to generate a 

new synthetic dataset. Two stages of sequential ordinary least squares regression are applied to estimate 

the four parameters a, m, qi , and q∞ in the Duong's model. A figure describing the modified bootstrap 

methodology using Duong's DCA is shown in Figure 20.

To obtain parameter a and m, ordinary least squares regression are applied to Eq. 2.4 using the new 

synthetic data obtained. Parameters a and m obtained from the regression are used to compute the time 

function t (a, m) given by Eq. 2.9, and the second sequence of ordinary least squares regression is carried 

out to obtain a solution for qi and q∞ in Eq. 2.8. Using the computed estimate of a, m, qi , and q∞ 

obtained from the two-stage sequential linear regression fitting process, future production and reserves 

can be estimated by applying the Duong's equation. The pseudocode for the application of the modified 

bootstrap methodology to Duong's model is shown in Figure 21.

In applying the Modified Bootstrap with the SEPD model, nonlinear regression is applied to the 

“hindcast” of production data first to obtain the residuals and fitted values. The initial estimate of the 

starting parameters is used to approximate the parameters of the decline curve model τ, n, and qi from 

the dataset. A figure describing the methodology is shown in Figure 22. The parameters obtained from 

the nonlinear regression of the dataset are extrapolated to estimate future production and reserves. The
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Algorithm 4: Modified Bootstrap Methodology for forecasting reservoir performance with Arps'
model

Figure 19: Algorithm for Modified Bootstrap Methodology for forecasting reservoir performance with
Arps' model
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Figure 20: Sequence for Modified Bootstrap using Duong's model

pseudocode of the modified bootstrap methodology using the Stretched Exponential Decline model is 

shown in Figure 23. The parameters from nonlinear regression of the dataset are also used to estimate 

future production, the distribution of reserves, and the uncertainty in reserves estimate we denoted as 

P90, P50, and P10 values. A single well case study to illustrate the methodologies described above will 

be discussed extensively in Chapter 4.
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Algorithm 5: Modified Bootstrap Methodology for forecasting reservoir performance with
Duong's model

Figure 21: Algorithm for Modified Bootstrap Methodology for forecasting reservoir performance with 
Duong's model
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Figure 22: Sequence for Modified Bootstrap using SEPD model
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Algorithm 6: Algorithm for Modified Bootstrap Methodology for forecasting reservoir perfor
mance with SEPD model

Figure 23: Algorithm for Modified Bootstrap Methodology for forecasting reservoir performance with 
SEPD model
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Chapter 4. Results and Discussions

In this chapter, the methodologies described in Chapter 3 were applied to unconventional oil wells in 

the Permian Basin. The results from the case studies carried out were summarized to:

• Generate probabilistic decline curve forecasts for production in sample unconventional hydraulically- 

fractured horizontal wells in the Permian Basin,

• Define the forecast coverage rate (CR), i.e., the percentage number of wells with actual cumulative 

production falling within the predicted P90 - P10 ranges for sample wells from the Permian basin,

• Compare actual cumulative production to forecasted P50 cumulative production and calculate 

prediction errors for a variety of hindcast fractions.

Hindcasting techniques were applied to determine the uncertainty in the production forecast when 

applying the methodology. History-matching was performed using only a portion of the production history, 

while the remaining portion was used for forecasting. The calibration of the uncertainty quantification 

was measured by the forecast coverage rate (CR). The mean absolute percentage error (MAPE) or average 

absolute error is the mean or average of the absolute percentage errors of forecasts. The smaller the 

average absolute error, the better the forecast. In carrying out the analysis, the ideal scenario was for the 

MAPE to be at a minimum, and the forecast coverage rate for the P90 - P10 range be approximately 

80% for the various hindcast fractions.

4.1. Choice of Bootstrap Sample Size

To determine the number of bootstrap realizations to use in this study, we decided to run a test case. 

The test case consists of applying the Modified Bootstrap Methodology and the SEPD model to the rate 

data from a sample or test well in the Permian Basin. We did a sensitivity analysis on the number of 

bootstrap realizations, varying it from 10 to 10,000. We applied the preceding procedure for both the 12 

and 48-month hindcast fractions. Table 4 and Table 5 shows the summary of results for bootstrap size 

selection determination at 12 and 48 months production hindcast data, respectively. The coverage rate, 

the cumulative P50 prediction, and error in the P50 prediction did not change appreciably as a function 

of the number of bootstrap realizations for both 12 and 48 months. As expected, the 48-month coverage 

rate (≥75% vs. ≤25%) and prediction error (6.5% vs. 44%) was better than the 12-month coverage rate.
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Table 4: Bootstrap sample size at 12 months production hindcast

Number of Bootstrap 10 50 100 200 500 1000 10000

Coverage Rate, CR (%) ≤ 25.00 ≤ 25.00 ≤ 25.00 ≤ 25.00 ≤ 25.00 ≤ 25.00 ≤ 25.00

Cumulative P50 Prediction, STB 276,977.10 276,570.69 275,087.10 277,500.42 278,558.73 278,522.99 277,759.13

Error in Cumulative P50 Prediction 44.06% 44.20% 44.58% 43.97% 43.38% 43.44% 43.65%

Table 5: Bootstrap sample size at 48 months production hindcast

Number of Bootstrap 10 50 100 200 500 1000 10000

Coverage Rate, CR (%) ≥ 75.00 ≥ 75.00 ≥ 75.00 ≥ 75.00 ≥ 75.00 ≥ 75.00 ≥ 75.00

Cumulative P50 Prediction, STB 525,383.52 526,402.03 528,032.69 526,761.77 525,275.27 524,617.01 524,678.28

Error in Cumulative P50 Prediction 6.45% 6.67% 6.50% 6.64% 7.00% 7.04% 7.01%

We know that more bootstrap samples will not negatively impact the results and can only help, but 

this fact has to be balanced against the computational costs of doing more such samples. Otherwise, 

it seems like the obvious answer would be to just do a millions bootstrap. To reinforce our assertion 

from Table 4, Figure 24 shows that there is little dependence of the cumulative P50 production and the 

prediction error on the number of bootstrap realizations for the 12-month hindcast. The variation we see 

is exaggerated by the zoomed-in y-axis scale. Similar results were obtained for the 48-month hindcast, as 

depicted in Figure 25. These observations are in agreement with results obtained by Cheng et al. (2010), 

who showed that reserves estimates were reasonably stable for bootstrap sample size larger than 100 

bootstraps. Accordingly, in this research, the bootstrap size used is 100.
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Figure 24: Cumulative P50 Prediction (in STB) and % Error in Cumulative P50 Prediction 
Number of Bootstrap for 12 months production hindcast

versus
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Figure 25: Cumulative P50 Prediction (in STB) and % Error in Cumulative P50 Prediction versus 
Number of Bootstrap for 48 months production hindcast
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4.2. Single Well Case Study to Illustrate the Process

The methodology is illustrated using a single well drawn from the Delaware Basin. In this study, we 

assumed that a portion of the production history is known and represented by 12, 24, 36, 48, 60, 72, and 

84 months of production hindcast. The total amount of production history available is 120 months. The 

six scenarios that will be used to illustrate the methodology include:

• Conventional Bootstrap with Arps' model,

• Modified Bootstrap with Arps' model,

• Conventional Bootstrap with Duong's model,

• Modified Bootstrap with Duong's model,

• Conventional Bootstrap with Stretched Exponential model,

• Modified Bootstrap with Stretched Exponential model.

To illustrate the methodologies in the following sections, a 12 and 48-month hindcast will suffice unless 

otherwise specified.

4.2.1. Case 1: Conventional Bootstrap with Arps' model

We applied a given hindcast to generate 100 bootstrap realizations. Using nonlinear regression and 

the Arps' equation, 100 iterations of the Arps' decline curve parameter set, that is, qi, b, and Di, were 

estimated. These parameter estimates were used to generate 100 predictions of future production. The 

distribution of the bootstrap parameters for 12 and 48-month hindcast is displayed in Figure C.1 and 

Figure C.2 in Appendix C. The P10, P50, and P90 estimates of both production rate and cumulative 

production as a function of time were generated.

The production forecast plot is shown in Figure 26. The plot also shows the uncertainty in 

probabilistic estimates of forecast denoted as P90, P50, and P10 values. Figure 27 gives the cumulative 

production plot at 12-month production hindcast using Conventional Bootstrap with Arps' decline curve 

model. The actual production rate and cumulative production, for the most part, do not fall within the 

P90 - P10 ranges. Figure 28 and Figure 29 shows the plot of the production forecast and cumulative 

production, respectively, for 48 months of production hindcast. The actual production rate and cumulative 

production more frequently fall within the P90 - P10 range for the 48-month hindcast because the longer 

hindcast horizon gives more reliable estimated parameters for the Arps model.
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Figure 26: The production forecast for 12 months of production data using Conventional Bootstrap with 
Arps' model

Figure 27: Cumulative Production plot for 12 months of production data using Conventional Bootstrap 
with Arps' model
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Figure 28: The production forecast for 48 months of production data using Conventional Bootstrap with 
Arps' model

Figure 29: Cumulative Production plot for 48 months of production data using Conventional Bootstrap 
with Arps' model
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4.2.2. Case 2: Modified Bootstrap with Arps' model

First, we fit the hindcast dataset with the Arps model and then computed the residuals between 

the fitted model and observed data. A sample plot of residuals versus the fitted value for the 12-month 

hindcast is shown in Figure 30. The plot are not evenly distributed and the residuals have nonlinear 

patterns. We utilized the autocorrelation function to determine the block size. The acf plot used to 

determine the block size for the 12-month hindcast dataset is presented in Figure 31. With the optimal 

block size determined, we sub-divided the residuals into time intervals or blocks.

