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Abstract

Surface tides, when obstructed by bottom relief, give rise to periodic oscillations within the stratified oceanic interior. Such transformation of the depth independent (barotropic) tide into internally propagating (baroclinic) waves comprises 1/3 of the global energy losses from the surface tide. Internal waves of tidal period known as internal tides tend to have low vertical shear and hence are very stable and long lived. They have been observed to propagate essentially unchanged across ocean basins. Details of the internal tide wave life-cycle are not well known, yet turbulent dissipation powered by the slow decay of these waves is one of the key processes shaping deep ocean water properties. The Tasman Sea stands out as a natural laboratory to investigate the internal tide life cycle. In this dissertation, the generation and propagation of internal tides were examined by means of realistic simulations of ocean circulation under varying conditions, and were compared to observations obtained during the Tasman Tidal Dissipation Experiment (TTIDE). The simulations reveal that the barotropic-to-baroclinic conversion is intensified at the Macquarie Ridge near New Zealand by coupling with secondary, nonlocally produced internal tides. Because of this complexity, regionally varying hydrographic conditions drive remarkable temporal and spatial variability of internal tide generation. The internal tides that are created at the ridge constructively superpose into a spatially confined, beam-like feature (Tasman beam) that radiates across the Tasman Sea over 1000 kilometers from its generation region and reaches the Tasman shelf. The beam is described well at first order by simple plane wave propagation theory, but also exhibits non-plane wave characteristics associated with diffraction. Additional intricacy arises from development of a standing wave, the result of the beam's reflection near Tasmania. Temporal changes include hydrography-induced refraction and strong perturbations from interactions with eddies. It is concluded that in-situ mooring measurements and ship surveys of internal tides exhibit a great deal of apparent spatial and temporal variability that can be difficult to interpret. This variability can largely be eliminated in the analysis of numerical models which allow the underlying wave field energy life cycle to be quantified.
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Chapter 1 

IntroductionInternal gravity waves pervade the ocean's interior and fundamentally contribute to transport and redistribution of tidal energy in the world oceans. Moreover, their breaking and dissipation strongly affects the vertical distribution of ocean properties and is especially important for deep ocean mixing. Many aspects of the energetic life cycle of internal gravity waves are still poorly constrained and spurs the major interest of modern oceanography into the properties of internal waves.
Internal waves manifest as an oscillatory motion of isopycnal surfaces in the stratified water column. The initial perturbation can be forced by many different mechanisms: ship movement (Nansen, 1902), wind stress (Garrett, 2001), buoyancy flux (Garrett and Munk, 1979), ice ridge keels (Morison, 1986) or even tsunamis (Santek and Winguth, 2007). However, the most energetic type is excited by tidal currents at steep topography. These waves oscillate with tidal frequency and are called internal tides. This dissertation addresses the generation and propagation of the semidiurnal internal tide in the southern Tasman Sea.
One reason for the investigation is their significant role in the dissipation of barotropic (surface) tidal energy (Munk, 1997). The energy removal was previously believed to occur at shallow continental shelves via bottom friction. However, current estimates suggest that 1/3 of tidal energy is lost from the barotropic tide in the deep pelagic ocean because of conversion into baroclinic waves of tidal frequency (Fig. 1.1). From this roughly 1/3-1/2 is directly lost to turbulent mixing at generation sites (St. Laurent and Garrett, 2002). The remainder is emitted as freely propagating waves that often combine into spatially confined beams (Simmons et al., 2004). These structures are observed to cross the ocean basins without little attenuation and unknown fate (MacKinnon et al., 2017).
Since sites of baroclinic tide breaking occur below the region of direct wind influence, internal tides are thought to be a candidate for providing mechanical energy to power the abyssal branch of the Meridional overturning circulation (Munk and Wunsch, 1998; Cessi, 2019; Whalen et al., 2020). Regardless of global importance, the baroclinic tides are relevant for local processes such as water mass transformation (Stigebrandt and Aure, 1989), vertical nutrient fluxes (Sharples et al., 2007),
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Figure 1.1: Estimate of the semidiurnal tide dissipation from inverse models of the tidal dynamics (Egbert and Ray, 2000).
sediment transport (Hotchkiss and Wunsch, 1982) and numerous biological processes (Woodson, 2018). All of the above are crucially dependent on the efficiency of energy removal in the process of internal-tide generation, propagation and scattering.

In the Southern Tasman Sea, a strong baroclinic tide originates at the Macquarie Ridge, south of New Zealand and impinges on the continental slope of Tasmania 1000 km away. The wave reflection and associated energy loss were recently addressed during the Tasman Tidal Dissipation Experiment (TTIDE), Tasman Beam (T-Beam) and Tasmanian Shelf (T-Shelf) experiments (Pinkel et al., 2015). This dissertation is meant to complement the field observations by investigating internal tide dynamics in realistic numerical experiments.
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1.1 Summary of internal tide dynamics

1.1.1 Propagation in a flat-bottom seaAn internal tide traveling in the deep ocean has scales larger than the ocean's mean depth. The pressure is therefore hydrostatic. The linearized equations of motion in stratified, Boussinesq ocean on an f-plane are applicable (Kundu and Cohen, 2008; Cushman-Roisin and Beckers, 2011): 

where u, v, w are velocity in the zonal, meridional and vertical direction, f is the Coriolis 
parameter, g is the acceleration due to gravity. p is the perturbation pressure arising in part from 
sea level oscillations and from isopycnal displacements within the stratified water column. ρ is the density perturbation from the background profile p(z) that has the reference value Po. The stratification is described by the Brunt-Vaisala or buoyancy frequency, N2 = — P d∂p.

Solution of the dynamical equations requires boundary conditions at the surface and the bottom. Sea level motions are assumed to be linear and much smaller than the acceleration due to gravity. The sea bottom of the deep ocean basins is considered to be flat. The simplified boundary conditions are

Since there is no explicit dependence on the spatial coordinates, the method of separation of variables can be used. The dependent-field variables are then expressed by employing the following decomposition,
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The horizontal and the vertical dependencies are separated with the latter given by vertical structure functions, ψn (z), each representing a separate mode n. The form of z-dependence in (1.3) is dictated by the momentum equations: (1.3a) satisfies (1.1a), (1.3b) follows from (1.1d) and (1.3a), (1.3c) is derived from (1.1b) and (1.3a). By substitution of (1.3b) and (1.3c) into (1.1c) it can be shown that vertical structure functions are solution of the Sturm-Liouville problem 
where cn is an eigenvalue for a vertical mode n.

Solution of the Sturm-Liouville problem with the boundary conditions (1.2) is usually found numerically for a realistic density profile. Nevertheless, general features of the eigenfunctions can be understood from the case of uniform buoyancy frequency N = const (Kundu and Cohen, 2008). 
Under the rigid lid approximation the eigenfunctions are given by cos( nH∏z), such that a mode with 
n = 0 describes purely barotropic motions not affected by stratification. The remaining modes 
n ≥ 1 are baroclinic or internal modes. For the first baroclinic mode the horizontal currents have a vertical dipole structure. Fluid near the surface moves in the opposite direction to the bottom flow, while at the mid-depth there is a point of no horizontal motion referred to as a zero-crossing (Fig. 1.2). At mid-depth the vertical velocity has to be at maximum in order to satisfy the fluid continuity. The pressure anomaly is structured analogously to the horizontal currents because it imposes the necessary horizontal pressure gradients. Consequently, the density anomalies or the isopycnal displacements have to be concentrated at the zero-crossing. The higher modes n ≥ 2 are organized the same, but have n zero-crossings. The vertical structure of higher modes leads to larger shears making them unstable and prone to breaking.

The major difference between the uniform stratification case and one found in nature is that in general realistic stratification distorts the vertical structure such that the horizontal currents are surface intensified and the deep currents are decreased. The mode-1 zero-crossing is usually located several hundred meters below the main pycnocline. In other words, the nonuniform stratification seems to squeeze the modes towards the surface. In practice, an approximate solution to the Sturm-Liouville can be obtained by employing the so-called WKB approximation. The z-coordinate is transformed in a way to make the vertically varying buoyancy frequency N(z) constant and equal to some reference value N0, mathematically expressed as
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Figure 1.2: Schematic illustration of the vertical structure of the baroclinic mode-1in the uniformly stratified ocean
Another important distinction from the theory is that the rigid lid approximation is not strictly justified, and internal tide propagation results in millimeter-to-centimeter range oscillations of sea level. Amplitude of the surface expression declines with mode number, but can be observed for the lowest modes with satellite altimeters. The long-term measurements of sea level oscillations have allowed for mapping of internal tides (Fig. 1.3). Clearly, the world oceans are filled with the low mode internal tides carrying energy across ocean basins and the energy pathways associated with their ultimate decay is unknown.
The mode decomposition (1.3) removes the vertical dynamics which becomes incorporated into mode amplitudes. That is, the initial set (1.1) is reduced to the Laplace tidal equations governing the amplitudes (un, vn, pn) of individual modes (Hendershott, 1981),

Note the introduction of an equivalent depth Dn. Hence, propagation of internal tidal waves in the deep, flat-bottom ocean is fully expressed in terms of independently traveling modes. Each mode travels with speed cn in a non-rotating ocean with an equivalent depth, Dn such that √gDn = cn.
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Figure 1.3: Amplitude of the low mode internal tide measured by satellite altimeters (Zhao et al., 2016).
The main topic of this dissertation is linear, monochromatic wave phenomena, so eiωt can be introduced and the Helmholtz equation is obtained,

Consider further a plane wave, e ik∙χ, whose currents and pressure will be then related via polarization relations

From (1.6b) a dispersion relation for Poincare (Sverdrup) waves follows as
The waves are dispersive as a result of Earth's rotation with the phase and group speed given by
For typical mid-latitudes deep-ocean stratification, the mode-1 semidiurnal internal tide propagates with a phase speed of 4 m/s and a group speed of 2 m/s. Such slow traveling waves are inevitably affected by background oceanic circulation.
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where the velocity and baroclinic pressure are now complex variables found from a harmonic fit, and * is the complex conjugate.
The energy flux vector comprises only the pressure-work term, i.e., the transport of energy is driven solely by pressure forces. In the full, non-linear formulation it is augmented with nonlinear contributions made by advection and dissipative forces (Gill, 1982). The latter terms are negligible presuming deep ocean propagation characterized by large spatial dimensions and small magnitude of the dynamical variables.

1.1.2 Effect of topographyThe eigenmode description of internal tide is only valid when the bottom depth does not significantly vary over a wavelength. When the gradients are large, the bottom boundary condition (1.2b) has to include the vertical velocity which impedes the modal decomposition,
Internal tidal wave propagation has to be considered from the viewpoint of classical internal wave theory. The propagation happens along an internal-wave ray given by
Slope criticality, defined as the ratio of bottom gradient to the ray angle, serves to qualitatively characterize the interaction of an internal wave with topography. In the subcritical regime of forward (on-slope) propagation, the ratio is less than unity. In the supercritical regime, when ∇h > γ, internal waves are reflected from a sloping bottom.
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Many aspects of wave propagation can be conveniently described by means of energy quantities. Multiplying the momentum equations (1.6a) by un and the continuity equation (1.6b) by pn, then adding both, one obtains the energy conservation law per mode n,
The horizontal energy flux is defined by
where the bracketed term is included because of depth averaging. The period-averaged and depth-integrated energy flux is written as,



where Cbt→bc is the conversion term that balances the divergence of the baroclinic energy flux by accounting for the energy transfer from the barotropic to baroclinic tide. This term is sometimes referred to as barotropic tidal conversion or equivalently baroclinic tidal generation.
The slope criticality does not impact the generation explicitly since the parameter concerns only internal wave interaction with a sloping bottom. However, it is known that steep, supercritical topographies such as submarine ridges and island chains tend to favor the generation of lower modes and result in the radiation of baroclinic tides that are stable and can travel long distances. Slopes with higher criticality have stronger conversion, and a theoretical maximum is reached for an infinitely narrow knife-edge ridge. Conversely, subcritical relief such as midocean ridges produce unstable high modes that break near the source. Figure 1.3 illustrates the difference by exposing energetic internal tide radiating from tall submarine ridges such as one at the Hawaiian islands or the Aleutian Arc.