Figure 30: Residual plot based on the model fit Yi of the Arps' equation for 12-month hindcast

Figure 31: Autocorrelation function for a single well case study at 12-month hindcast

54



For the 12-month hindcast, the acf plot in Figure 31 shows that the lag value before which the acf 

value goes to zero is zero. Having a lag of zero implies the 12-month dataset is not correlated at all as a 

function of lag. However, we assumed a lag of 1 since the acf value at a lag of 1 was not statistically 

different from zero. This means the optimal block size for the 12-month hindcast is 1 month. The 

residuals are accordingly divided into 1-month time blocks, as seen in Figure 32.

Figure 32: Plot of Residuals with time blocks for 12-month hindcast of single well case study

Figure 33 presents a plot of residuals versus the fitted value for the 48-month hindcast. We utilized 

the autocorrelation function to determine the block size. Figure 34 shows the acf plot for the 48-month 

hindcast. Here, we can observe that the lag distance just before the autocorrelation function goes to zero 

occurs at a lag period of 7 months. Hence, the optimal block size for this case is 7 months. Accordingly, 

the residuals are divided into 7-month time blocks, as shown in Figure 35.
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Figure 33: Residual plot based on the model fit Y of the Arps' equation for 48-months hindcast dataset

Figure 34: Autocorrelation function for a single well case study at 48-month hindcast

Multiple bootstrap realizations are obtained by sampling blocks of residuals with replacement for 

both the 12 and 48-month hindcasts. We then obtain new (synthetic) bootstrap datasets by adding the 

resampled time blocks of residuals to the fitted production model. Parameters in the Arps' decline curve 

model are then estimated from the synthetic bootstrap data. The distribution of the bootstrap estimates 

for 12 and 48-month hindcast is displayed in Figure C.3 and Figure C.4. Future production is then 

forecasted, and probabilistic reserves estimates can be determined. The production forecast plot for 

12-month of production data is shown in Figure 36. The plot also shows the uncertainty in probabilistic 

estimates of forecast denoted as P90, P50, and P10 values.
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Figure 35: Plot of Residuals with time blocks of size 7 for 48-month hindcast of single well case study

Figure 36: The production forecast for 12 months of production data using Modified Bootstrap with 
Arps' model

Figure 37 shows the cumulative production plot for 12 months of production hindcast. From Figure 

36, we can observe that the actual production rate does not fall within the P90 - P10 range. This 

observation signifies the model's forecast for this well with 12-month data is unreliable with high forecast 

errors. Similarly, in the cumulative production plot at 12-month hindcast data in Figure 37, the actual 

cumulative production does not fall within the P90 - P10 ranges. This is not unexpected because of the 

irregular and unstable nature of the 12-month production hindcast.
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Figure 37: Cumulative Production plot for 12 months of production data using Modified Bootstrap with 
Arps' model

Figure 38 and Figure 39 shows the plot of the production forecast and cumulative production, 

respectively, for the 48-month of hindcast. From Figure 38, we observe that the actual production rate 

values fall within the P90 - P10 range. Also, as seen in Figure 39, the actual cumulative production is 

within the P90 - P10 range.

Figure 38: The production forecast for 48 months of production data using Modified Bootstrap with 
Arps' model
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Figure 39: Cumulative Production plot for 48 months of production data using Modified Bootstrap with 
Arps' model
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4.2.3. Case 3: Conventional Bootstrap with Duong's decline curve model

Duong et al. (2010) established that a log-log plot of rate over cumulative production versus time 

should fit a straight line in all unconventional reservoirs. Figure 40 shows the log-log plot of 100 months 

production history of a case study horizontal unconventional well producing from the Permian Basin. 

A half-slope line establishes that flow is close to linear flow, as seen after approximately 40 months of 

production for this study well. Figure 41 shows the plot of q/Gp versus time, t for 12 months of hindcast 

data. The log-log plot fits a straight line for 12 months of hindcast data, and as such, Figure 41 is in line 

with Duong's insight.

Figure 40: A log-log plot of 100 months field production for case study unconventional well. A half-slope 
line establishes that flow is close to linear flow.

Duong et al. (2010) also observed that from the log-log plot, m values greater than 1 would be 

obtained for unconventional wells. Figure 42 shows the plot of q/Gp versus time, t for 48 months of 

hindcast data. Figure 41 and Figure 42 show the case study well with an m value greater than 1 in both 

figures. For the application of Conventional Bootstrap Methodology to the Duong's decline curve model, 

we used, as usual, a 12-month and 48-month hindcast to generate multiple bootstrap realizations. The 

four parameters a, m, qi , and q∞ in the Duong's model, are obtained by applying two stages of sequential 

ordinary least square (OLS) regression.

Firstly, the log of both sides in Eq. 2.4 is taken, and first stage sequential OLS regression to get 

parameters a and m from the synthetic dataset is done. The log-log plot of q/Gp versus time, t for 

determination of a and m from a realization of the bootstrapped dataset for 12-month and 48-month
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Figure 41: A log-log plot of q/Gp versus time, t for 12 months hindcast dataset

Figure 42: A log-log plot of q/Gp versus time, t for 48 months hindcast dataset

production hindcast, is shown in Figure 43 and Figure 44. In Figure 43, the values 2 and 3 shown 

on the plot means that the particular data point was sampled two times and three times, respectively. 

From Figure 43 and Figure 44, the m value obtained is 1.571 and 1.117, respectively. Parameters a and 

m obtained from the regression are used to compute the bootstrap time function t (a, m). Using the 

bootstrap rate obtained from the synthetic dataset and the bootstrap time function, the second sequence 

of ordinary least square regression is carried out to obtain a solution for qi and q∞ .
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Figure 43: Log-log plot of q versus Gp for 12 months hindcast with CBM from the bootstrap dataset

Figure 44: Log-log plot of q versus Gp for 48 months hindcast with CBM from the bootstrap dataset

Figure 45 and Figure 46 shows the plot of bootstrap rate versus time function for 12 months 

hindcast and 48 months hindcast, respectively. The Bootstrap rate-time plot is linear. From the plot in 

Figure 45 and Figure 46, the values of qi and q∞ were obtained. Parameter q∞ is the rate at the infinitive 

time, and its values can be zero, negative or positive. With the parameters of the Duong's decline curve 

model obtained, future production was then forecasted, and probabilistic production estimates were 

calculated. Figure C.5 and Figure C.6 shows the bootstrap parameters distribution.
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Figure 47 and Figure 48 shows the production forecast and uncertainty in probabilistic estimates 

of the forecast for 12 months and 48 months production hindcast, respectively. From the production 

forecast plot, the forecast at 12 months hindcast did not bracket the actual production value. However, 

the forecast at 48 months hindcast tends to bracket the actual cumulative production. Similarly, for the
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Figure 45: A plot of Bootstrap Rate versus Time function at 12 months hindcast with CBM

Figure 46: A plot of Bootstrap Rate versus Time function at 48 months hindcast with CBM



Figure 47: The production forecast for 12 months of production data using Conventional Bootstrap with 
Duong's model

Figure 48: The production forecast for 48 months of production data using Conventional Bootstrap with 
Duong's model

cumulative production plot, a significant large variation is obtained in the cumulative production plot at 

12 months of production hindcast. Figure 49 and Figure 50 give the cumulative production plot at 12 

months and 48 months of production hindcast, respectively.

With 12 months of production hindcast, the actual cumulative production does not fall within the 

P90 - P10 range and is shown to significantly under-forecast production. In Figure 49, extreme values of 

forecast (high negative values) were obtained at 12 months hindcast. This result shows that Conventional 

Bootstrap with Duong's model may not be appropriate for a small fraction of data or when small hindcast 
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months are used. Figure 50 shows that when using a hindcast of 48 months, actual cumulative production 

fell within the P90 - P10 range, with the P50 value lying very close to the actual production value.

Figure 49: Cumulative Production plot for 12 months of production data using Conventional Bootstrap 
with Duong's model

Figure 50: Cumulative Production plot for 48 months of production data using Conventional Bootstrap 
with Duong's model
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4.2.4. Case 4: Modified Bootstrap with Duong's decline curve model

For the application of the Modified Bootstrap Method with the Duong's model (MBM-Duong), we 

use the 12-month and 48-month hindcast to generate multiple bootstrap realizations. We computed the 

cumulative value, Gp , of the hindcast for the 12-month and 48-month hindcast. We apply sequential linear 

regression and nonlinear regression to the hindcast dataset to obtain the Duong's model parameter best 

fit. The residual between the fitted data and actual production data is computed. The autocorrelation 

function and confidence limits are used to determine the block size. We then sub-divided the residuals 

into time intervals using the optimal block size.

We generate new (synthetic) bootstrap datasets by adding the consecutive time blocks of residuals to 

the regressed dataset. The four parameters a, m, qi , and q∞ in the Duong's model can be obtained by 

applying two stages of sequential ordinary least square (OLS) regression to the new (synthetic) bootstrap 

datasets. Firstly, we used the new (synthetic) bootstrap datasets and first stage OLS regression to obtain 

parameters a and m. A Log-log plot of q/Gp versus time, t for determination of a and m is done using 

12 months and 48 months of production hindcast as shown in Figure 51 and Figure 52.

Figure 51: Log-log plot of a versus m at 12 months hindcast with MBM from bootstrap dataset
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Figure 52: Log-log plot of a versus m at 48 months hindcast with MBM from bootstrap dataset

Based on Duong's method, the result from Figure 51 and Figure 52 should be linear (and it is so). 

This linearity is due to the correlation within the residual and preservation of the data structure in the 

bootstrap. Parameters a and m obtained from the regression are used to compute the time function 

t (a, m). Figure 53 and Figure 54 shows the plot of bootstrap rate versus time function for 12 months 

hindcast and 48 months hindcast respectively. Using the bootstrap rate obtained from the synthetic 

dataset and the time function, the second sequence of ordinary least square regression is carried out to 

obtain a solution for qi and q∞ . Figure C.7 and Figure C.8 shows the parameters distribution.

Figure 53: A plot of Bootstrap Rate versus Time function at 12 months hindcast with MBM
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Figure 54: A plot of Bootstrap Rate versus Time function at 48 months hindcast with MBM

Using parameters of the Duong's decline curve model obtained, future production is then forecasted, 

and probabilistic production estimates are calculated. Figure 55 and Figure 56 shows the production 

forecast and uncertainty in probabilistic estimates of the forecast for 12 months and 48 months of 

production hindcast, respectively. The production forecast plot at 12 months of production hindcast 

does not bracket the actual cumulative production values. The P90 - P10 ranges obtained are well below 

the actual production values indicating a significant underestimation of reserves at 12 months. Forecast 

generally improves as more data is used for hindcasting, as can be seen at 48 months where the 48 months 

hindcast produced forecasts that bracket the actual cumulative production.

Figure 55: The production forecast for 12 months of production data using Modified Bootstrap with 
Duong's model
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Figure 56: The production forecast for 48 months of production data using Modified Bootstrap with 
Duong's model

Figure 57 and Figure 58 depict the cumulative production plot at 12 months and 48 months 

of production hindcast, respectively, using the Modified Bootstrap with Duong's decline curve model. 

Significant and large underestimation is obtained in the cumulative production plot using 12 months of 

production hindcast. Figure 58 shows that with a hindcast of 48 months, actual cumulative production 

falls within the P90 - P10 range, with the P50 value lying very close to the actual production value.

Figure 57: Cumulative Production plot for 12 months of production data using Modified Bootstrap with 
Duong's model
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Figure 58: Cumulative Production plot for 48 months of production data using Modified Bootstrap with 
Duong's model

4.2.5. Case 5: Conventional Bootstrap with Stretched Exponential model

We obtained 100 bootstrap realizations using the Conventional Bootstrap Methodology. We applied 

the Stretched Exponential Decline model to generate 100 iterations for the parameters τ, n, and qi in 

the model using nonlinear regression. Figure C.9 and Figure C.10 shows the bootstrap parameters 

distribution. Figure 59 and Figure 60 show the production forecast and uncertainty in probabilistic 

estimates of the forecast for 12 months and 48 months production hindcast, respectively. The production 

forecast plot at 12 months of production hindcast does not bracket the actual cumulative production.

Figure 59: The production forecast for 12 months of production data using Conventional Bootstrap with 
SEPD model
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Figure 60: The production forecast for 48 months of production data using Conventional Bootstrap with 
SEPD model

Figure 61 and Figure 62 give the cumulative production plot at 12 months and 48 months of 

production hindcast, respectively, using the Conventional Bootstrap with the SEPD model (CBM-SEPD). 

A significant large underestimation is obtained in the cumulative production plot at 12 months of 

production hindcast. At a hindcast of 48 months, predicted reserves fall within the P90 - P10 ranges 

with the P50 value lying very close to the actual production value.

Figure 61: Cumulative Production plot for 12 months of production data using Conventional Bootstrap 
with SEPD model

71



Figure 62: Cumulative Production plot for 48 months of production data using Conventional Bootstrap 
with SEPD model

4.2.6. Case 6: Modified Bootstrap with Stretched Exponential model

We applied a hindcast of 12-month and 48-month to test the Modified Bootstrap with the Stretched 

Exponential model (MBM-SEPD) for this case study. First, we fit the hindcast dataset with the SEPD 

model and nonlinear regression. We then computed the residuals between the fitted model and observed 

data. We used the autocorrelation function to determine the block size. With the optimal block size 

determined, we then sub-divided the residuals into time intervals as described previously in “Case 2: 

Modified Bootstrap with Arps' model”. We used a bootstrap size of 100 to obtain a new (synthetic) 

bootstrap datasets by adding the consecutive time blocks of residuals to the fitted production data.

Parameters τ, n, and qi in the SEPD model are subsequently estimated from the synthetic bootstrap 

data. Figure C.11 and Figure C.12 shows the bootstrap parameters distribution. Future production 

is then forecasted, and probabilistic reserves estimates can be determined. The production forecast and 

uncertainty in probabilistic estimates of the forecast for 12 months and 48 months production hindcast, 

respectively, is shown in Figure 63 and Figure 64. The production forecast plot at 12 months of 

production hindcast does not bracket the actual cumulative production.
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Figure 63: The production forecast for 12 months of production data using Modified Bootstrap with the 
SEPD model

Figure 64: The production forecast for 48 months of production data using Modified Bootstrap with the 
SEPD model

Figure 65 and Figure 66 give the cumulative production plot at 12 months and 48 months of 

production hindcast, respectively. Cumulative production is significantly underestimated using 12 months 

of production hindcast. With a hindcast of 48 months, actual cumulative production falls within the P90 

- P10 range, with the P50 value lying very close to the actual production value.
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Figure 65: Cumulative Production plot for 12 months of production data using Modified Bootstrap with 
the SEPD model

Figure 66: Cumulative Production plot for 48 months of production data using Modified Bootstrap with 
the SEPD model

Table 6 displays the average computation time of the different methodology on a sample well. While 

each methodology is unique in the way the probabilistic forecasts are estimated, the computational time is 

between 10 to 16 seconds per well on a standard engineering computer. Between the Modified Bootstrap 

methodologies, computation is fastest in the Modified Bootstrap with the Stretched Exponential model 

(MBM-SEPD). The MBM-SEPD is 3.5 seconds faster than the MBM-Arps, and 2.65 seconds faster than 

the MBM-Duong.
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Table 6: Computation time of each methodology for a sample well

Methodology CBM-Arps MBM-Arps CBM-Duong MBM-Duong CBM-SEPD MBM-SEPD

Computation Time (in secs) 10.49 15.47 14.75 14.63 13.07 11.98

4.3. Application to each sub-basin in the Permian basin

4.3.1. Central Basin Platform

In this section, the methodologies described in Chapter 3 were applied with 42 active horizontal oil 

wells in the Central Basin Platform using only 12, 24, 36, 48, 60, 72, and 84 months of production hindcast. 

Each typical well in the Central Basin Platform contains more than 120 months of production data. 

Table 7 shows the result for the forecast coverage rate in the Central Basin Platform. The accompanying 

error forecast plot is shown in Figure 67. The ideal coverage rate is around 80% for the P90-P10 band. 

A coverage rate much lower than 80% implies that the algorithm is not well-calibrated and usually the 

forecast error will be high in this scenario. If the coverage rate is much higher than 80%, this means the 

algorithm is producing forecast bounds that are too wide.

The results from Table 7 show that for production hindcasts from 12 to 36 months, all the methodologies 

with the exception of the CBM with Duong methodology have poor coverage rates less than 70%. We 

quickly note that just as discussed previously, even though the CBM with Duong combination has decent 

coverage rates, the forecast error is quite poor (as high as 90% at 12 months and approximately 30% at 

36 months). In contrast, the MBM with Arps model has low coverage rates-between 23% and 45% for 

the 12 and 36 production hindcast, respectively. However, the forecast errors MBM-Arps combination is 

around 23% for the 12-month hindcast and 10% for the 36-month hindcast.