1.2 OutlineThis dissertation investigates M2 internal tides in the southern Tasman Sea. Concurrent numerical simulations of the tidal dynamics and ocean circulation are used to address the wave generation, open-ocean structure and variability of the properties. These topics are organized as follows.
Chapter 2 explores internal tide generation at the Macquarie Ridge. The generation process is complicated by secondary baroclinic tides radiated from the nearby Campbell Plateau. The interactions from these close located sites increases the conversion of the barotropic energy and impacts the spatial pattern of the baroclinic tide generation. Local oceanographic conditions strongly influence these wave generation and interaction dynamics and lead to increased temporal variability of the regional internal tide.
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In this dissertation the only topographic effect to be addressed is that of baroclinic tide generation. As the barotropic tide flows over topography, the bottom boundary condition (1.14) constrains horizontal barotropic currents, resulting in a vertical flow that heaves isopycnals and radiation of an internal wave. Hence, the barotropic kinetic energy is converted into the potential energy of the internal tidal wave. The period-averaged energy conservation law (1.11) will take the following form



The open-ocean structure of the radiated mode-1 internal tide is investigated in Chapter 3. Constructive superposition forms a narrow beam-like region of elevated energy. The feature extends across the Tasman Sea and is referred to as the Tasman beam in this dissertation. In addition to the Macquarie Ridge, the Tasman Sea has multiple secondary generation sites located around the basin. Thus, the propagation of the main Tasman beam and its spatial and temporal variation is obscured by interference. An analysis that allows for directional decompositions of multiple wave components reveals different scales of the variability that are impacted by details of the generation, basin scale changes of water masses and mesoscale eddy field.
In Chapter 4, the insights into dynamics of the Tasman Sea internal tides are used in comparison with observational data. General features of the generation and open-ocean propagation agree well with measurements by satellite altimeters. However, found differences highlight the fact that the altimetric inferences represent only a portion of the energy, which is also evident in moored observations. More detailed comparison is performed to show origin of the in-situ measured temporal variability.
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Chapter 2

Variable internal-tide generation at the Macquarie Ridge1

1Prepared for submission to Journal of Physical Oceanography as D. Brazhnikov and H. Simmons, “Variable 
internal-tide generation at the Macquarie Ridge.”

2.1 AbstractVariability in the conversion of barotropic tidal energy into internal tidal waves at the Macquarie Ridge in the Tasman Sea is addressed by carrying out realistic numerical experiments with variable oceanographic conditions. The ridge and the nearby Campbell Plateau form a double-ridge system found here to be conducive to strong interference and complicated wave mechanics. The waves emitted from the plateau couple with baroclinic tide generation occurring at the ridge, and consequently drive amplification or reduction in the local conversion rates. The numerical experiments show that the energy transfer to mode-1 varies by ±10% and exhibits spatial variations. The changes are attributed to the secondary, plateau-emitted waves. Their three dimensional properties are examined by the novel decomposition of multidirectional waves. The technique reveals non-plane propagation and highlights the significance of multiple reflections on the wave amplitudes in the double-ridge system. Furthermore, the nonuniform transmission across the Macquarie Ridge modifies the spatial pattern of the conversion. The secondary wave properties and transmission are shown to vary with water mass distribution governed by the dynamics of a local front.
2.2 IntroductionBaroclinic tides originate from heaving of isopycnal surfaces driven by barotropic flow across topographic relief. The process converts barotropic tidal energy into baroclinic motions (Hendershott, 1981), contributes significantly to internal wave climate (Wunsch, 1975) and supports interior ocean mixing (Wunsch and Ferrari, 2004). At most conversion sites, the radiated internal waves of tidal period (internal tides) have a vertical wavenumber spectrum dominated by highly stable low modes (St. Laurent and Garrett, 2002) that are able to transmit tidal energy over ocean basin-scale distances (Zhao et al., 2016). While generation sites have been identified (Morozov, 1995; Niwa and Hibiya, 2004; Simmons et al., 2004; Arbic et al., 2010) and some have been studied in detail, e.g., the Hawaiian Islands (Rudnick et al., 2003), Luzon Strait (Alford et al., 2015), Mendocino Escarpment (Althaus et al., 2003), and the Bay of Biscal (Gerkema et al., 2004), there is still large uncertainty about variability in the conversion.
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Analytical models of internal wave generation identify the ratio of the angle of internal wave characteristics to bathymetric slope (slope criticality), and the height of the topography as primary quantities in setting the strength of the conversion (Sutherland, 2010; Garrett and Kunze, 2007; Llewellyn Smith and Young, 2003; Petrelis et al., 2006). For tall, steeply inclined submarine ridges the transfer approaches an upper theoretical limit (Petrelis et al., 2006; St Laurent et al., 2003) making them “hot spots" of barotropic tide scattering and internal tide production (Morozov, 1995; Egbert and Ray, 2000) that dominate the global extraction of energy from the barotropic tide. The amount of converted energy is calculated as a correlation between the resultant baroclinic bottom pressure and the vertical component of the barotropic tidal current (Kurapov et al., 2003; Simmons et al., 2004). Therefore, conversion represents work done by the barotropic tidal current in displacing the isopycnal interfaces. Clearly, stratification directly impacts the energy transfers with variability especially pronounced when water properties and density gradients change near supercritical slopes (Holloway and Merrifield, 1999; Gerkema et al., 2004).
Besides hydrographic conditions, temporal variability arises when a nonlocally originating, secondary baroclinic tide couples with local conversion (Kelly and Nash, 2010; Zilberman et al., 2011). The coupling distorts the baroclinic pressure and the timing of the isopycnal motions relative to the surface tide forcing, such that phase lag determines the sign of the energy transfer. The conversion rate is negative if the downward barotropic current coincides with the isopycnal heaving, and hence in this case, the baroclinic wave loses energy by pushing against the surface tide. In-phase coupling, on the other hand, leads to the amplification of the conversion. Examples of coupling include cases when the internal tide emitted from one side of a single ridge alter the process on the other (Zilberman et al., 2011; Echeverri and Peacock, 2010), or when complex generating topography has many localized wave sources (Osborne et al., 2011; Ponte and Cornuelle, 2013). The most drastic change to the local dynamics occurs for neighboring steep topographic features (Xing and Davies, 1998; Buijsman et al., 2012a; Klymak et al., 2013; Buijsman et al., 2014).
The present investigation examines such interaction processes and its variation at the Macquarie Ridge (Fig. 2.1). The ridge and the neighboring Campbell Plateau form a double-ridge system conducive to the amplification of the conversion. Similar double-ridge geometry is found at Luzon Strait, the well-known site of strong internal tides (e.g., Alford et al., 2015). Buijsman et al. (2012b); Klymak et al. (2013) addressed the Luzon Strait case in two dimensions to show dependence on the ridge spacing and the possibility of a resonance. Buijsman et al. (2014) later found three dimensional topographic effects and interference significantly contribute to 
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the amplification. Numerical simulations (Kerry et al., 2014) reveals ±10 - 15 % change of the conversion rates which was attributed to the influence of remote internal tides from the Mariana Arc. Changes in stratification at the Luzon Strait had secondary contribution, but the dynamical effects of the varying hydrography were not addressed.
The Macquarie Ridge is located in a region where subtropical and subpolar water masses meet (Chiswell et al., 2015). The interaction zone is bounded by two fronts delimited by surface isohalines of 35.1 and 34.7 psu (Belkin and Gordon, 1996; Hamilton, 2006) (Fig. 2.1). The Southern Subtropical Front (S-STF) defines the poleward extent of Subtropical Water and has a strong signature in the upper 100-200 m. The associated geostrophic current is weak because of strong density compensation (Graham and Boer, 2013), but topographic steering by the ridge produces meanders of S-STF that can result in eddy shedding (Smith et al., 2013). Mesoscale variability is also induced by atmospheric cyclones and local winds that drive front filamentation (James et al., 2002). On synoptic scales, there is a possible migration of up to 1o meridionally in response to the seasonal cycle of insolation and strength of the westerlies (Smith, 2017).
The primary goal of this study is to describe the effect of the complex internal wave field on the formation of the Tasman tidal beam and how the dynamics evolves in response to changing oceanographic conditions. These problems were investigated by means of regional numerical simulations that combine baroclinic tide dynamics and realistic oceanographic conditions (Section 2.3.1). General character of the generation is described in Section 2.4. The primary mechanism of double-ridge amplification is found to be strongly dependent on propagation of a secondary baroclinic tide (Section 2.5). The application of a novel decomposition technique allowed for complete description of how generation is governed by a three-dimensional wave field. InSection2.5.2 wave field dependence on the oceanographic conditions are further analyzed. These results are generalized to provide solid description of the system and to infer features of internal tide generation in other complex settings (Sections 2.6 and 2.7).

2.3 Numerical experiments and analysis

2.3.1 Description of the simulationsNumerical simulations were performed with the Regional Ocean Modeling System (Shchep- etkin and McWilliams, 2005) to study dynamics of internal tide generation around New Zealand, its propagation in the Tasman Sea and consequent reflection by Tasmania. The domain covered the southern Tasman Sea from 60o S to 35o S, the zonal extent stretched from 142o to 172o E. The 
12



horizontal grid spacing was 1 /32o on average corresponding to discretization of 3 km in the zonal 2.5 km in the meridional directions. The nonuniformly separated, vertical 5o σ-levels smoothly follow the subsurface terrain.
The σ-coordinate discretization can induce artificial, horizontal along-slope flows due to errors in representation of the pressure gradient force (Haidvogel and Beckmann, 1999). Especially severe errors are introduced by steep terrain. The misbehavior is usually resolved by artificial smoothing of topography. This procedure additionally increases numerical stability, but has an adverse effect on dynamics of internal tide (Di Lorenzo et al., 2oo6) since generation sites are associated with large topographic gradients. To test the numerical setup, a sensitivity study was carried out by performing additional experiments with grid size of 1/8o, 1/16o and 1/64o. Essential for this study internal tide behavior manifested at 1/16o and converged for 1/32o and 1/64o cases with no marked differences observed.
This work addresses the gravest baroclinic mode dynamics in the deep ocean. Spatial extent of the waves is large compared to accompanying vertical displacements. This ensures linearity without dispersive and nonhydrostatic effects. The hydrostatic solver used in ROMS seems to be a proper choice for the simulations. Such simplification in wave dynamics was assumed in previous studies as well (e.g., Carter et al., 2oo8; Merrifield et al., 2oo1;Merrifield and Holloway, 2oo2; Kerry et al., 2o13). In the simulations of Kang and Fringer (2o12); Zhang et al. (2o11) nonhydrostatic effects were found to be important only for internal tide propagation in shallow water, while the gravest mode generation mostly followed linear dynamics with vertical accelerations having negligible contribution.
Several ocean conditions were prescribed and analyzed separately to investigate impacts on internal tide dynamics. In the 'uniform'-case there were no spatial gradients in water properties, and vertical density profile was set everywhere to be representative of the central Tasman Basin. The second class of simulations was performed to investigate interannual and interseasonal variability (Table 1). The third calculation covered period of TTIDE/T-Beam/T-shelf field program (Pinkel et al., 2o15).
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Figure 2.1: Domain of numerical simulations with geographical locations used throughout the text. The pink line marks the mean position of two fronts that govern local water properties and stratification. The inset illustrates three dimensional relief of the study region.
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Table 2.1: Numerical experiments performed to investigate interannual and interseasonal variability
No. Experiment abbrevia- Simulation period Australian Season HYCOM initial conditionstion1 'uniform' No subtidal dynamics2 '2012' Jan 1st - Jan 15th, 2012 Summer GLBa0.08/expt_90.93 '2013' Jan 1st - Jan 15th, 2013 Summer GLBa0.08/expt_90.94 '2014' Jan 1st - Jan 15th, 2014 Summer GLBa0.08/expt_91.05 '2013_Oct' Oct 1st - Oct 15th, 2013 Spring GLBa0.08/expt_91.06 '2015_Mar' Mar 1st - Mar 15th, 2015 Fall GLBa0.08/expt_91.17 'TTIDE'* Jan 1st - Mar 1st, 2015 TTIDE field experiment GLBa0.08/expt 91.1* he results are referred to in text by respective window of over which post-analysis was performed, e.g., 'd20-25'

The simulations with variable conditions were at first initialized with HYCOM hindcast (Cummings and Smedstad, 2013). Time-variable, subtidal fields of currents, temperature and salinity were imposed along the horizontal boundaries. Air-sea interaction was simulated by utilizing MERRA-reanalysis (Rienecker et al., 2011) to prescribe realistic fluxes of heat, moisture and momentum.
Tidal dynamics was driven by linearly adding volume transports and sea level at the boundaries. The prescribed M2 fields were taken from the TPXO7.2 surface tide model (Egbert and Erofeeva, 2002). This study considered only the M2 constituent since the amplitude ratio with S2 is 4-to-1, suggestive of slight open-ocean spring-neap modulation. The diurnal species are weak in the region except shoals east of New Zealand (Walters et al., 2001).
The horizontal boundary conditions were imposed to be open for the depth-averaged, barotropic flows using the so-called modified Flather condition and for the surface elevation (Chapman, 1985). The three dimensional fields of currents and tracers were subject to mixed radiative-nudging conditions of Marchesiello et al. (2001) with a time scale of 3 days.
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2.3.2 Internal tide analysisMost of the simulations proceeded for 15 days (Table 2.1). In all cases the first 10 days were regarded as a spin-up period that allowed for the passage of the mode-1 internal tide from New Zealand to Tasmania that takes roughly 7 days. Three dimensional fields of velocity, temperature and salinity were sampled hourly over 5 days after the spin-up. Results of the 'TTIDE' experiment were divided into 5-day long segments, each analyzed as an individual experiment in order to study continuous changes in the internal tides, hence, naming convention (Table 2.1). The windowed time series were high-pass filtered with a Butterworth filter of order 6 with cut-off frequency 1/36 cph to remove subtidal motions. The filtered signal was further fit in a least square sense to the M2 harmonic. The three dimensional field of horizontal currents underwent a separation into barotropic and baroclinic signals using the following decomposition (Cummins and Oey, 1997; Kunze et al., 2002; Carter et al., 2008)
Pressure anomaly associated with internal tidal motions was found via the hydrostatic approximation and the same decomposition (Kunze et al., 2002; Kelly et al., 2010),
In the both expressions the rigid-lid approximation is employed (Kelly et al., 2010).

Each variable was then decomposed into vertical normal modes. The eigenfunctions were obtained by solving the Sturm-Liouville problem 
under the hydrostatic approximation. Here cn is the mode phase speed in non-rotating ocean, and N2(z) = -g ∂∂∣ is the profile of the local Brunt-Vaisala frequency found from the time-averaged density fields.
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This work focuses on energy characteristics of the mode-1 internal tide. Period-averaged rates of conversion from barotropic to baroclinic tide (Kurapov et al., 2oo3; Simmons et al., 2oo4), depthaveraged energy flux, horizontal kinetic energy (HKE) and available potential energy (APE) are found as (e.g., Kelly et al., 2o12)

Here the subscript 1 identifies the first eigenmode. All variables are given in complex number notation with the complex conjugate defined by *. The coefficients 1 and 1 appear due to time averaging.
Note the dependence of the conversion sign in (2.4a) on the phase lag between the surface tide and the bottom baroclinic pressure. Generation of internal tide takes place when φwbt - φp1,bot ∈ (-90o, 90o), the destruction happens for the out-of-phase signals.

This flux-divergence formulation is a gross simplification, but it successfully serves to illustrate the principal dynamics which is a main topic of this study.
The mode-1 internal tide fields were additionally subject to directional decomposition in order to extract single-direction wave components. The details are presented in Appendix A and summarized as follows. Pressure and currents sampled over area-limited footprint can be described by directional spectra. Its Fourier transform was obtained as a solution by damped least squares of an ill-posed inverse problem. The spectral, directional analysis differs from the approach of Zhao et al. (2010) for two main reasons. In this study a continuous distribution of energy over all compass directions is sought, rather than the finite number of plane waves used by Zhao et al. (2010). This makes a difference in regions where wave diffraction prevails. For instance, the wave field near sites of internal tide generation or scattering will be given by angular distribution of energy confined to diffractive lobes (e.g., Munroe and Lamb, 2005;
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Johnston and Merrifield, 2003). Because of finite-window sampling artificial lobes are introduced as in classical Fourier analysis. The analysis artifacts lead to some uncertainty, so judgment should be exercised when wave fields are back-synthesized over decomposition sectors. Secondary, velocity measurements are utilized along with pressure. This adds a constraint on the inverse model which tends to lessen Gibbs phenomena relative to a pressure only formulation.
The above analysis resulted in sets of dynamical variables for barotropic, baroclinic fields and directional spectra of the gravest mode in each experiment. To characterize temporal changes in the generation, mean energy characteristics diagnosed via (2.4) were defined by respective arithmetic mean and standard deviations.

2.4 Internal tide at the Macquarie Ridge

2.4.1 Conversion of the barotropic tideThe semidiurnal barotropic tide propagates into the southern Tasman Sea from the North (Fig. 2.2). Its phase increases in the counterclockwise direction with the maximum sea level amplitude found along New Zealand's coast. This behavior is consistent with Kelvin wave dynamics in the Southern Hemisphere (Walters et al., 2001). The simulated sea surface tidal oscillation closely followed TPXO7.2 with gross features well captured, but the sea level amplitude and cotidal (phase) lines exhibited wave-like, small scale perturbations. This is a typical manifestation of low-mode baroclinic waves (Niwa and Hibiya, 2004) that are omitted from the tide model and are considered to be real features of the tide. Analysis of the mode-1 energy fluxes revealed complicated wave field structure resulting from multiple generation sites determined by steep topographic relief (Fig. 2.3). The primary sites were located just south of New Zealand as flow of the barotropic Kelvin wave interacted with relief of the Macquarie Ridge. As a result, several low-mode beams were emitted into the Tasman Sea. Henceforth, analysis focuses on the generation of the most energetic beam that originated from a site centered at 49.5oS (inset, Fig. 2.1), hereafter referred to as the Macquarie Ridge.
The primary beam was emitted from highly supercritical slopes where the kinetic energy of the barotropic tidal currents was converted into the available potential energy of the internal tidal waves (Fig. 2.4A). The energy transfer into mode-1 tide was found to be 1.7 ±0.2 GW. For reference, this is half the amount found at Kaena Ridge, Hawaii (Carter et al., 2008) and one tenth of that at Luzon Strait (Alford et al., 2011; Kerry et al., 2014).
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Figure 2.2: Comparison of M2 sea level amplitude in TPXO-model (A) and simulated in ROMS (B). Shading shows distribution of the tidal amplitude. Progression of the wave is illustrated by black lines of constant phase (in degrees).

Figure 2.3: The internal tidal beam in the Tasman Sea is shown bymode-1 depth-integrated energy fluxes. Major generation sites identified by underlying shading.
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The geometry of the Macquarie Ridge suggests that the strongest generation should be at the southern portion of the ridge where flanks of a seamount have steep slopes and average criticality of 2.25. The rest of the ridge consists of a gap and another seamount (Fig. 2.1, inset), both having more gradual slopes, and thus, should convert less of the barotropic energy. Contrary to these expectations, the conversion rates revealed the gap contribution was significant and at times the largest (Fig. 2.4B, C). Furthermore, the conversion pattern varied between the experiments with the hot spot migrating from south to north.
2.4.2 Secondary baroclinic waves and a standing wave in Solander TroughThe Macquarie Ridge also features regions of negative conversion (green shading, Fig. 2.4B) implying destruction of internal tide driven by coupling with non-local baroclinic waves (Kelly and Nash, 2010). The adjacent slopes of the Campbell Plateau were a source of such secondary waves. They superpose with the waves emitted from the eastern side of the ridge and create a standing wave (Fig. 2.5A), whose presence was evident in the distribution of HKE marked by a node in the middle of Solander Trough. Additionally, around the node, energy flux formed a circular pattern and was directed counterclockwise since in the Southern Hemisphere the Coriolis parameter is negative. A similar interference pattern was observed and modeled by Buijsman et al. (2012a) and Buijsman et al. (2014) in the Southern California Bight and in the double-ridge system of the Luzon Strait respectively, suggestive of common internal wave dynamics.

Further insights were gained from the directional decomposition that extracted east- and westward traveling components (Fig. 2.5B, C). The eastward waves were emitted from the eastern side of the Macquarie Ridge at the seamounts. The westward waves originated from the slopes of the plateau where regions of positive and negative conversion were found. Such complex spatial organization indicates nonuniform structure of the energy transfers caused by complicated sea bottom relief and the barotropic forcing (Fig. 2.2A, B). In addition, as the ridge-emitted, eastward waves were back-reflected from the plateau, they interfered with the local generation resulting in the negative conversion.
The energy transfers across the trough were calculated and compared with spatially integrated conversion rates (Fig. 2.5D). On average, each directional component had equal contribution from the reflection at the supercritical slopes and from the local conversion of the barotropic tide. However, at times the system exhibited large departures from the average state.
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Figure 2.4: Generation of internal tides at the Macquarie Ridge, south of New Zealand. (A) Slope's criticality and barotropic forcing given by colors and current ellipses respectively. (B) The diagnosed conversion rates in the 'uniform'-experiment. The boxes outline regions used in (C) and further calculations. (C) Variability of the conversion rates in the three regions. Geographical change (abscissa) is given by weighted-mean latitude of the conversion in the corresponding averaging box. Results for experiments discussed in the text are connected by lines. Black crosses show 1 standard deviation in magnitude of the conversion and position within respective box.
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Figure 2.5: Standing wave between the Macquarie Ridge and the Campbell Plateau, south of New Zealand. (A) Distribution of horizontal kinetic energy (HKE) in the 'uniform'-experiment with superposed energy flux in the total mode-1 field. (B-C) Energy flux map of the westward component and the eastward component, respectively. (D) Variation in energy characteristics of the mode-1field. Energy fluxes were integrated across the blue transect shown in (C), the result is given by arrows. Dots are for spatially integrated conversion rates over boxes given in Figure 2.4B. The upward direction is used for the westward integrated flux and the Campbell Plateau and the downward is used for the eastward component and the conversion on the eastern slope of the Macquarie Ridge. The continuous line connects results for the experiment that covered the TTIDE field period.
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2.5 Mechanism of spatiotemporal variability