We can also observe from Figure 67 that the average forecast error reduces with increasing amount of 

production hindcast used as expected. Overall, based solely on the error plot, it would seem the MBM- 

Arps, CBM-Arps and MBM-SEPD combinations produce forecasts that match cumulative production 

best regardless of the amount of production hindcast used. At a hindcast of 48 months, about 50% of the 

algorithms show satisfactory performance in terms of coverage rate (70-90%). At the same hindcast, 5 of 

the 6 algorithm combinations had errors between 5 and 15%. At a hindcast of 60 months, 5 of the 6 

algorithm combinations show satisfactory performance in terms of coverage rate (70-90%) and forecast 

errors of less than 10%. The worst model combination based on forecast error was the CBM-Duong 

combination especially when hindcast fractions on the low end of the spectrum are used.
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Table 7: Forecast Coverage Rate in Central Basin Platform

Hindcast 
(in months) CBM - Arps MBM - Arps CBM - Duong MBM - Duong CBM - SEPD MBM - SEPD

12 34.05 23.12 88.10 18.42 54.76 42.86

24 51.35 41.46 83.33 41.03 69.05 35.71

36 61.54 45.00 88.10 57.50 69.05 33.33

48 76.92 58.54 88.10 65.00 78.57 54.76

60 87.50 73.17 92.86 71.79 85.71 59.52

72 85.00 90.48 97.62 92.68 97.62 80.95

84 100.00 100.00 100.00 100.00 100.00 100.00

Figure 67: Average Absolute Error plot for the forecast in Central Basin Platform

4.3.2. Delaware Basin

The methodologies were applied to 35 active horizontal oil wells in the Delaware Basin using only 

12, 24, 36, 48, 60, 72, and 84 months of production hindcast. Each typical well in the Delaware Basin 

contains more than 120 months of production data. Table 8 shows the result for the forecast coverage 

rate in the Delaware Basin. The accompanying error forecast plot is shown in Figure 68. The ideal 

coverage rate is around 80% for the P90-P10 band. A coverage rate much lower than 80% implies that 

the algorithm is not well calibrated, and usually, the forecast error will be high in this scenario. If the 

coverage rate is much higher than 80%, this means the algorithm is producing forecast bounds that are 

too wide.
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The results for the sample wells from the Delaware Basin are similar in form to those from the Central 

Basin Platform. The results from Table 8 show that for production hindcasts from 12 to 48 months, all 

the methodologies except the CBM-Duong and the MBM-Duong combinations have poor coverage rates 

of less than 70%. Using a hindcast of 48 months, both the CBM-Duong and MBM-Duong combinations 

have forecast errors varying between 10 and 20%. We can also observe, like in the Central Basin Platform, 

results that the average forecast error reduces with an increasing amount of production hindcast used as 

expected-see Figure 68.

Overall, based solely on the Delaware Basin error plot, it would seem the MBM-Arps, CBM-Arps, 

and MBM-SEPD combinations produce forecasts that match cumulative production best regardless of 

the amount of production hindcast used. At a hindcast of 48 months, about 33% of the algorithms 

show satisfactory performance in terms of coverage rate (70-90%). At the same hindcast, 5 of the 6 

algorithm combinations had errors between 10 and 20%. At a hindcast of 60 months, 3 of the 6 algorithm 

combinations show satisfactory performance in terms of coverage rate (70-90%) and forecast errors of less 

than 15%. The worst model combination based on forecast error was still the CBM-Duong combination, 

especially when hindcast fractions on the low end of the spectrum are used. Overall, the algorithm 

combinations investigated had worse results compared to the result summaries from sample wells in the 

Central Basin Platform.

Table 8: Forecast Coverage Rate in Delaware Basin

Hindcast 
(in months) CBM - Arps MBM - Arps CBM - Duong MBM - Duong CBM - SEPD MBM - SEPD

12 40.00 40.74 52.94 20.00 28.57 31.43

24 34.48 36.67 58.82 46.88 34.29 20.00

36 53.33 43.75 67.65 55.88 51.43 34.29

48 46.43 51.61 73.53 73.53 54.29 54.29

60 68.97 61.29 91.18 88.24 77.14 62.86

72 87.50 81.25 97.06 85.29 85.71 80.00

84 93.10 96.77 100.00 91.18 91.43 91.43
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Figure 68: Average Absolute Error plot for the forecast in Delaware Basin

4.3.3. Mid land Basin

The methodologies were applied to 49 active horizontal oil wells in the Midland Basin using only 12, 

24, 36, 48, 60, 72, and 84 months of production hindcast. Each typical well in the Midland Basin contains 

more than 150 months of production data. Table 9 shows the result of the forecast coverage rate in the 

Midland Basin. The accompanying error forecast plot is shown in Figure 69. The results for the sample 

wells from the Midland Basin are similar in form to those from both the Central Basin Platform and 

Delaware Basin. The results from Table 9 show that for production hindcasts from 12 to 48 months, all 

the methodologies except the CBM-Arps, CBM-Duong, MBM-Duong, and CBM-SEPD combinations 

have poor coverage rates less than 70%.

Using a hindcast of 48 months, the CBM-Arps, CBM-Duong, MBM-Duong, and CBM-SEPD combi

nations have forecast errors varying between 10 and 20%. We can also observe, like in the Central Basin 

Platform and Delaware Basin results, that the average forecast error reduces with an increasing amount 

of production hindcast used as expected-see Figure 69. Overall, based solely on the Midland Basin error 

plot, it would seem the MBM-Arps, CBM-Arps, and MBM-SEPD combinations produce forecasts that 

match cumulative production best regardless of the amount of production hindcast used.

At a hindcast of 48 months, about 50% of the algorithms show satisfactory performance in terms of 

coverage rate (70-90%). At the same hindcast, 5 of the 6 algorithm combinations had errors between 10 

and 15%. At a hindcast of 60 months, 5 of the 6 algorithm combinations show satisfactory performance 
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in terms of coverage rate (70-90%) and forecast errors of less than 15%. The worst model combination 

based on forecast error was still the CBM-Duong combination, especially when hindcast fractions on the 

low end of the spectrum are used. Overall, the algorithm combinations investigated using sample wells 

from the Midland Basin had similar results compared to the result summaries from sample wells in the 

Central Basin Platform, but better results when compared to the Delaware Basin sample wells.

Table 9: Forecast Coverage Rate in Midland Basin

Hindcast 
(in months) CBM - Arps MBM - Arps CBM - Duong MBM - Duong CBM - SEPD MBM - SEPD

12 70.00 53.49 71.43 28.57 53.06 44.90

24 60.47 51.02 65.31 59.57 65.31 51.02

36 68.09 50.00 59.18 66.67 81.63 61.22

48 80.43 59.18 69.39 70.83 87.76 67.35

60 86.67 69.39 85.71 79.17 91.84 75.51

72 95.74 73.47 100.00 91.84 97.96 87.76

84 100.00 97.96 100.00 93.88 97.96 97.96

Figure 69: Average Absolute Error plot for the forecast in Midland Basin

Summary of results of the analysis for the different production hindcast months of each sub-basin 

can be found in Appendix B. From the analysis of the data from these three different sub-basins in the 

Permian basin, we can conclude that the MBM-Arps, CBM-Arps, and MBM-SEPD combinations produce 

forecasts that match cumulative production best regardless of the amount of production hindcast used.
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However, their coverage rates are not necessarily the best, especially if smaller fractions of the production 

data are used as the hindcast dataset. In the next section, we present the forecast errors for all the 

sample wells analyzed together in the same pool.

4.4. Application to Permian Basin Oil wells

The methodologies were applied to 126 active horizontal oil wells in the Permian Basin using only 12, 

24, 36, 48, 60, 72, and 84 months of production hindcast. Typical wells in the Permian Basin contains 

more than 120 months of production data. Table 10 shows the result of the forecast coverage rate, and 

Table 11 shows the overall average absolute error in the Permian Basin. The accompanying error forecast 

plot is shown in Figure 70. The results from Table 10 show that for production hindcasts from 12 to 48 

months, all the methodologies except the CBM-Arps, CBM-Duong, and CBM-SEPD combinations have 

poor coverage rates less than 70%.

Using a hindcast of 48 months, the CBM-Arps, CBM-Duong, and CBM-SEPD combinations have 

forecast errors varying between 8 and 21%. We can also observe that the average forecast error reduces 

with an increasing amount of production hindcast used as expected-see Table 11. Overall, based solely on 

the Permian Basin error plot, it would seem the MBM-Arps, MBM-Duong, CBM-SEPD, and MBM-SEPD 

combinations produce forecasts that match cumulative production best regardless of the amount of 

production hindcast used.