2.5.1 Interaction of local generation and secondary internal tideThe results of the numerical experiments indicated complicated wave dynamics manifested in the internal tide destruction, the generation amplification and the strong interference. These processes are associated with secondary remote waves. In order to interpret the substantial variability, the dynamics in particular experiments is examined. These examples are chosen to investigate the weakest conversion ('2014') and to characterize the average conditions ('d10-15'). Differences in the coupling mechanism are studied along a two-dimensional section crossing the gap between the seamounts (black line in Fig. 2.4B) where significant changes were observed.
As a demonstration of the local-remote coupling dynamics and the potential for negative conversion, consider the following case study. Panels A-D in Figure 2.6 depict wave evolution throughout the ebb stage of the M2 tidal cycle; E-F shows the respective time series of the conversion at two designated locations on opposite slopes of the ridge. At maxima ebb tide, hour 6, on the ridge's western slope (Fig. 2.6A, C), the downward barotropic current forces isopycnals to dip near the bottom and thus, generates internal waves. The conversion term is positive at this moment in both experiments (Fig. 2.6E). However, an hour later, the transfer becomes negative in '2014' as isopycnals begin to rise and counteract the downward forcing the rest of the ebb flow (Fig. 2.6B). As the current reverses direction, the conversion changes sign. Not surprisingly, in '2014' the period-averaged energy transfer is weak (Fig. 2.6G). Experiment 'd10-15' reveals another scenario. Throughout the ebb the conversion rate is much larger and positive because the isopycnals are depressed (Fig. 2.6C, D).
The striking difference was caused by the transit of a secondary baroclinic tide. During the ebb flow in 'd10-15' a mode-1 wave emitted from the Campbell Plateau progresses across the ridge, evident by a characteristic vertical dipole pattern in the baroclinic pressure. The wave propagation forces downward isopycnal motion along both slopes of the ridge. On the western side, the interaction is in-phase with the barotropic current, driving the strongly positive energy transfer. On the eastern side, the barotropic current is upward, the secondary wave is acting against and losing energy, the conversion is negative. As a consequence, the conversion time series on opposite slopes of the ridge are reversed relative to each other with a small phase shift accounting for the wave transition (Fig. 2.6E, F).
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Figure 2.6: Dynamics of internal tide generation along a two-dimensional transect crossing the Macquarie Ridge. (A-D) Distribution of baroclinic pressure anomaly with superposed isopycnal displacements given by contour lines during ebb and slack tidal stages in the two experiments. Positive (red) color is assigned to lifted interfaces and negative (blue) - for the opposite. Insets between (A) and (C), (B) and (D) provide vertical components of the barotropic current at the considered time moments (blue - '2014' and red - 'd10-15' throughout the figure). The western and eastern slopes of the Macquarie Ridge are designated by vertical solid lines. For the respective locations Panels (E, F) depict evolution of the conversion in both experiments. (G) Along-section distribution of the period-averaged conversion rate.
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Figure 2.7: Phase of the mode-1 baroclinic pressure at ocean bottom along the section previously considered in Figure 2.6. The solid line gives the total wave signal. Dashed and dotted lines provide the result of the directional decomposition, i.e., the westward and eastward traveling waves respectively. All phases are referenced relative to the barotropic current on the western side of the Macquarie Ridge. The eastern and western locations of the Macquarie Ridge are identified by vertical solid lines and are the same as in Figure 2.6.
In '2014', the secondary mode-1 wave is not observed to cross the ridge and to affect the generation on the eastern side. Contrary, the eastern slope radiates an internal wave ray whose oblique propagation is evident in positive isopycnal displacements (Fig. 2.6A). Arrival of the ray to the western ridge side causes isopycnal heaving against the ebb flow and leads to the weak conversion in '2014'. The internal wave ray losses energy by destructively interfering with the generation (Fig. 2.6G).
The contrast in the dynamics is further illustrated by the directional decomposition and deduced wave phase distribution (Fig. 2.7). Solander Trough (165o — 165.5o) was occupied by a non-propagating, standing wave characterized by near constant phase, whereas phases of the east and west traveling components grew along the propagation direction. The superposition created the standing wave near the plateau (165.5o) and in the middle of the trough (165o), but not at the ridge. The westward wave freely traversed the ridge in 'd10-15', but the other experiment exhibited the radiation of the eastward wave in-phase with the barotropic forcing. Clearly, the propagation of the westward wave distinguished the internal tide dynamics in these experiments.
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2.5.2 Wave propagation in Solander TroughThe two dimensional section cannot pinpoint reasons for the difference in the secondary wave propagation path, instead, spatial properties of the waves have to be examined (Fig. 2.8). The directional decomposition indicates a different orientation of energy flux vectors from what is suggested by the advance of phase in the northern part of the trough (equatorward of —49o). It follows that the westward wave is directed zonally in '2014', but has additional southward component in 'd10-15'. In the latter case topographic refraction further steers the waves south and towards the gap between the seamounts where localized amplification of the conversion is observed.
The difference in the propagation is explained by processes occurring on the slopes of the Campbell Plateau where the westward wave originates from a reflection of the eastward waves. At 166.5oE, 48.75oS (Fig. 2.8, blue box) the plateau has markedly oblique orientation, and the reflection determines the westward wave direction. Notably, in the experiments there is internal tide destruction within the region. 0.14 and 0.07 GW was lost in '2014' and 'd10-15' respectively. Hence, along with the weak eastward wave in '2014' (Fig. 2.5D), the stronger energy loss suppressed the southward propagation in this experiment.
The primary reason for the dynamical distinctions was attributed to changes in phase speeds. The timing of the secondary wave arrival influences the magnitude of the energy transfer between the barotropic and baroclinic waves by changing the phase lag (2.4a). Experiment '2014' was distinguished by slower propagation speeds (Fig. 2.8D). This results in a delayed arrival relative to the barotropic forcing at the Campbell Plateau and consequently, in high energy loss. Figure 2.7 additionally illustrates this fact for the eastward waves as they exhibited larger accumulation of phase in '2014'. However, this relation between the phase speed and phase growth breaks down for the westward wave because of their complexity. They were composed of several components generated at multiple sites on the corrugated slopes of the plateau.

2.6 DiscussionThe analysis identified dynamical causes for internal tide variability in the Macquarie Ridge region. Here, these results are used to (i) quantitatively summarize the conversion variability, (ii) infer feedback mechanisms, and (iii) make a comparison to studies of another double-ridge system, Luzon Strait.
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Figure 2.8: Energy and phase distribution in the decomposed wave field between the Macquarie Ridge and the Campbell Plateau. The upper row shows the westward component and bottom row is for the eastward component. Respective energy fluxes are shown by black arrows. Distribution of phase is given by purple lines separated by 50o, 1.75 h. To emphasize differences, isochrons for 
—90o and —180o are highlighted by red lines. Note that the components are referenced relative to the phase of the barotropic tide at arrival topography, i.e., the westward component - relative to the Macquarie Ridge and the eastward component - to the Campbell Plateau. On the upper row background color shows distribution of conversion rates and on the lower row - mode-1 eigenspeed anomaly.
2.6.1 Magnitude of the conversion on the western sideFigure 2.9 summarizes changes in conversion rates between the numerical experiments. The results are separated for the whole ridge and a gap in the ridge's topography to highlight the unexpectedly large contribution of the latter. Furthermore, there is a correlation of R2 = 0.75 between the magnitudes of the overall generation and with the topographic feature alone. The large impact resulted from the higher transmission of the secondary baroclinic tide from Solander Trough. The directional decomposition helps to quantify this transport (purple dots in Figure 2.9).
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The subcritical gap transmitted 47 ± 8 % of the incident westward wave, and for the nearby supercritical seamounts the transport was twice smaller, 27 ±4%. The average value is 35 ±4 % for the whole ridge.
The driving factor for conversion variability is the changing amplitude of the westward waves in Solander Trough. For example, for the gap the correlation between the conversion and the westward wave amplitude was R2 = 0.5. The coefficient was substantially higher and rose to 0.8 if the 'uniform'-experiment was omitted. This experiment is an outlier (similar to previously considered '2014') as its prescribed uniform stratification leads to extremely high wave speeds and causes much earlier arrival of the westward wave at the ridge (Fig. 2.9B, red inset) and an unusual pattern ofthe generation (Fig. 2.4C). In the other experiments timing ofthe westward wave arrival or its phase had a secondary effect.
The second factor is a change of the across-ridge transmission caused by variable stratification. To show this the transmission coefficient estimated from the directional decomposition is contrasted with theoretical estimates. Larsen (1969) provides an analytical solution for internal tide transfer across a knife-edge topography. The Macquarie Ridge was taken to be such an idealized barrier whose transmission solely depends on the height. The latter was defined as the mean height of the ridge above the trough in the ocean with WKB-scaled vertical coordinate (Althaus et al., 2003). It is worth emphasizing that application of the WKB approximation usually results in underprediction, and the knife-edge representation is applicable to topographies with criticality above 3 (Mathur et al., 2016), which fails for the gap. For the supercritical seamounts at the ridge the error is estimated to be 30%.
The analytical results are given by empty purple diamonds in Figure 2.9. The theoretical calculation and the estimates given by the decomposition analysis exhibit similar temporal change. It follows that oceanographic conditions and stratification variability modulate the amount of energy transmitted across the topography. However, there is a tenfold difference in magnitudes of the theoretical and the analysis results. The disparity is attributed to the barotropic tide that increases or dampens the transmission. Klymak et al. (2013) showed that the increase/decrease depends on the phase of the incident waves. Here, it is also noted that the transmission increase is stronger for more reflective or taller topography.
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Figure 2.9: Time evolution of averaged energy and wave parameters in the Macquerie Ridge (A) and in the gap (B). Variability of transmission coefficient is given within purple shaded insets. Values were obtained from analytical theory (empty diamonds) and from the decomposition analysis (filled dots). Panel B additionally shows the change of the westward wave phase. Results for the long 'TTIDE' simulation are connected by solid lines and by dashed lines for the other short time period experiments.
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Figure 2.10: Dependence of conversion for the Macquarie Ridge (y-axis) on either the semi- analytical calculation for the knife-edge barrier or the ROMS estimate for energy transmitted across the ridge (x-axis). For both panels colors show the stratification change in the WKB-height.
In general, changes in stratification also induce variability in the generation of the internal tide (e.g., Holloway and Merrifield, 1999). The dependence here is addressed with knife-edge theory (St Laurent et al., 2003), but now the height of the knife-edge is obtained relative to the abyssal plain in the WKB-scaled ocean. To obtain total conversion rather than the rates per distance, the barrier is taken to extend laterally by 200 km. The forcing barotropic current is assumed to be uniform and to be equal to 0.03 m/s. These values are representative of the Macquarie Ridge, but only serve as linear scale factors to produce plausible values for generation. Figure 2.10A compares the theoretical knife-edge generation with results in the numerical experiments. It was expected that in a strongly stratified ocean, or equivalently by a taller knife edge, the conversion would be higher. The obtained relation however is reversed, i.e., the simulations when the WKB- scaled ridge was lower converted more barotropic energy into baroclinic tide.
This unexpected result is consistent with the analysis of the across-ridge transmission, i.e., lower ridge is more “transparent" to the westward wave from the trough to flux across. The amount of the energy to reach the western side of the Macquarie Ride is given by T · FW , where T is the analytical transmission coefficient, FW is the westward wave amplitude (empty purple diamonds and black dots in Figure 2.9 respectively). Figure 2.10B shows a comparison of the estimated transmitted energy and the total conversion at the ridge. The result reaffirms the conclusion that higher energy transmitted across the ridge drives amplification and increase of 
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the conversion. This conclusion does not exclude the direct role of stratification in the process of the internal tide generation, but rather emphasizes the primary mechanism for the amplified generation at the Macquarie Ridge.
Finally, it should be noted that the relation between the generation and the emitted internal tides/beam intensity is less certain as illustrated in Figure 2.9A and by the relatively low correlation of R2 = 0.43. The reason for this disparity was not addressed, but is likely due to three- dimensionality of the region and neglected nonlinear processes. Regardless, the mode-1 beam contained 87 ± 7% of the barotropic energy converted into the baroclinic mode-1. Such efficiency is high compared to ~ 70% for a simulated beam radiated from the Hawaiian Islands (Carter et al., 2008). But note losses in the Hawaiian case included unstable higher modes. In this study the high mode dynamics were not accounted for and hence, the higher value.

2.6.2 Magnitude of internal tide in Solander TroughThe conversion of the barotropic tide strongly depends on the magnitude as well as the phase of the westward wave in Solander Trough. The wave magnitude itself is governed by reflection and conversion on the slopes of the trough. The relations can be understood by considering the double-ridge system as a sort of Fabry-Perot interferometer. Such representation is a simplification, but can serve to illustrate mechanisms existing in the system.
Let conversion rates on the slopes be CM and CC and reflection coefficients be rM, rC, with indexes denoting respectively the eastern side of the Macquarie Ridge and the slopes of the Campbell Plateau. Initially, the strength of the westward wave is just CC. Then the wave crosses the trough and reflects from the ridge. After the first crossing its magnitude becomes rCrMCC, and after n-th crossing is (rCrM)nCC. Besides the plateau portion, the westward wave also includes some of the energy converted at the ridge. After the eastward wave is emitted, it reflects from the plateau having now westward propagation and amplitude rCCM. The n-th term is given by (rC)n(rM)n-1CM. The total flux is the FW = ∑iN=1(rCrM)iCC + (rC)i(rM)i-1CM. Assuming equilibrium, N → ∞, transition to a geometric series is made and hence,
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In order to test the applicability of such representation, the equation is solved for the reflection coefficient. The averaged result from the numerical experiments was Cm — Cc = 0.45 GW and Fw — Fe = 1.20 GW (Fig. 2.5D), meaning that rc = rM and the reflection is 63%, which is in agreement with the transmission estimates obtained previously.
The main caveat in (2.6) is neglect of the interaction between internal tide generation/reflection and the barotropic tide. That is, at each reflection coupling with the local generation takes place implying that the conversion itself CC, CM depends on the magnitude of the incident east and westward waves. Regardless, the Fabry-Perot analogy illustrates the emergence of nonlinear relations, such that the westward wave is strongly intensified due to multiple reflections, with the amplification factor emphasizing the role of both slope's reflectivity.
Another characteristic of the system is the asymmetrical response in the eastward and westward waves to the reflectance variability. It should be kept in mind that the reflec- tion/transmission coefficients do not only vary because of the changing stratification, but also due to the changing phase of the impinging wave. Reflection at the Campbell Plateau is more affected by changes in the phase of the eastward wave. This effect is particularly evident in the 'TTIDE' simulation (Fig. 2.5D). The conversion on the trough's slopes and the magnitude of the eastward component were relatively constant, whereas the westward wave amplitude changed. This implies less variation of reflection at the ridge than at the plateau. The latter variability was driven by varying phase speeds and consequently, the wave arrival.