At a hindcast of 48 months, about 50% of the algorithms show satisfactory performance in terms of 

coverage rate (70-90%). At the same hindcast, 3 of the 6 algorithm combinations had errors between 10 

and 15%. At a hindcast of 60 months, 4 of the 6 algorithm combinations show satisfactory performance 

in terms of coverage rate (70-90%) and forecast errors of less than 15%. The worst model combination 

based on forecast error was still the CBM-Duong combination, especially when hindcast fractions on the 

low end of the spectrum are used. At a hindcast of 72 months, all the 6 algorithm combinations show 

satisfactory performance in terms of coverage rate (70-90%) and forecast errors of less than 10%. The 

best model combination based on forecast error was the MBM-Arps, MBM-Duong, and MBM-SEPD 

combinations. Overall, the algorithm combinations investigated using sample wells from the Permian 

Basin had similar results compared to the result summaries from sample wells in the Central Basin 

Platform, Delaware Basin, and Midland Basin.
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Table 10: Overall Forecast Coverage Rate in Permian Basin

Hindcast 
(in months) CBM - Arps MBM - Arps CBM - Duong MBM - Duong CBM - SEPD MBM - SEPD

12 64.21 50.00 81.00 22.73 46.83 40.48

24 50.46 44.17 69.60 50.00 57.94 37.30

36 62.07 46.67 71.20 60.66 69.05 44.44

48 70.80 57.02 76.80 69.67 75.40 59.52

60 82.46 68.60 89.60 79.34 85.71 66.67

72 89.92 81.30 98.40 90.32 94.44 83.33

84 98.23 98.36 100.00 95.16 96.83 96.83

Table 11: Overall Average Absolute Error in Permian Basin

Hindcast 
(in months) CBM - Arps MBM - Arps CBM - Duong MBM - Duong CBM - SEPD MBM - SEPD

12 31.06 30.37 107.93 62.33 33.86 31.17

24 18.69 18.37 53.81 24.92 24.18 20.43

36 12.44 12.78 33.37 16.07 18.65 13.74

48 8.29 7.96 21.39 10.53 13.82 9.26

60 5.99 5.55 13.75 7.29 10.42 5.92

72 4.38 3.93 8.46 4.91 8.50 3.78

84 2.92 2.89 4.35 3.35 7.64 2.60

Figure 70: Overall Average Absolute Error plot for the forecast in the Permian Basin
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4.5. Comparison of forecast between the different methodologies

In this section, we compare forecast performance between the six algorithms at various production 

hindcast across the Permian Basin. The forecast comparison is represented in Table 12 to Table 17. 

The results from Table 12 show that for production hindcasts at 12 months, all the methodologies except 

the CBM-Duong have poor coverage rates of less than 70%. In the CBM-Duong, since the coverage 

rate is around 80%, but the forecast error is high, this means the CBM-Duong algorithm is producing 

forecast bounds that are too wide. At a hindcast of 12 months, 5 of the 6 algorithm combinations show 

unsatisfactory performance in terms of coverage rate (70-90%), and forecast errors were greater than 10% 

in the six algorithms. The worst model combination based on how close the cumulative P50 prediction 

is to the true cumulative production was the CBM-Duong and MBM-Duong combinations. The best 

model combination is the MBM-Arps combination. All six algorithm combinations had an error in true 

cumulative production between 20 and 99%.

At a hindcast of 24 months, all the six algorithm combinations have poor coverage rates of less than 

70%, and forecast errors were greater than 10%. At the same hindcast, 2 of the 6 algorithm combinations 

had errors in true cumulative production of less than 15%. The worst model combination based on 

how close the cumulative P50 prediction is to the true cumulative production was the CBM-Duong 

combinations. The best model combination is the MBM-Arps combination. We can also observe that 

the average forecast error reduces with an increasing amount of production hindcast used as expected, 

and the cumulative P50 prediction improves over what was observed using a production hindcast of 12 

months - see Table 13.

The results from Table 14 show that for production hindcasts at 36 months, all the algorithm 

combinations except the CBM-Duong have poor coverage rates of less than 70%. Forecasts error was 

between 20 and 53% in all algorithm combinations. At a hindcast of 36 months, 4 of the 6 algorithm 

combinations had errors in true cumulative production less than 15%. The worst model combination 

based on how close the cumulative P50 prediction is to the true cumulative production was the CBM- 

Duong combinations. The best model combination is the MBM-Arps, MBM-Duong, and MBM-SEPD 

combinations. We can also observe that the average forecast error reduces with an increasing amount 

of production hindcast used as expected, and the cumulative P50 prediction improves over what was 

observed using production hindcast of 24 months.

From Table 15, we observed that at a hindcast of 48 months, about 50% of the algorithms show 

satisfactory performance in terms of coverage rate (70-90%). At the same hindcast, 3 of the 6 algorithm 

combinations had forecast errors that were less than 10%, and 4 of the 6 algorithm combinations had an 
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error in true cumulative production less than 15%. The worst model combination based on how close the 

cumulative P50 prediction is to the true cumulative production was the CBM-Duong combinations. The 

best model combination is the MBM-Duong and MBM-SEPD combinations.

At a hindcast of 60 months, as depicted in Table 16, 4 of the 6 algorithm combinations show satisfactory 

performance in terms of coverage rate (70-90%) and forecast errors of less than 10%. At the same hindcast, 

all the 6 algorithm combinations had errors in true cumulative production less than 15%. The worst 

model combination based on forecast error, and also based on how close the cumulative P50 prediction is 

to the true cumulative production, was the CBM-Duong combinations. The best model combination is 

the MBM-Duong and MBM-SEPD combinations.

From Table 17, we noticed that at a hindcast of 72 months, all the six algorithm combinations show 

satisfactory performance in terms of coverage rate (70-90%) and forecast errors of less than 10%. At the 

same hindcast, all the 6 algorithm combinations had errors in true cumulative production less than 10%. 

The best model combination based on how close the cumulative P50 prediction is to the true cumulative 

production was the MBM-Duong and MBM-SEPD combinations.

Table 12: Forecast comparison at 12 months production hindcast across Permian Basin

Permian Basin Result CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPDCoverage Rate, CR (%) 64.21 50.00 81.00 22.73 46.83 40.48Avg. Relative Error 1.61 5.18 106.86 56.53 26.41 24.42Average Absolute Error Abs(P50-Pactual) 31.06 30.37 107.93 62.33 33.86 31.17Average P-1 0.68 0.62 8.91 1.78 0.88 0.64Average Cumulative Error 0.31 0.30 1.08 0.62 0.34 0.31Average Bound Interval 4.775 4.750 5.677 4.969 4.832 4.80Cumulative P50 Prediction, STB 10,593,740.51 11,923,628.98 32,156.55 6,014,246.33 11,303,627.62 11,421,413.23True Cumulative Production, STB 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00Error in True Cumulative Production 30.73% 22.04% 99.79% 60.68% 26.09% 25.32%
Table 13: Forecast comparison at 24 months production hindcast across Permian Basin

Permian Basin Result CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPDCoverage Rate, CR (%) 50.46 44.17 69.60 50.00 57.94 37.30Avg. Relative Error 4.25 6.02 50.13 17.29 19.51 14.52Average Absolute Error 18.69 18.37 53.81 24.92 24.18 20.43Average 0.38 0.35 5.61 0.78 0.74 0.34Average Cumulative Error 0.19 0.18 0.54 0.25 0.24 0.20Average Bound Interval 4.597 4.557 5.290 4.685 4.737 4.580Cumulative P50 Prediction, STB 13,008,483.05 13,256,226.98 7,925,244.02 11,323,762.15 12,368,852.83 12,913,157.41True Cumulative Production, STB 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00Error in True Cumulative Production 14.94% 13.32% 48.18% 25.96% 19.13% 15.57%
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Table 14: Forecast comparison at 36 months production hindcast across Permian Basin

Permian Basin Result CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPDCoverage Rate, CR (%) 62.07 46.67 71.20 60.66 69.05 44.44Avg. Relative Error 5.54 4.26 30.08 5.00 16.16 9.54Average Absolute Error '' 12.44 12.78 33.37 16.07 18.65 13.74Average 0.29 0.23 1.91 0.47 0.64 0.26Average Cumulative Error 0.12 0.13 0.33 0.16 0.19 0.14Average Bound Interval 4.427 4.384 5.059 4.537 4.639 4.400Cumulative P50 Prediction, STB 13,324,321.76 13,864,317.70 10,559,976.49 13,877,615.21 12,861,505.33 13,702,613.94True Cumulative Production, STB 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00Error in True Cumulative Production 12.88% 9.35% 30.95% 9.26% 15.90% 10.40%
Table 15: Forecast comparison at 48 months production hindcast across Permian Basin

Permian Basin Result CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPDCoverage Rate, CR (%) 70.80 57.02 76.80 69.67 75.40 59.52Avg. Relative Error 4.54 2.12 19.02 0.34 12.54 5.75Average Absolute Error 8.29 7.96 21.39 10.53 13.82 9.26Average P -'' 0.245 0.195 1.148 0.367 0.53 0.21Average Cumulative Error 0.08 0.08 0.21 0.11 0.14 0.09Average Bound Interval 4.304 4.237 4.904 4.412 4.556 4.266Cumulative P50 Prediction, STB 12,770,974.43 13,920,387.65 11,998,448.38 14,524,632.44 13,576,183.13 14,262,310.36True Cumulative Production, STB 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00Error in True Cumulative Production 16.50% 8.98% 21.55% 5.03% 11.23% 6.75%
Table 16: Forecast comparison at 60 months production hindcast across Permian Basin

Permian Basin Result CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPDCoverage Rate, CR (%) 82.46 68.60 89.60 79.34 85.71 66.67Avg. Relative Error 3.36 1.26 11.81 1.31 9.48 3.63Average Absolute Error 5.99 5.55 13.75 7.29 10.42 5.92Average 0.215 0.176 0.822 0.299 0.49 0.19Average Cumulative Error 0.06 0.06 0.14 0.07 0.10 0.06Average Bound Interval 4.246 4.150 4.788 4.329 4.499 4.198Cumulative P50 Prediction, STB 13,257,556.38 14,009,005.67 13,108,502.31 14,659,498.58 13,978,068.60 14,677,807.42True Cumulative Production, STB 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00Error in True Cumulative Production 13.31% 8.40% 14.29% 4.15% 8.60% 4.03%
Table 17: Forecast comparison at 72 months production hindcast across Permian Basin

Permian Basin Result CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPDCoverage Rate, CR (%) 89.92 81.30 98.40 90.32 94.44 83.33Average Relative Error 2.89 0.01 7.32 1.73 7.96 1.66Average Absolute Error 4.38 3.93 8.46 4.91 8.50 3.78Average 0.22 0.17 0.67 0.27 0.50 0.18Average Cumulative Error 0.044 0.039 0.085 0.049 0.085 0.038Average Bound Interval 4.207 4.091 4.716 4.250 4.550 4.114Cumulative P50 Prediction, STB 14,188,923.16 14,669,310.92 13,847,543.93 15,050,721.40 14,277,192.00 15,012,630.01Actual Cumulative Production, STB 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00 15,293,918.00Error in True Cumulative Production 7.23% 4.08% 9.46% 1.59% 6.65% 1.84%
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A plot of the cumulative production for forecasts against hindcast length with the Conventional 

Bootstrap and Modified Bootstrap methodology with Arps' model is shown in Figure 71. From Figure

71, it can be seen that both the Conventional Bootstrap method and Modified Bootstrap method with 

Arps' model bracket the true cumulative production inside their respective P90 - P10 ranges, with the 

Modified Bootstrap with Arps' model having a narrower interval than the Conventional Bootstrap with 

Arps' model. The error in true cumulative production for the forecast at 72 months is lesser at 4.08% 

using Modified Bootstrap with Arps' model versus 7.23% using Conventional Bootstrap with Arps' model.

Figure 72 depicts a plot of the cumulative production for forecasts against hindcast length with 

the Conventional Bootstrap and Modified Bootstrap methodology with Duong's model. From Figure

72, the Conventional Bootstrap with Duong's model is unreliable when using low hindcast month. The 

lowest hindcast months in which the forecast gives a reasonable value for the Conventional Bootstrap 

with Duong's model is at 60 months. Also, it was observed that the Conventional Bootstrap with Duong's 

model under-forecasted the true cumulative production at a hindcast of 12 months. Production forecast 

generally improves as production hindcast increases to 60 months. The Modified Bootstrap methodology 

with Duong's model tends to under-forecast reserves at 12 months with improvement in the forecast after 

using a hindcast of 36 months. This result can be seen with the high values for the relative errors in both 

methodologies. The Modified Bootstrap with Duong's model is the better of the two methods in terms 

of forecasted reserves and coverage rates. If the methodology is seen to quantify uncertainty very well, 

then a smaller range of P90 - P10 interval is desirable. The error in true cumulative production for the 

forecast at 72 months hindcast is lowest at 1.59% using Modified Bootstrap with Duong's model and 

highest at 9.46% using Conventional Bootstrap with Duong's model.

Figure 73 shows a plot of the cumulative production for forecasts against hindcast length with the 

Conventional Bootstrap and Modified Bootstrap methodology with the Stretched Exponential model. 

Here, both methodologies bracketed the true cumulative production within their respective P90 - P10 

ranges with the Modified Bootstrap with SEPD having a narrower interval than the Conventional 

Bootstrap with SEPD method. The Conventional Bootstrap with SEPD gives a wider P90 - P10 interval 

than the Modified Bootstrap methodologies with SEPD. The error in true cumulative production for 

the forecast at 72 months hindcast is lowest at 1.84% using the Modified Bootstrap with SEPD and 

highest at 6.65% using the Conventional Bootstrap with SEPD model. Overall, the difference between 

the true cumulative production obtained and the cumulative P50 prediction values is highest using the 

Conventional Bootstrap with Duong's model at a value of 1,446,374.07 STB and lowest using the Modified 

Bootstrap with Duong's model at a value of 243,196.60 STB.
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(a) Cumulative Production for Conventional Bootstrap Methodology with Arps' model (STB)

(b) Cumulative Production for Modified Bootstrap Methodology with Arps' model (STB)

Figure 71: Cumulative Production Plot for the forecast with the Conventional Bootstrap and Modified 
Bootstrap methodology with Arps' model in the Permian Basin
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(a) Cumulative Production for Conventional Bootstrap Methodology with Duong's model (STB)

(b) Cumulative Production for Modified Bootstrap Methodology with Duong's model (STB)

Figure 72: Cumulative Production Plot for the forecast with the Conventional Bootstrap and Modified 
Bootstrap methodology with Duong's model in the Permian Basin
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(a) Cumulative Production for Conventional Bootstrap Methodology with the SEPD model (STB)

(b) Cumulative Production for Modified Bootstrap Methodology with the SEPD model (STB)

Figure 73: Cumulative Production Plot for the forecast with the Conventional Bootstrap and Modified 
Bootstrap methodology with the Stretched Exponential Decline Curve Model in the Permian Basin
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4.5.1. Histogram of True Cumulative Production versus Cumulative P50 Prediction

The histogram of the true cumulative production and the cumulative P50 prediction using 10 years 

(120 months) production history for the six methodologies are shown in the Figure 74 to Figure 79. 

From the histogram, it is observed that as the hindcast increases from 12 months to 84 months, the 

cumulative P50 prediction value approaches the true cumulative production in all six methodologies. As 

we can observe from the histogram at 12 months, the Conventional Bootstrap method with Duong's model 

and Modified Bootstrap method with Duong's model under-predicted the true cumulative production. 

The under-prediction from the Conventional Bootstrap with Duong's model is pretty dramatic at the 

12-month hindcast. This goes to show that the Conventional Bootstrap and Modified Bootstrap with 

Duong's model gives erroneous and unreliable result when using a small fraction of the data for hindcast.

Figure 74: Histogram for Conventional Bootstrap Methodology with Arps' model
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Figure 75: Histogram for Modified Bootstrap Methodology with Arps' model

Figure 76: Histogram for Conventional Bootstrap Methodology with Duong's model
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Figure 77: Histogram for Modified Bootstrap Methodology with Duong's model

Figure 78: Histogram for Conventional Bootstrap Methodology with SEPD model
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Figure 79: Histogram for Modified Bootstrap Methodology with SEPD model
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Chapter 5. Conclusion and Recommendation

5.1. Conclusions

The conclusions drawn from the analysis can be stated as follows:

• Based on the average forecast error plot in the Permian Basin for 126 active wells, the MBM-Arps, 

CBM-Arps, and MBM-SEPD combinations produce P50 forecasts that best match cumulative 

production regardless of the sub-basin and amount of production hindcast used.

• The CBM-Arps, MBM Arps, CBM-SEPD, and MBM-SEPD algorithm combinations produced 

cumulative P50 predictions that are within 20% of the true cumulative production value using 

only a 24-month hindcast. With a 12 month-hindcast, the MBM-Arps combined model produced 

cumulative P50 predictions that had a forecast error of approximately 20%. Also, the CBM-SEPD 

and MBM-SEPD models were within 30% of the true cumulative production using a 12-month 

hindcast.

• All the deterministic-stochastic method combinations studied under-predicted the true cumulative 

production to varying degrees. However, the CBM-Duong combination was found to severely 

under-predict cumulative production, especially for the 12-month hindcast. In general, it is the 

worst model combination based on forecast error, especially when hindcast fractions on the low 

end of the spectrum are used. Accordingly, the CBM-Duong combination is not recommended, 

especially if production history no more than 24 months is available for hindcasting.

• As expected, with increasing hindcast duration, the coverage rate increased, and the forecast 

error decreased for all the algorithm combinations. Also, the uncertainty band width decreased 

with increasing production history. Consequently, the P90 - P10 intervals become narrower with 

increasing production history in all six methodologies.

• For the Central Basin Platform, the results show that for production hindcasts from 12 to 36 

months, all the methodologies except for the CBM with Duong methodology have relatively poor 

coverage rates less than 70%. At a hindcast of 48 months, about 50% of the algorithms show 

satisfactory performance in terms of coverage rate (70-90%). At the same hindcast, 5 of the 6 

algorithm combinations had prediction errors between 5 and 15%. At a hindcast of 60 months, 5 of 

the 6 algorithm combinations show satisfactory performance in terms of coverage rate (70-90%) 

and forecast errors of less than 10%.

• For the Delaware sub-basin, the results show that for production hindcasts from 12 to 48 months, 

all the methodologies except for the CBM-Duong and the MBM-Duong combinations have relatively 
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poor coverage rates less than 70%. At a hindcast of 48 months, about 33% of the algorithms show 

satisfactory performance in terms of coverage rate (70-90%). At the same hindcast, 5 of the 6 

algorithm combinations had forecast errors between 10 and 20%. At a hindcast of 60 months, 3 of 

the 6 algorithm combinations show satisfactory performance in terms of coverage rate (70-90%) 

and forecast errors of less than 15%.