2.6.3 Comparison with Luzon StraitLuzon Strait is a two-ridge system between the island of Taiwan and the Luzon island of the Philippines, demarking the boundary between the South China Sea and the Western Pacific. It is a well-studied site of strong internal tide generation and double-ridge amplification. The generation in the strait is close to resonance because the separation of the two near-parallel ridges is close to half of the mode-1 wavelength. Unlike Luzon Strait, the Macquarie Ridge is oriented obliquely to the slopes of the Campbell Plateau and the separation distance varies from 1/3 to one mode-1 wavelength from north to south.
In order to obtain an amplification coefficient for the generation, auxiliary experiments with the isolated Macquarie Ridge were not performed as they were by Buijsman et al. (2014) for Luzon Strait. Instead, the coefficient is estimated roughly as ratio of the simulation results to the knifeedge theory (Fig. 2.10A). The conversion is amplified by 2 at the Macquarie Ridge compared to 3 in 
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Luzon Strait. Similarly, both regions exhibit spatially varying amplification caused by the smallscale topographic features. Furthermore, this study suggests that the amplification coefficient most likely varies with ocean conditions.
Variability of the internal tide emitted from Luzon Strait was addressed numerically by Kerry et al. (2014). Their result showed ±10—15 % change in the conversion rates which is similar to the variability found here. Unlike the Macquarie Ridge, for Luzon Strait, the primary mechanism was attributed to incidence of far-field remote waves radiated from the Mariana Arc. The background ocean conditions seemed to have secondary importance, which is a bit surprising considering the stronger amplification. Probable explanation can be found in height disparity of the ridges in the strait - their respective WKB-heights are 0.2 and 0.6, and the taller eastern ridge “casts a shadow" over the shorter western one (Klymak et al., 2013). It is speculated that there is accordingly less feedback between the ridges in Luzon Strait. Field observations of Pickering et al. (2015) can serve as an illustration. They documented the conversion at the taller eastern ridge exhibited 10 % variation. Here the numerical results showed highly variable conversion on the eastern side of the Macquarie Ridge where it can deviate by > 30%, ±0.15 GW from the mean 0.45 GW.

2.7 ConclusionsNumerical experiments were used to examine generation dynamics of the low-mode internal tidal beam in the Tasman Sea under realistic and variable oceanographic conditions. The principle beam generation takes place along the western side of the Macquarie Ridge, south of New Zealand, where the semidiurnal barotropic Kelvin wave travels across steep relief. Transfer of the surface tide energy into baroclinic tides is amplified because a secondary wave from the nearby Campbell Plateau constructively couples with the local barotropic forcing. The plateau-emitted waves are incident on the ridge's eastern side and are nonuniformly transmitted across the ridge to the sites of the beam generation. The largest transmission occurs through a subcritical gap separating two supercritical seamounts. The generation pattern and magnitude are found to vary in response to changes in the secondary, plateau-emitted waves and their transmission.
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The analysis of variability is hindered by a standing wave between the Macquarie Ridge and Campbell Plateau. Directional decomposition of the interference demonstrates that the secondary wave traveling towards the Macquarie Ridge originates at multiple sites on the slopes of the plateau and hence, deviates from simple plane wave propagation. Westward wave amplitude and structure strongly depend on reflection of the ridge-emitted eastward waves and are affected by changes in mode-1 eigenspeed and local hydrographic conditions.
Transmission of the westward waves is estimated from the directional decomposition and is shown to change between the experiments. Comparison of these estimates with theoretical calculations based on simulated stratification reveals another indirect dependence of the beam generation on oceanographic conditions. However, the estimated transmission is found to be several times higher than the theory predicts indicating importance of the coupling with the barotropic tide to energy transfer across the ridge.
The beam generation hence is strongly dependent on processes in the trough separating the ridge and the plateau. Interplay between multiple reflections on the trough's slopes and impartial transmission across the ridge is shown to be well expressed in terms of a Fabry-Perot interferometer. The interference relation illustrates the nonlinear dependence of energy in the double-ridge system to reflection/transmission coefficients. Furthermore, the relation also reveals that changes in the coefficients can result in asymmetry of the east and westward waves.
This study exposed aspects of the internal tide generation in a double-ridge setting marked by coupling between the barotropic and baroclinic tides. Internal tide production in the presence of secondary, nonlocal waves results in the highly variable energy transfers. The changes originate from ocean properties, but are inherently dependent on intrinsic characteristics of the secondary waves. This once again complicates questions pertaining predictability of internal tide generation, their stationarity and related parametrizations.
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Chapter 3

Structure and temporal changes of an internal tidal beam in the Tasman Sea1

1Prepared for submission to Journal of Physical Oceanography as D. Brazhnikov and H. Simmons, “Structure and 
temporal changes of an internal tidal beam in the Tasman Sea.”

3.1 AbstractBarotropic tides scatter at steep topography into baroclinic waves that spread the tidal energy over the ocean basins. One such semidiurnal low-mode internal tide originates at numerous sites along the Macquarie Ridge, south of New Zealand, and constructively superpose into a narrow beam-like feature that extends across the Tasman Sea towards the continental slope of Tasmania. Numerical experiments with varying oceanographic conditions reveal distinct processes affecting the Tasman beam. The non-localized generation along the Macquarie Ridge determines the intensity and plane wave character of the propagation, but also causes variation of the wavefront curvature. In the main basin interference with multidirectional waves forms systems of nodes and anti-nodes that obfuscate the major energy transport and its variability. Primary properties of the Tasman beam, the position and strength, are found to change between the experiments. The spatially varying generation alters the near-ridge properties. However, more variability is induced by ocean hydrography: the Southern subtropical front and mesoscale eddy field. It is suggested that the internal tides are refracted poleward when the front advances equatorward. Mesoscale eddies locally diffract and scatter the low-mode energy. While on average the Tasman beam is a simple system of internal tidal waves with well-defined and predictable characteristics, it exhibits spatiotemporal variability on numerous length scales. Basin-scale properties change by O(10%). Such variations measured pointwise, however, can be as high as 30% and are not related to the basin-scale behavior.
3.2 IntroductionInternal waves of semidiurnal frequency generated by conversion of barotropic kinetic energy at steep topography contribute significantly to internal wave climate of the world oceans (Wunsch, 1975). Models and observations have shown that most of the internal tidal energy is retained in the gravest baroclinic mode and is concentrated in confined beam-like features that traverse the ocean basins while weakly decaying. Their fate is unknown, but the ultimate turbulent decay is thought to have profound impact on the ocean's water mass structure by powering diapycnal mixing. The topic of this Chapter is to study characteristics and variability of such internal tidal beam in the Tasman Sea originating at the Macquarie Ridge (Fig. 3.1). The emergent beam transfers 
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energy across the basin and deposits a portion of the energy on the Tasmanian continental slope 
~ 1000 km from the ridge. Hence the Tasman Sea is a basin-scale laboratory for studying the lifecycle of internal tidal waves.

The primary wave generation occurs at the Macquarie Ridge, but is fundamentally affected by secondary waves radiating from the nearby Campbell Plateau (Fig. 3.1). The interaction of the two generation sites amplifies transfer of the barotropic energy into the baroclinic waves. Because of the intricate dynamics and changing ocean conditions, the beam generation at the Macquarie Ridge was shown to be highly variable (Chapter 2). It is unclear whether these variations are far reaching and significant for the basin-wide internal tide field.
Details of generation patterns however establish the open-ocean structure of internal tidal beams since they are the result of constructive interference of internal waves radiated from multiple sources. The superposition principle was successfully applied by Rainville et al. (2010) and Klymak et al. (2016) to recreate the gross structure of beams originating at the Hawaiian Islands and in the Tasman Sea. Their analytical models did not consider small-scale features ofthe generation pattern and its possible changes. Sucheffects are inherentlyassociated with diffraction, characterized by a change of the wavefront curvature. Zhao and D'Asaro (2011) documented such phenomena in measurements of internal tides emitted by the Mariana Arc. The waves exhibited a “focal point" where transition from concave to convex shape took place. A similar transformation was reported to occur with the Tasman beam (Zhao et al., 2018). Unlike previous studies, the effect of varying generation on beam properties is estimated here by applying an analytical model based on diffraction.
The primary source of internal tide variability is attributed to variable ocean conditions (e.g., Bühler, 2014). In the first order, the hydrography changes low-mode phase speed and causes refraction (Rainville and Pinkel, 2006; Zaron and Egbert, 2014; Kelly and Lermusiaux, 2016). The phenomena intensifies in the presence of strong currents (Park and Watts, 2006; Buijsman et al., 2017; Chavanne et al., 2010). When the Rossby number becomes non-negligible, the effective Coriolis parameter and hence, phase speed is also modified by relative vorticity (Kunze, 1985). At higher order, nonlinear interactions scatter low mode energy into higher modes (Dunphy and Lamb, 2014), cause directional spreading (Wagner et al., 2017; Dunphy et al., 2017) and energy 
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transfers via resonant triad interactions with geostrophic turbulence (Ward and Dewar, 2010). Nevertheless, under typical oceanographic conditions the first order mechanisms dominate (Kelly and Lermusiaux, 2016; Zaron and Egbert, 2014).
Ocean dynamics of the Tasman Sea pertinent to internal tides can be characterized by two ocean phenomena of different scale. A southern subtropical front accompanied by strong current is found south of Tasmania (Fig. 3.1) (Belkin and Gordon, 1996). Further east it is located northward and features more diffuse gradients and sluggish water motions (Graham and Boer, 2013). The Southern subtropical front separates subtropical from subantarctic water masses and has signature in sea surface salinity with 34.7 and 35.1 psu isolines (Hamilton, 2006). Thus, the internal waves progress through media of varying phase speed and are susceptible to wave refraction. The second regional phenomena is induced by the East Australian boundary current that occasionally reaches poleward (Chiswell et al., 2015). Such events result in strong mesoscale eddies offshore and intensification of the subtidal circulation. Thus, waters of the eastern Tasman Sea are relatively quiescent, whereas the western part is more dynamically vigorous and can induce higher variability of the internal tide.
Here numerical simulations were examined to describe the structure and variation of internal tides in the Tasman Sea. The material is organized as follows. The numerical simulations and analysis are described in Section 3.2. Section 3.3 addresses the temporally averaged structure and bulk properties of the Tasman beam, in the context of diffraction and interference effects. This includes novel theoretical results on internal tide generation by a spatially finite barrier. In Section 3.4 temporal variability of the beam is assessed, followed by a discussion of the impact of variable generation and subtidal dynamics in Section 3.5. Conclusions are summarized in Section 3.6.

3.3 Numerical experiments and analysis

3.3.1 Summary of the simulations and processing procedureInternal tides in the Tasman Sea were simulated with the Regional Ocean Modeling System (Shchepetkin and McWilliams, 2005). The numerical domain was horizontally discretized at 1/32° × 1/32°, and vertically divided into nonuniformly located 50 σ-levels to follow the subsurface terrain.
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Figure 3.1: Map of the southern Tasman Sea. Regional oceanographic conditions are defined by Southern and Northern Subtropical Frontal Zones delineated by 34.7 and 35.1 isohalines in sea surface salinity (blue lines). Subtidal dynamics is strongly influenced by extension of East Australian Current and associated eddies with result of the higher horizontal kinetic energy in the western part of the Tasman Sea. Geographical locations used in the text are marked.
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The M2 barotropic tide was forced at the horizontal boundaries by imposing tidal currents and sea level from the TPXO7.2 surface tide model (Egbert and Erofeeva, 2002). The simulations were prescribed with several ocean initial conditions (Table 2.1). The simplest case, 'uniform' did not include any additional forcing other than the barotropic tide, and the stratification profile was representative of the central Tasman Basin. In other simulations the tidal and subtidal dynamics were integrated concurrently. Realistic ocean conditions for different seasons and years were initialized and prescribed with HYCOM hindcasts (Cummings and Smedstad, 2013). The MERRA-reanalysis (Rienecker et al., 2011) was used to prescribe realistic fluxes of heat, moisture and momentum using bulk formulae. Additional details to be found in Chapter 2.
Most of the simulations proceeded for 15 days (Table 2.1). In all cases the first 10 days were regarded as a spin-up period and omitted. Three dimensional fields of velocity, temperature and salinity were saved hourly over the final 5 days. The time series were high-pass filtered to separate the tidal signal from subtidal motions. The barotropic component of the current was obtained as a depth-averaged part (Cummins and Oey, 1997), while the rest was attributed to baroclinic tide. Similarly, pressure anomaly due to the propagating internal tide was found as a deviation from the depth-average. All quantities were harmonically analyzed to isolate the M2 constituent. In the 'TTIDE' experiment results were windowed into 5-day long segments, each analyzed as an individual experiment in order to study continuous changes of the internal tides.
The analysis focuses on the mode-1 internal tide whose vertical structure is obtained as a solution of the Sturm-Liouville problem

Here cn is the mode phase speed in non-rotating ocean, N2(z) = --g ∂∂∣ is the profile of local Brunt- Vaisala frequency found from the time-averaged density fields, ψn(z) is the vertical eigenmode function. The three dimensional fields of currents and pressure over flat bottom can be then decomposed as
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Figure 3.2: Example of directional spectra calculated from numerical results at a grid point. The analysis includes a partial integration over compass quadrants.
The depth-averaged energy flux, horizontal kinetic energy (HKE) and available potential energy (APE) are subsequently calculated as

All variables are given in complex number notation, the complex conjugate is defined by a star.
Results of the numerical experiments were also analyzed by the directional decomposition described in Appendix A. In this chapter several reconstructions are used to identify different wave components. Pressure associated with a wave traveling in a direction confined to (θ1, θ2) (Fig. 3.2) is obtained by integration over the sector,
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3.3.2 Analysis

3.3.2.1 Plane wave dynamicsOpen-ocean propagation of the low mode internal tides is well described by Poincare wave dynamics, i.e., the dispersion relation is given by 

cn is the mode phase speed in non-rotating ocean (3.1).
For plane Poincare wave several useful relations can be written (Gill, 1982). The ratio of the horizontal kinetic energy to the available potential energy is given by

Note the propagation properties are dependent on latitude through the Coriolis parameter signifying the β-effect.