• For the Midland sub-basin, the results show that for production hindcasts from 12 to 48 months, all 

the methodologies except for the CBM-Arps, MBM-Duong, and CBM-SEPD Duong combinations 

have relatively poor coverage rates less than 70%. At a hindcast of 48 months, about 50% of the 

algorithms show satisfactory performance in terms of coverage rate (70-90%). At the same hindcast, 

5 of the 6 algorithm combinations had errors between 10 and 15%. At a hindcast of 60 months, 5 of 

the 6 algorithm combinations show satisfactory performance in terms of coverage rate (70-90%) and 

forecast errors of less than 15%. Based on the foregoing, it is up to the individual engineer/company 

to decide if the low coverage rates seen with the above model combinations disqualify their use at 

low hindcast values despite their relatively reasonable predictions.

The main advantage of the conventional bootstrap method is that probabilistic reserve estimates are 

obtained based on the rearrangement of actual production data. Also, the analyst does not need to have 

prior information about the probability distribution of parameters used in the decline curve analysis. 

Similarly, the rigorous nature of the Modified Bootstrap means that the coverage rate obtained from the 

Modified Bootstrap method will better predict the P50 values and improve uncertainty significantly, as 

was observed.

The highlight of what we have done is that we have implemented a methodology based on the 

frequentist inference. This methodology allows a forecast to be done without having prior knowledge of 

the distribution of the parameters in the decline curve analysis (i.e., no prior knowledge of qi, Di, and b 

is needed to implement the methodology). Some of the challenges that previous authors encountered 

in the application of the method were that the method took a long time to run, it was difficult to 

implement, and it required the wells to be properly-filtered. As a contribution to the body of knowledge, 

this thesis presents an expansion of the application of Conventional Bootstrap and Modified Bootstrap 

methodologies to other decline curve models than the Arps model. This application was done with an 

order of magnitude reduction in computational time in a bid to address the challenges encountered by 

prior authors. At the end of the research, a reserve forecaster was developed using the R programming 

language that incorporated these bootstrap methodologies to forecast reserves and quantify uncertainty in 

probabilistic decline curve forecasts. These scripts can be embedded into a commercial reservoir modeling 
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software or developed as a stand-alone probabilistic decline curve analysis software, which can serve as an 

aid for decision-making in reservoir management.

5.2. Recommendations for Future Work

Based on the result, the following area of future promising research and application is advised.

• Investigate the application of the methodologies with improvement to other reserves such as water

flooded reservoirs and heavy oil wells with a combination of improved decline curve models to see 

how well the improved methodologies compare to results obtained in this research.

• Investigate the process of coupling Machine Learning and Artificial Intelligence techniques with 

probabilistic EUR estimation methods like the Modified Bootstrap methodology.

• More investigation can be done on applying the methodologies described in this thesis to a more 

recent decline curve model. A comparison can be made to see which combination of the probabilistic 

decline curve analysis gives a better coverage rate for declining oil reserves in the Permian Basin. 

These methodologies can be developed into a commercial software or a mobile application tool to 

aid reservoir engineers in making a quick decision about a reservoir. This tool will be useful in 

reservoir management scenarios where production data are available but information is lacking 

about the prevailing dynamic operating conditions of a producing reservoir.

• Further work can be done on the comparison of the Bayesian method and frequentist inference for 

uncertainty quantification using probabilistic decline curve analysis.
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Appendix A. Decline Curve Analysis and Optimization

A.1. Linearizing the Arps' Decline Curve Equation

The Arps' decline-curve equations for hyperbolic decline is given by: 

where:

q is the current production rate

qi is the production rate at time zero

b is hyperbolic decline constant

t is the time since the start of production

Di is initial decline rate

We can linearize the hyperbolic decline curve equation by taking the logarithm of both sides and 

simplifying

Applying a second-order Taylor series expansion: log(1 + x) ≈ x — X^

This can be expressed as a second-order linear regression model
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From equation (A.2), the decline curve parameter estimates qi, b and Di can be obtained

A.2. Sequential Linear Regression Analysis to obtain Duong's Decline Curve Parameters

From Duong's log-log plots for rate over cumulative production versus time, we have that: 

where:

q is production rate, G p is cumulative production rate, a is intercept, m is the slope of the log-log plot

We can take the logarithm of both sides and simplify the equation above to obtain a linear equation:

This can be expressed in terms of β coefficients as y i = β 0 + β 1 xi with intercept β 0 and slope β 1

hence yi = log (g/GR) , β0 = log a, βι = —m, and xi = log (t). The parameter estimates a and m can 

be obtained as:

The values of a and m is then used to obtain an expression for the time function t(a, m) defined as: 

t (a, m) = t-mexp [y-m (t1-m — 1). Subsequently, a second linear regression is carried out to obtain 

estimates for qi and q∞ using the Duong's model equation:

By using two stages of sequential ordinary least square regression, all four parameters (a, m, qi, q∞) in 

the Duong's model can be obtained.
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Appendix B. Result of Case Study

The result of case study on Permian basin horizontal oil wells are presented in Table B.1 to Table

B.7.

Table B.1: Summary of Results of Analysis for 12 months hindcast of Permian basin dataset

Basin Result
12 months of production history

CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPD

Central Basin

CR (%) 34.05 23.12 88.10 18.42 54.76 42.86

MAPE (%) 24.35 24.47 90.99 51.31 29.58 26.56

Av. Cum. Error 0.243 0.245 0.910 0.513 0.296 0.266

Av. Bound Interval 4.629 4.617 5.650 4.782 4.694 4.661

Delaware Basin

CR (%) 40.00 40.74 52.94 20.00 28.57 31.43

MAPE (%) 39.78 42.32 104.22 70.45 46.02 44.35

Av. Cum. Error 0.398 0.423 1.042 0.705 0.460 0.443

Av. Bound Interval 5.063 5.039 5.785 5.241 5.118 5.107

Midland Basin

CR (%) 70.00 53.49 71.43 28.57 53.06 44.90

MAPE (%) 30.65 28.07 125.01 66.49 28.84 25.70

Av. Cum. Error 0.306 0.281 1.250 0.665 0.288 0.257

Av. Bound Interval 4.704 4.686 5.625 4.944 4.746 4.699

Table B.2: Summary of Results of Analysis for 24 months hindcast of Permian basin dataset

Basin Result
24 months of production history

CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPD

Central Basin

CR (%) 51.35 41.46 83.33 41.03 69.05 35.71

MAPE (%) 13.90 14.28 41.37 20.87 20.23 17.22

Av. Cum. Error 0.139 0.143 0.414 0.209 0.202 0.172

Av. Bound Interval 4.434 4.403 5.271 4.461 4.575 4.399

Delaware Basin

CR (%) 34.48 36.67 58.82 46.88 34.29 20.00

MAPE (%) 27.53 24.85 58.16 28.66 31.75 28.49

Av. Cum. Error 0.275 0.248 0.582 0.287 0.318 0.285

Av. Bound Interval 4.878 4.870 5.439 4.981 5.034 4.911

Midland Basin

CR (%) 60.47 51.02 65.31 59.57 65.31 51.02

MAPE (%) 16.84 17.83 61.45 25.73 22.16 17.43

Av. Cum. Error 0.168 0.178 0.614 0.257 0.222 0.174

Av. Bound Interval 4.547 4.495 5.202 4.671 4.664 4.500
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Table B.3: Summary of Results of Analysis for 36 months hindcast of Permian basin dataset

Basin Result
36 months of production history

CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPD

Central Basin

CR (%) 61.54 45.00 88.10 57.50 69.05 33.33

MAPE (%) 9.48 9.77 28.65 14.20 15.49 11.96

Av. Cum. Error 0.095 0.098 0.286 0.142 0.155 0.120

Av. Bound Interval 4.242 4.200 5.044 4.338 4.456 4.216

Delaware Basin

CR (%) 53.33 43.75 67.65 55.88 51.43 34.29

MAPE (%) 17.44 17.45 33.91 16.49 22.67 18.61

Av. Cum. Error 0.174 0.174 0.339 0.165 0.227 0.186

Av. Bound Interval 4.728 4.707 5.232 4.750 4.937 4.728

Midland Basin

CR (%) 68.09 50.00 59.18 66.67 81.63 61.22

MAPE (%) 11.71 12.17 37.05 17.32 18.48 11.79

Av. Cum. Error 0.117 0.122 0.371 0.173 0.185 0.118

Av. Bound Interval 4.390 4.321 4.953 4.552 4.582 4.322

Table B.4: Summary of Results of Analysis for 48 months hindcast of Permian basin dataset

Basin Result
48 months of production history

CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPD

Central Basin

CR (%) 76.92 58.54 88.10 65.00 78.57 54.76

MAPE (%) 5.91 4.77 19.84 8.99 10.93 7.11

Av. Cum. Error 0.059 0.048 0.198 0.090 0.109 0.071

Av. Bound Interval 4.127 4.036 4.882 4.227 4.380 4.067

Delaware Basin

CR (%) 46.43 51.61 73.53 73.53 54.29 54.29

MAPE (%) 12.00 10.96 18.92 7.96 15.32 12.49

Av. Cum. Error 0.120 0.110 0.189 0.080 0.153 0.125

Av. Bound Interval 4.583 4.561 5.094 4.632 4.817 4.602

Midland Basin

CR (%) 80.43 59.18 69.39 70.83 87.76 67.35

MAPE (%) 8.04 8.72 24.45 13.63 15.23 8.81

Av. Cum. Error 0.080 0.087 0.244 0.136 0.152 0.088

Av. Bound Interval 4.285 4.200 4.792 4.410 4.519 4.197

Table B.5: Summary of Results of Analysis for 60 months hindcast of Permian basin dataset