In the case of plane wave dynamics the apparent group speed has to be equal to the theoretical group speed (3.9). Deviations of (3.10) or (3.11) from the expected values signify wave interference (Martini et al., 2007; Alford and Zhao, 2007).
3.3.2.2 Diagnostics of subtidal dynamics and its effectsOceanographic conditions affect the propagation of internal tides in several ways. The simplest effect is due to varying stratification or Brunt-Vaisala frequency, and hence, the phase speed. The waves become refracted in regions of changing hydrography. This is represented as a change in solution of (3.1), i.e., in eigenspeed, cn or in equivalent depth, Dn = c2n /g. The refractive effect merely concerns wavevector direction and is well described by ray tracing method.
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ω = ω—k · U is Doppler-shifted frequency by a background current U = (u, v). The Coriolis parameter is also modified by the background vorticity Ϛz = vx — uy, when the Rossby number Ro = ζz∕f is non- negligible. The subtidal flow rotates the local reference frame (Kunze, 1985) adjusting the effective Coriolis parameter as fe = f + ζ2z ∙ The dispersion relation (3.12) constitutes the primary diagnostic of the impact of stratification and subtidal currents on the internal tides.
The influence of ocean conditions can be separated based on length scales. Refraction is welldescribed within the framework of geometric optics. The approximation is related to the WKB limit (Bühler, 2014), the wavenumber change should be much smaller than the length scale of themedia inhomogeneity, ∆x,

where k1 and λ1 is the mode-1 wavenumber and wavelength. Using the dispersion relation (3.12)one obtains
The first term represents the influence of stratification and ocean depth on the propagation. The second term is due to nonlinear contributions. Over large scales (∆x > λ) the condition is always satisfied, and slowly varying eigenspeeds are the primary environmental factor to consider. The WKB limit breaks down either when abrupt changes in the equivalent depth are present and/or the Rossby number is non-negligible. Such conditions are encountered on length scales of mesoscale features (∆x ~ 1 λ). The interaction is then accompanied by energy spreading as in the classical diffraction problem of a wave impinging on a seamount (Dunphy and Lamb, 2014), and energy loss via scattering into high-mode baroclinic waves (Dunphy et al., 2017). The smallscale processes are intermittent since temporal scales are usually associated with transition times and their strength (Ponte and Klein, 2015). The ocean conditions of the Tasman Sea affect the propagating internal tide both on large and small scales.
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Background currents additionally influence the internal waves through nonlinearity in the momentum equations. Within the flat-bottom vertical mode framework, applicable to the openocean internal tide, a modified dispersion relation can be derived (Kunze, 1985; Zaron and Egbert, 2014),



In order to be applied in (3.12) the background currents have to be represented by vertical eigenmodes, ψn (z). For description of the mode-1 internal tide propagation either depth-averaged (barotropic, mode-0) or mode-1 fits are necessary (Dunphy et al., 2017). The mode-1 fits were used since they were found to be more representative of the mesoscale features. Doppler shift is neglected as a higher order effect.
3.3.2.3 Averaging and meansSince the Tasman beam is a linear feature (e.g., Figure 3.3B) the along-beam structure can be eliminated by carrying out the across-beam averaging, 
where q is some quantity used in the analysis and L is the length of the across-beam transect.

Similarly, the beam position and orientation can be expressed as “a center of mass" or centroid, 
where mass is substituted with energy flux magnitude, and obtained in the across-beam direction,

Temporal variations are quantified with standard deviations. In the case of the spatially averaged quantities, the deviations are obtained using rules for propagation of uncertainty. Variability of the energy flux vector is given by variance ellipses whose parameters are found from standard deviations and covariance of the vector components (Kerry et al., 2014).
3.4 Results

3.4.1 Major features of internal tides in the Tasman SeaThe semidiurnal barotropic tide transfers energy into baroclinic tides at multiple locations scattered around the Tasman Sea (Fig. 3.3A). The strongest conversion is found south of New Zealand where the Macquarie Ridge abruptly rises above the abyssal ocean and obstructs the propagation of the semidiurnal barotropic Kelvin wave. Here 1.9 GW of the surface tide is transferred into mode-1 baroclinic waves, 1.6 GW of which is fed into the Tasman beam (Fig. 3.3B).

49



Figure 3.3: (A) The temporally averaged conversion rates of the semidiurnal barotropic tide into the mode-1 internal tide. (B) The period and depth averaged mode-1 energy flux vectors and available potential energy (APE). The red lines mark the system of coordinate associated with the Tasman beam.
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A salient feature of the beam is its distinct northwestward orientation as it radiates from the ridge. The energy flux vector is collinear with the beam axis for most of the propagation (Fig. 3.4A). Theory predicts a slight refraction towards equator due to the β-effect (3.9) (Cummins et al., 2001; Rainville and Pinkel, 2006; Zhao et al., 2018). In the simple case of the 'uniform'- experiment there is a bending by ~ 30o, larger than expected from the theory. The other simulations demonstrate the dominance of refraction by spatially nonuniform hydrography.
The bulk features of the Tasman beam are well described by plane Poincare wave dynamics. For instance, there is an increase of APE at the expense of HKE (Fig. 3.4B). The behavior matches the theory (3.10), but some details of the energy transfer suggest that other wave phenomena such as diffraction and interference complicate the wave propagation. These characteristics are investigated next.

3.4.2 Generation-caused diffraction of internal tidesNear the Macquarie ridge the HKE/APE ratio is reduced compared to the expected plane wave value. The energy flux vectors have a westward direction which is not aligned with the northwestward oriented beam axis. These features can be explained by wave diffraction arising from finiteness of the generating ridge and nonuniformity of the wave generation. Importance of the effects follows from the Huygens principle, i.e., wave field peculiarities emerge due to superposition of waves continuously generated along the ridge.
The finite-size effect is illustrated with an idealized numerical study and a simplified analytical theory described in Appendix B. Both approaches consider a wave field produced by a knife-edge ridge. A fundamental feature of the field is the concave shape of the wavefront revealing the nonplane character of the propagation in the near-ridge zone (Fig. 3.5). This phenomena is analogous to a single slit diffraction in classical optics. The departure manifests weakly in the experiment with no rotation, but is stronger for the cases with rotation. In the latter, the Coriolis effect appreciably steers the energy flux vectors anticlockwise for f < 0 since the knife-edge additionally constrains the along-topography current. The observed outward spiraling waves were previously described by Munroe and Lamb (2005) and Baines (2007). Steering in mid-latitudes with f < ω is an essential feature of the generation dynamics and a prerequisite for wave trapping at the critical latitude of ω ~ f where Cg → 0 (Fig. 3.5C). A similar non-uniform energy distribution of trapped baroclinic tide along topography was obtained in the more complete experiments of Smith et al. (2017); Hughes and Klymak (2019).
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Figure 3.4: Along-beam variation ofenergy characteristics along the central low-mode beam in the Tasman Sea. In all panels a solid black line depicts a temporal average. Dashed lines are produced by regression of the averages with a second degree polynomial. (A) Direction of the energy fluxes as counted counterclockwise from east. Blue line shows polynomial fit to results of the 'uniform'- experiment to highlight its distinction from experiments that included subtidal dynamics. (B) Ratio between horizontal kinetic and available potential energies. Purple line depicts the value for a free propagating plane wave. (C) Cross-beam averaged mode-1 energy flux.
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Figure 3.5: Comparison of idealized numerical simulations of internal tide generation by a knife edge barrier (upper row) with results of the simplified analytical theory (lower row). Three different regimes are illustrated column-wise: no rotation (f = 0), the Coriolis force representative of the Macquarie Ridge (f = -10-4) and the near-critical Coriolis parameter (f = -0.99ωM2). Each panel demonstrates energy propagation by energy flux vectors (arrows and colors) and phase propagation by contour lines (black lines).
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The importance of the Coriolis effect is now examined for the Tasman beam. The analytical calculation for a single knife-edge is contrasted with the 'uniform'-experiment (Fig. 3.6A-B). It is found that for the knife edge the near-field diffraction is confined to a distance of 1/3 of the mode- 1 wavelength. In contrast, the adjustment in the Tasman beam slowly occurs over ~ 1 wavelength. This suggests that the finite-size effect and the Coriolis force steering are of secondary importance.
Impact of spatially nonuniform generation and the Tasman beam can be addressed by solving an inverse problem, in which the generation pattern is sought from the energy distribution in the beam. The Macquarie Ridge was divided into 30 km sections corresponding to length scales of the major topographic features, and each section was placed following the local ridge orientation. The analytical sections independently emit waves of unknown amplitude. The optimal values are sought to minimize the mismatch between the given Tasman beam and wave field synthesized following the superposition principle (see Appendix C for details).
The inverse technique is applied to results of the 'uniform'-experiment. The obtained distribution of the amplitudes agrees remarkably well with the spatial pattern of the conversion from the simulation (Fig. 3.6C, inset). The analytical wave field, synthesized for the whole basin under f-plane approximation, is consistent with the direction, position and width of the Tasman beam. Discrepancies are only found in the far field near Tasmania, and result from neglecting the varying Coriolis parameter and the β-effect. More importantly, the near field is well captured. Thus, the near-ridge diffraction and deviations from plane wave are brought aboutbythe spatially nonuniform generation and geometry of the ridge.
The Tasman Beam demonstrates another diffraction effect apparent in changes of the wavefront curvature, which was seen in the knife edge problem as well (Fig. 3.5). However, in the numerical model and inverse calculation three regions of different curvature are identified: i) convex near the ridge; ii) concave in the middle basin; iii) convex in the far field. The transition occurs as the influence of the source lessens with distance. Zhao et al. (2018) attributed these transitions in satellite altimeter observations of the Tasman beam to spatially varying phase of the forcing barotropic tide and the geometry of the ridge. Here the effect is explained by the generation pattern and the ridge geometry only.
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Figure 3.6: (A) Distribution of energy in the Tasman beam in the 'uniform'-experiment. (B) Result of the analytical calculation for a knife edge of the same size as the Macquarie Ridge. (C) Results of the inverse calculation. The found magnitude of finite sources are shown in the inset (red line), each horizontal line corresponds to respective source placed along the Macquarie Ridge. This is contrasted with spatially integrated conversion rates from the numerical experiment (purple line). Note different units. The main figure shows the wave field synthesized theoretically from the inverse solution. On all panels purple lines represent wave fronts.
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3.4.3 Interference with multidirectional wavesThe basin-scale properties of the beam are perturbed by deviations on scales comparable to mode-1 wavelength. For example, direction of the energy flux vectors and the HKE/APE ratio demonstrate undulations (Figs. 3.3B, 3.4), indicative of multiple wave interference whose origin is revealed with directional decomposition analysis (Fig. 3.7). To demonstrate the interference each compass component was successively added in counterclockwise order starting from the northwestern quadrant. Figure 3.7 depicts the process by showing the superposing component by arrows and result of the interference by colors; the figure should be read starting from the left-top panel and continuing in counterclockwise order.
The northwestern quadrant contains the strongest spectral components that establish the Tasman beam (Fig. 3.7A). The energy transport can be described by across-beam averages of the apparent group speed and the HKE/APE ratio (inset). Relevance of the plane wave perspective is evident since the group speed increases with latitude reminiscent of the β-effect.
The dominant NW component becomes obscured by superposition with remote waves radiated from numerous bathymetric features scattered around the Tasman Sea (Figure 1). The Lord Howe Rise and Gilbert Seamount produced southwesterly (SW) traveling wave components indicated by the flux vectors in Figure 3.7B. The remote waves intersect the beam in the middle of the Tasman basin, and undulations appear in the distribution of APE (blue colors in Figure 3.7B).
The undulations' length scale is defined by vector difference between the interfering waves,
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where θ is the angle between the two vectors, λ1 is the mode-1 wavelength, ∆ is a distance between two consequent nodes or antinodes. The HKE/APE ratio oscillates twice faster, 0.5λι/cos(2θ). In addition, the undulations are oblique to the along-beam direction used in the averaging and hence, should be projected onto it, i.e., 0.5λ1/cos2(1 θ). For almost perpendicular wave fields in the NW and SW quadrants the length scale of variability is then on order of 180 km or the mode-1 wavelength, as seen in the inset in Figure 3.7B.



Figure 3.7: Multidirectional interference of Tasman internal tides. The wave reconstruction is performed in counterclockwise order with each panel showing the wave field recomposed from the respective quadrant. (A) Northwesterly traveling components of the directional spectra. The wave field is shown both by distribution of available potential energy (color) and energy flux vectors (arrows). The inset depicts along-beam change of the cross-beam averaged HKE/APE ratio (solid black) and the apparent group speed (solid purple). The dashed lines show predictions from the plane wave theory. Thin dashed lines illustrate distribution of the parameters in the wave field that was an input for the directional spectra analysis. Panels (B-D) illustrate the wave fields obtained from the respective quadrants by energy flux vectors, while the result of the superposition is shown by APE. The insets display the effect of the interference on the spatial averages. Note that the vector magnitudes in (B-D) are 10 times smaller than in (A). The inset in (D) reveals error of the decomposition analysis as the mismatch between the superposition of all quadrants (solid lines) and the actual output of the numerical experiments (thin lines).
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It is worth emphasizing that the superposition of the NW and SW components produces the near-ridge diffraction. With the addition of the SW components the APE increases and shifts southward, and the flux vectors diverge from the beam axis. These features are not observed for the NW component alone and highlight complexity of the multidirectional wave field near the source.
Next, the southeastern quadrant is added to the wave field built from the NW and SW spectral components. The beam becomes distorted on scales of ~ 90 km since the added waves are oppositely directed. The first source of these components is associated with abyssal topography in the eastern Tasman Basin, such as an unnamed seamount at (163o, — 48.3o) and Pickersgill Ridge (Fig. 3.1). The bathymetric features convert some of the barotropic tide into eastward low-mode internal tides. A much stronger second source is at the East Tasman Plateau and Tasmania where a partly standing wave develops concentrating the APE into antinodes. The pattern sharpens slightly more as baroclinic tides radiated by the South Tasman Rise are added (Fig. 3.7D).
In conclusion, the beam characteristics are governed by classical wave mechanics. On basin scale the energy transport is given by plane wave dynamics, whereas on scales comparable to the wavelength more subtle phenomena are exposed. Diffraction is strongly present in the near generation region, but also causes wavefront curvature even in the far field. The interference, on the other hand, occurs in the Tasman basin where it modifies the bulk energy transport. For example, the apparent group speed is decreased leading to an estimate of 9 days for the energy to cross the basin, two days longer than the actual transition.

3.5 Temporal changes

3.5.1 Variability of the Northwestern quadrant wavesTemporal variability is quantified by means of variance ellipses obtained from depth-integrated energy flux vectors. The ellipses show deviation of vectors around the mean magnitude and direction by equating the axis to the standard deviations along and across the principal direction of variability.
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Figure 3.8: Variabilityofinternal tides in the Tasman Sea. The same decomposition as in Figure 3.7 is used here. (A) Variation in the Northwesterly traveling waves. The arrows and color illustrate the mean field. Variability between experiments is indicated by variance ellipses. Standard deviations of the averaged characteristics are summarized in the insets. (B-D) Variability of the wave fields reconstructed from summing quadrants in counterclockwise order.
In order to examine the effect of multidirectional wave interference, variance ellipses were calculated for the energy flux vectors synthesized from sequentially summed quadrants of the spectra (Fig. 3.8). In this section only the temporal variability of waves in the Northwestern quadrant is addressed, and discussion is restricted to Figure 3.8A.
The principal mode of variability of the Tasman beam is amplitude modulation, so that the variance ellipses have small eccentricity, and do not significantly vary in orientation (Fig. 3.8A). In particular, in the eastern Tasman basin the ellipses are elongated and their orientation coincides with the time-mean vector direction. This emphasizes the dominance of magnitude variability over directional one.
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where ∆s is the along-beam distance, ∆n is the across-beam displacement and δθ is a change in the flux direction. Integration over the whole travel distance, L and substitution of the variances leads to an estimate 0L σθ (s)ds. The increase of σθ (s) with the traveled distance is roughly quadratic, 
σθ(s) ~ l⅛σθ(L)s2 which results in 3σθ(L)L ~ 30 km. The estimate is close to the found beam displacement of ±20 km.
3.5.2 Effect of interference on the temporal varianceInterference due to the multidirectional wave field in the Tasman basin obfuscates the beam energy transport as represented by the depth integrated energy flux. Similarly, structure of the temporal variability becomes progressively complicated as different wave components are added (Fig. 3.8B-D). Note the growth of the variance ellipses' eccentricity associated with larger spreading of the energy flux vectors. The largest change is observed when the waves opposing the beam are added (Fig. 3.8C-D). It causes the ellipses to lose any resemblance to the Tasman beamvariability. Under such conditions the wave field properties significantly diverge at locations spaced by a quarter wavelength, ~ 50 km.
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Plane wave theory readily characterizes the magnitude variation of the Tasman beam. The standard deviations ofHKE and APE are uniform and equal ifscaled by the theoretical ratio (3.10) (Fig. 3.8A, inset). Similarly, the variability of the total energy and the flux magnitude are related by the theoretical group speed (3.9).
In the western part of the basin the mean vectors are misaligned with the ellipses signifying some directional changes of the vectors. As plane wave theory asserts, there is an accompanying displacement ofthe Tasman beam revealed by varying position ofits centroid (Fig. 3.9). The beam location changes by ±20 km near Tasmania. Note that the departures were at times significant as illustrated by two outlier experiments. In '2013' the beam centroid was 50 km away from the mean, in '2013_Oct' it was displaced by 30 km in the opposite direction.
The relation between the beam location and the energy flux vector can be quantitatively tested. Under the plane wave framework the flux vector is co-directed with the group speed vector (3.11) and is orthogonal to the wave fronts. Thus, any change in the energy flux direction implies turning of the wavefront. The beam displacement can be then obtained by



Figure 3.9: Variability in position and boundaries of the Tasman beam as shown by purple lines and shading. The figure additionally demonstrates the cases of the largest deviations occurred in '2013' and '2013_Oct' experiments.

Clearly, the interference pattern arranges these perturbations. At anti-nodes given by kx = 0 or π, APE varies more than HKE, and vice versa at nodal points.
The non-uniform change of APE and HKE is in sharp contrast with the expected relationship when plane wave dynamics dominate, where the energies have the same amount of variance (Section3.5.1). Such peculiarities were observed in the field by Pickering et al. (2015) in the Luzon Strait and by Waterhouse et al. (2018) for the Tasman beam near Tasmania. Both studies reported the potential energy to be more stationary, indicative of a node based on 3.19.

61

Nevertheless, some order is still deduced, such that the deviations of HKE and APE change in anti-phase to each other (Fig. 3.8D, inset). This is explained by considering standing wave theory. The energies are distributed as
where r is the amplitude ratio of the interfering waves. Some modulation δr leads to perturbation of HKE or APE



To summarize it is found that the temporal variability of the Tasman beam features several characteristics: on basin scales there is an amplitude modulation of the beam likely due to changes of generation (discussed next). In the western part of the basin the beam exhibits displacement in the position. However, these large-scale patterns are swamped by interference with multidirectional internal tides. The resultant wave field changes in disorganized and chaotic manner, so that observations at closely spaced locations can diverge significantly in spite of the underlying stationarity of the primary wave.
3.6 Sources of the temporal variability

3.6.1 Effects of nonstationary generationSince the generation at the Macquarie Ridge establishes the general characteristics of the Tasman beam, some of the beam variability is expected to be driven by time-varying conversion. The latter is characterized by variations in the along-ridge distribution and of the total converted energy (Fig. 3.10). As shown in Chapter 2, these changes result from properties of the conversion amplification in the system of the Macquarie Ridge/Campbell Plateau.
An analytical model from Section 3.4.2 is used to address the effect of the spatial rearrangement. The principal generation region of the Macquarie Ridge is divided into larger sections corresponding to the major topographic features: two seamounts and a gap separating them (Fig. 3.10A, B). Unlike the inverse formulation used previously, a forward solution is considered here, i.e., conversion rates from the full model are spatially integrated for each section and prescribed as intensity for the respective theoretical wave component. The superposed wave field is then used to diagnose position of the beam as defined by centroid in the energy distribution.
It should be kept in mind that the approach is qualitative since the actual beam structure andits amplitude are not reproduced. The resultant wave field is similar to the one produced by a knife edge ridge. Nevertheless, the forward analytical calculation captures the relationship between near-ridge position of the beam and the spatial pattern of the generation (Fig. 3.11A). During the 'TTIDE' experiment conversion at the northern seamount rose, and became a major generation site by the end of the experiment at 'd55-60' (Fig. 3.10A). The increase led to northward migration of the beam. A contrasting example is given by the 'uniform'-experiment when the beam was
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Figure 3.10: (A) Illustration of spatiotemporal variation ofthe mode-1 generation at the Macquarie Ridge in the 'TTIDE' experiment. The horizontal axis is an along-ridge coordinate shown in (B). The vertical axis combines temporal evolution with strength of the generation. Each curve represents along-ridge distribution ofthe spatially averaged conversion. The magnitude is shaded in purple with corresponding numeric values given by the legend. A single curve is plotted for an analysis window in the 'TTIDE' experiment denoted on the right side of the panel. Level of zero conversion is plotted by dashed horizontal lines. Three regions used in the analysis are marked on the horizontal axis. (B) Spatial distribution of the mean conversion rates. (C) Temporal evolution (vertical axis) ofthe totalconversionby the ridge and the near-ridge laterally and depth-integrated flux in the Tasman beam (intensity).
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found southward as the result of the generation hot spot located at the southern seamount. The analytical theory predicts the position qualitatively and tends to overestimate displacements by 
~ 20% for the 'TTIDE' experiment.