Basin Result
60 months of production history

CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPD

Central Basin

CR (%) 87.50 73.17 92.86 71.79 85.71 59.52

MAPE (%) 3.60 2.95 12.66 6.39 8.52 4.33

Av. Cum. Error 0.036 0.029 0.127 0.064 0.085 0.043

Av. Bound Interval 4.060 3.940 4.754 4.147 4.284 4.003

Delaware Basin

CR (%) 68.97 61.29 91.18 88.24 77.14 62.86

MAPE (%) 8.64 7.52 12.32 6.32 11.20 8.21

Av. Cum. Error 0.086 0.075 0.123 0.063 0.112 0.082

Av. Bound Interval 4.506 4.463 4.979 4.520 4.748 4.518

Midland Basin

CR (%) 86.67 69.39 85.71 79.17 91.84 75.51

MAPE (%) 6.41 6.47 15.69 8.72 11.50 5.65

Av. Cum. Error 0.064 0.065 0.157 0.087 0.115 0.057

Av. Bound Interval 4.243 4.128 4.684 4.343 4.505 4.137
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Table B.6: Summary of Results of Analysis for 72 months hindcast of Permian basin dataset

Basin Result
72 months of production history

CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPD

Central Basin

CR (%) 85.00 90.48 97.62 92.68 97.62 80.95

MAPE (%) 2.70 1.84 7.51 4.15 7.18 2.51

Av. Cum. Error 0.027 0.018 0.075 0.042 0.072 0.025

Av. Bound Interval 3.964 3.866 4.672 4.059 4.403 3.887

Delaware Basin

CR (%) 87.50 81.25 97.06 85.29 85.71 80.00

MAPE (%) 6.06 4.55 7.78 4.66 8.52 4.92

Av. Cum. Error 0.061 0.045 0.078 0.047 0.085 0.049

Av. Bound Interval 4.506 4.431 4.916 4.445 4.768 4.440

Midland Basin

CR (%) 95.74 73.47 100.00 91.84 97.96 87.76

MAPE (%) 4.66 5.33 9.74 5.72 9.61 4.04

Av. Cum. Error 0.047 0.053 0.097 0.057 0.096 0.040

Av. Bound Interval 4.209 4.063 4.616 4.276 4.520 4.075

Table B.7: Summary of Results of Analysis for 84 months hindcast of Permian basin dataset

Basin Result
84 months of production history

CBM with Arps MBM with Arps CBM with Duong MBM with Duong CBM with SEPD MBM with SEPD

Central Basin

CR (%) 100.00 100.00 100.00 100.00 100.00 100.00

MAPE (%) 1.91 1.33 3.75 2.35 6.80 1.62

Av. Cum. Error 0.019 0.013 0.038 0.023 0.068 0.016

Av. Bound Interval 3.916 3.848 4.610 4.050 4.435 3.853

Delaware Basin

CR (%) 93.10 96.77 100.00 91.18 91.43 91.43

MAPE (%) 4.18 2.96 4.09 3.38 7.04 3.19

Av. Cum. Error 0.042 0.030 0.041 0.034 0.070 0.032

Av. Bound Interval 4.412 4.347 4.876 4.426 4.782 4.393

Midland Basin

CR (%) 100.00 97.96 100.00 93.88 97.96 97.96

MAPE (%) 3.00 4.18 5.03 4.18 8.79 3.03

Av. Cum. Error 0.030 0.042 0.050 0.042 0.088 0.030

Av. Bound Interval 4.161 4.033 4.572 4.268 4.543 4.047
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Appendix C. Distribution of Bootstrap Parameters for Case Study Well

(a) Distribution of qi parameter for CBM with Arps' at 12 months hindcast

(b) Distribution of b parameter for CBM with Arps' at 12 months hindcast

(c) Distribution of Di parameter for CBM with Arps' at 12 months hindcast

Figure C.1: Distribution of Bootstrap Parameter for 12 months production hindcast from Conventional
Bootstrap with Arps' methodology
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(a) Distribution of qi parameter for CBM with Arps' at 48 months hindcast

Histogram of bootstrap b values with normal curve

(b) Distribution of b parameter for CBM with Arps' at 48 months hindcast

(c) Distribution of Di parameter for CBM with Arps' at 48 months hindcast

Figure C.2: Distribution of Bootstrap Parameter for 48 months production hindcast from Conventional
Bootstrap with Arps' methodology
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Histogram of bootstrap values of q with, normal curve

(a) Distribution of qi parameter for MBM with Arps' at 12 months hindcast

(b) Distribution of b parameter for MBM with Arps' at 12 months hindcast

(c) Distribution of Di parameter for MBM with Arps' at 12 months hindcast

Figure C.3: Distribution of Bootstrap Parameter for 12 months production hindcast from Modified
Bootstrap with Arps' methodology
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(a) Distribution of qi parameter for MBM with Arps' at 48 months hindcast

(b) Distribution of b parameter for MBM with Arps' at 48 months hindcast

(c) Distribution of Di parameter for MBM with Arps' at 48 months hindcast

Figure C.4: Distribution of Bootstrap Parameter for 48 months production hindcast from Modified
Bootstrap with Arps' methodology
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(a) Distribution of a parameter for CBM with Duong’s model at 12 months 
hindcast

(b) Distribution of rn parameter for CBM with Duong’s model at 12 
months hindcast
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(c) Distribution of qi parameter for CBM with Duong’s model at 12 months 
hindcast

(d) Distribution of q∞ parameter for CBM with Duong’s model at 12
months hindcast

Figure C.5: Distribution of Bootstrap Parameter for 12 months production hindcast from Conventional Bootstrap with Duong’s methodology



(a) Distribution of a parameter for CBM with Duong’s model at 48 months 
hindcast

(b) Distribution of m parameter for CBM with Duong’s model at 48 
months hindcast
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(c) Distribution of qi parameter for CBM with Duong’s model at 48 months 
hindcast

(d) Distribution of q parameter for CBM with Duong’s model at 48
months hindcast

Figure C.6: Distribution of Bootstrap Parameter for 48 months production hindcast from Conventional Bootstrap with Duong’s methodology



(a) Distribution of a parameter for MBM with Duong’s model at 12 months 
hindcast

(b) Distribution of m parameter for MBM with Duong’s model at 12 
months hindcast
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(c) Distribution of qi parameter for MBM with Duong’s model at 12 
months hindcast

(d) Distribution of q∞ parameter for MBM with Duong’s model at 12
months hindcast

Figure C.7: Distribution of Bootstrap Parameter for 12 months production hindcast from Modified Bootstrap with Duong’s methodology



(a) Distribution of a parameter for MBM with Duong’s model at 48 months 
hindcast

(b) Distribution of m parameter for MBM with Duong’s model at 48 
months hindcast
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(c) Distribution of qi parameter for MBM with Duong’s model at 48 
months hindcast

(d) Distribution of q∞ parameter for MBM with Duong’s model at 48
months hindcast

Figure C.8: Distribution of Bootstrap Parameter for 48 months production hindcast from Modified Bootstrap with Duong’s methodology



(a) Distribution of qi parameter for CBM with SEPD model at 12 months hindcast

(b) Distribution of τ parameter for CBM with SEPD model at 12 months hindcast

(c) Distribution of ni parameter for CBM with SEPD model at 12 months hindcast

Figure C.9: Distribution of Bootstrap Parameter for 12 months production hindcast from Conventional
Bootstrap with SEPD methodology
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(a) Distribution of qi parameter for CBM with SEPD model at 48 months hindcast

(b) Distribution of τ parameter for CBM with SEPD model at 48 months hindcast

(c) Distribution of ni parameter for CBM with SEPD model at 48 months hindcast

Figure C.10: Distribution of Bootstrap Parameter for 48 months production hindcast from Conventional 
Bootstrap with SEPD methodology
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(a) Distribution of qi parameter for MBM with SEPD model at 12 months hindcast

(b) Distribution of τ parameter for MBM with SEPD model at 12 months hindcast

(c) Distribution of ni parameter for MBM with SEPD model at 12 months hindcast

Figure C.11: Distribution of Bootstrap Parameter for 12 months production hindcast from Modified 
Bootstrap with SEPD methodology
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(a) Distribution of qi parameter for MBM with SEPD model at 48 months hindcast

(b) Distribution of τ parameter for MBM with SEPD model at 48 months hindcast

(c) Distribution of ni parameter for MBM with SEPD model at 48 months hindcast

Figure C.12: Distribution of Bootstrap Parameter for 48 months production hindcast from Modified
Bootstrap with SEPD methodology
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