The analytical results emphasize the importance of nonuniform generation only in the nearfield. Varying oceanographic conditions (e.g., results for 'd10-15')cancause deviation of the actual Tasman beam position from the pathway prescribed by the generation pattern. The reported far- field variability in the western part of the basin is mainly due to refraction by oceanic background conditions.
The second effect due to generation is that the total converted energy varied by ±0.16 GW (Fig. 3.10C). This value seems to be consistent with the variability of the depth-integrated energy flux magnitude, ±0.4 kW/m, averaged across the 400 km wide beam. However, the flux value is relatively constant over the whole beam extent (Fig. 3.8A, inset). Such result is only possible if additional processes contributing to the variability are present. Flux variation due to the varying conversion has to decrease with distance in presence of energy decay (Fig. 3.4C).
The significance of nonstationary generation can be alternatively evaluated by means of linear regression. Values of the total conversion are regressed against the depth-integrated flux magnitude along the beam extent. Large correlation implies the energy decay is linearly dependent on the flux magnitude, and the energy loss is consistent between the experiments. Low correlation signifies varying and intermittent losses.
The change of the correlation coefficient R2 with distance is shown in Figure 3.11B for the NW quadrant alone and for all four quadrants summed (total field). In both cases the correlation is relatively high in the first 500 km. Hence, the energy losses did not largely vary between the simulations. The interference however diminishes the ability to distinguish the signal of the varying generation. In the western part of the basin the correlation rapidly approaches zero. Clearly, increase of eddy activity and interactions with strong subtidal dynamics drives large irregular variability overwhelming effects of the generation.
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Figure 3.11: Effect of the variable generation on the Tasman beam. (A) Comparison of the beam position in the numerical experiments (legend) and the analytical calculations. Each dot is plotted every 100 km. (B) Change with distance of the regression coefficient between the flux magnitude and the conversion at the ridge. The calculation was performed for NW components of the directional spectra (red line) and the field composed by waves in all quadrants (blue line).
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Note that the rapid correlation decline is partially an artifact of the analysis procedure. The energy quantities were derived from numerical results divided into 5 day averaging frames. Any amplitude disturbance travels with the group speed covering distance of Cg · 5 days = 750 km, and the energy fluxes in the far field, near Tasmania are due to past conditions at the source resulting in the low correlation.
3.6.2 Effects of ocean state on the propagation

3.6.2.1 Large scaleInteraction with subtidal dynamics affects the Tasman beam either by means of refraction on large scale gradients in hydrography or diffraction on small scale mesoscale features. The refraction is investigated first by examination of wave speed distribution. Figure 3.12 illustrates the beam propagation in '2013' and '2013_Oct' that deviated the most from the average mean position (Fig. 3.9). Both experiments are contrasted with the 'uniform'-experiment to emphasize the meridional displacement by across-beam gradients of the propagation speed. For example, the beam's southern boundary in '2013' was in a region with the higher speed than the northern boundary, and the beam was consequently refracted northward.
Magnitude of the gradients is relatively small, but persistence over large distances causes sufficient refraction. Its amount, ∆θ can be estimated as (e.g., Longuet-Higgins, 1957) 

where s, n are the along- and across-beam coordinates. Figure 3.12 indicates a gradient of 
~ ∆c = 041 = 2.5% over distances comparable to the mode-1 wavelength. The refraction will cause roughly ~ 1.5o change in the direction which is of the same order as in the numerical experiments (Fig. 3.7A). The result is also consistent with ray tracing calculation of the beam path due to spatially varying phase speed (not shown).

The values of the gradients are quite typical for the oceans. Nevertheless, the Tasman Sea represents a unique case where such conditions are significant for the internal tide. The gradients appear due to convergence of water masses primarily separated by the Southern subtropical front (depicted by 34.7 surface salinity isoline in Figure 3.12). It is seen that the front aligns with the beam axis which suggests modulation of the refraction by meridional migration of the front. The poleward position (e.g., '2013') shifts the wave speed anomalies further south, the beam is refracted northward as a result, whereas the opposite case is found in '2013_Oct'.
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Figure 3.12: Refraction of the Tasman beam by anomalies in mode-1 eigenspeed (colors) in the Tasman Sea. The Tasman beam in (A)-'2013' and (B)-'2013_Oct' experiments is shown by blue line depicting 1 kJ/m2 isoline in the respective distributions of APE. Dotted lines depict the beam center. The 'uniform'-experiment is used here as a reference, and the respective beam center is given by black line. Solid red lines demonstrate position of the Subtropical Frontal Zone.
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Figure 3.13: Change in position of the southern Subtropical frontal zone in the western part of the Tasman Sea. The data are obtained from HYCOM hindcasts and plotted by black lines. Red dots demonstrate position of the front as simulated in the experiments. Purple diamonds show position of the simulated Tasman beam near Tasmania. The respective vertical axis is given on the right side. Note that the labels are reversed to emphasize correlation between variability of the front and position of the Tasman beam. The inset focuses on period of the 'TTIDE' experiment.
The relationship is explored for all experiments in Figure 3.13. The front position simulated in ROMS is compared with one in HYCOM hindcasts used to prescribe the experiments. Location of the beam center near Tasmania is also plotted with values given on the right in reverse order. Correlation between the front position and the beam center is R2 = 0.5 suggesting dependence of the internal tides on seasonal and interannual variability of the hydrography in the Tasman Sea. However, the eigenspeed anomalies also bear a signature of mesoscale features complicating the discussed relation. For instance, in 'TTIDE' the beam position varied due to interaction with eddies (Fig. 3.13, inset).

3.6.2.2 Small scaleMesoscale features impact internal tides on smaller scales where the Rossby number is non- negligible. In this regime the Coriolis parameter entering the dispersion relation is adjusted by a contribution from subtidal relative vorticity. This tends to increase wave speeds. Such small scale anomalies can significantly affect the Tasman beam locally as their magnitude is at least two times larger than due to the stratification alone. In particular, warm-core eddies induce strong negative deviations in the wave speed analogous to the effect of seamounts in the first order.
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Figure 3.14 quantifies the interaction of the Tasman beam with eddies energetically. The Tasman beam is contoured by a solid pink line plotted for 1 kJ∕m2 of the mode-1 APE in the NW quadrant waves. The flux vectors show depth-integrated energy of semidiurnal mode-2 waves which is about 10% of the mode-1. Away from the Macquarie Ridge the mode-2 waves are mainly found where the Tasman beam impinges on mesoscale features. Not every encounter results in scattering into higher modes. The likely reason is that such interaction is dependent on relative orientation of the subtidal currents and a wavevector of the incident internal tide (Duda et al., 2018). In addition, the vertical structure has to be accounted for (Dunphy et al., 2017).
The Tasman beam not only scatters energy into higher modes, but also diffracts on strong phase speed anomalies. The diffraction essentially alters directional spectra. This phenomenon is illustrated here via a comparison of wave-field reconstructions over slightly different angular sectors. The first integration sector (120o, 180 ) includes the major portion of the beam centered at the primary propagation direction of ~ 150o (e.g., Fig. 3.2). The result of this reconstruction is shown in Figure 3.14 by dashed line depicting 1 kJ∕m2 of the calculated APE. The beam is refracted poleward as discussed previously. Furthermore, in the eastern part of the basin the first reconstruction coincides with the previously used integration over the whole NW quadrant, i.e., (90o,180o) (solid line in the Figure). This fact stresses that the energy distribution of the beam was confined to a single lobe in the directional spectra.
Differences between the reconstructions over (120o, 180o) and (90o, 180o) sectors emerge when the internal tide interacts with eddies. The directional spectra spreads as the wave diffracts on strong anomalies in the media. An eddy at (154o, -44o) exemplifies the process (Fig. 3.14). The interaction causes focusing of the beam in 'd45-50' and displacement of the beam axis. A similar perturbation of internal tidal beams was identified by Park and Watts (2006), and was measured in the field by Huang et al. (2018).
It is seen that the Tasman Sea subtidal circulation impacts the Tasman beam propagation in two distinct ways. The large scale distribution of water masses and respective mode-1 eigenspeed causes refraction and hence, induces directional variability without changing the beam energy. Interaction with mesoscale eddies results in diffraction and scattering which are intermittent and spatially localized. The small scale processes seem to be a major driver of amplitude variability.
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Figure 3.14: Interaction of the Tasman beam with Tasman Sea mesoscale eddy field in (A) 'd15-20' and (B) 'd45-50'. Colors depict phase speed anomaly that here accounts for the effective Coriolis parameter. The vorticity is shown with purple lines representing features with Rossby number at least 0.2. The energy flux vectors are plotted for mode-2 generated by mode-1 scattering at topography or eddies. Solid and dashed blue lines demonstrate 1 kJ∕m2 contour lines of APE in the internal tidal fields recomposed over sectors (90o, 180o), i.e., NW quadrant, and (120o, 180o). The difference arises due to diffraction of the waves on the strong anomalies.
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3.7 SummarySimulations of internal tide propagation in the Tasman Sea under variable ocean conditions reveal distinct spatiotemporal scales imposed by a number of processes. The basic beam structure and its variability is illustrated via superposition of the waves emitted from the Macquarie Ridge. Some complexity due to diffraction is observed, but it is mainly confined to the near source region. At the basin scale the wave generation governs all of the beam properties. Such basin-scale viewpoint is provided by satellite altimetry observations (e.g., Zhao et al., 2016). Here an estimate of deviations from the time mean Tasman beam can be made (Table 3.1) by using an analytical model. The northwestward depth integrated energy flux magnitude varies by 10% near the ridge, but the amount declines as the waves propagate away. However, the simulations demonstrate that on monthly timescales signal of the variable conversion can be distinguished even in the far field.
The time-variable hydrographic conditions of the Tasman Sea induces most of the changes to the internal tides. Position of the Southern Subtropical front appears to meridionally displace the Tasman beam via large scale gradients in water mass properties that cause spatial variation of the wave speed. The resultant refraction bends the Tasman beam and modifies the energy flux vectors bringing about 10 — 15% deviation between different seasons and years.
The Tasman beam also exhibits temporal changes caused by interaction with the mesoscale eddy field. A 60 day long simulation demonstrates that the interaction timescale is on order of 10-15 days. It is worth pointing out that in the western Tasman Sea eddy kinetic energy is 

~ 150 cm2∕s2, and for this strength of mesoscale currents Ponte and Klein (2015) reported similar timescales to develop nonstationarity in internal tide signal. The tide-eddy interaction induces most of the energy variability by means of internal tide diffraction and scattering. It is found that the magnitude of the energy flux varied by 25% as the Tasman beam impinged on a strong warmcore eddy.
Interference with multidirectional waves complicates observations of these processes. The strongest perturbation is induced by easterly traveling waves generated at the East Tasman Plateau and reflected from Tasmania, so that a partial standing wave develops. The energy properties are modulated on length scales of a quarter mode-1 wavelength, ~ 50 km. Temporal changes due to the varying amplitudes of the standing wave are superimposed on the interference
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Table 3.1: Temporal and spatial variability of the Tasman beam
Process Spatial scale Temporal scale Contribution Comment
Generation Basin scale Monthly 10% Near sourceRefraction by Basin scale Seasonal and 10% Near Tasmaniahydrography interannualMesoscale Rossby radius, 10-15 days 20% Intermittent

~ 40 kmInterference 50 km N/A 30% Near Tasmania
pattern. This further complicates the bulk energy transport, such that because of the interference depth-integrated APE or HKE varies by 30% non-uniformly depending on position within the standing wave pattern.

Two distinct perspectives on internal tide propagation can be emphasized. The first delineates the large scale and highly stable wave travel that is well predicted by numerical modeling and captured by satellite altimetry. However, there is an inherent spatiotemporal variability that complicates any in-situ observations and obscures the large-scale wave field. In the case of the internal tidal beam and ocean conditions of the Tasman Sea the large-scale properties seem to be well discerned with about only 10% being in the varying portion of the signals. However, deviations of 20 - 30% can be observed locally which are misleading if extrapolated basin-wide.
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Chapter 4

Tasman Sea internal tide variability deduced from satellite altimeter, in-situ measurements 

and numerical simulations1

1Prepared for submission to Journal of Physical Oceanography as D. Brazhnikov and H. Simmons, “Tasman Sea 
internal tide variability deduced from satellite altimeter, in-situ measurements and numerical simulations.”

4.1 AbstractInternal waves of tidal period redistribute tidal energy across the abyssal ocean. Progress in the description of the fundamental processes controlling the internal tide is hampered by significant wave variability whose origin and significance is unknown due to spatially and/or temporally limited measurements. Here some dynamical features of the semidiurnal Tasman Sea mode-1 tide are investigated using a combination of satellite altimeter measurements, in-situ observations and realistic numerical simulations. The internal tide superposes into a beam-like feature that extends from the Macquarie Ridge to Tasmania as previously identified in the altimetry and corroborated by the shipborne and moored measurements. The simulations suggest that the longterm averaging implicit in the altimetry analysis smears directional variability associated with Tasman Sea hydrography resulting in widespread ±5o deviations near Tasmania. The moored pointwise observations, while providing detailed temporal history, are unable to describe the behavior of the ~ 400-km wide beam. Moreover, the mooring results are shown to involve interference with highly non-stationary secondary waves originating at nearby topography and Tasmania. Additional variability results from diffraction by a transient eddy present in the simulation and in the observations that causes spatial redistribution of the beam energy. Over longer periods the strength of the internal tide is modulated by varying conversion at the generating ridge. For the particular case of the Tasman Sea it is concluded that the Tasman beam is essentially a stationary feature with most of the signal captured by the altimeter, whereas the in-situ observations provide an upper estimate of the beam-wide variability.
4.2 IntroductionInternal waves of tidal periods (internal tides) play a significant role in the redistribution of tidal energy with consequences for deep ocean ventilation and climate system (Munk and Wunsch, 1998; Wunsch and Ferrari, 2004; Melet et al., 2016). The internal tides originate at abrupt submarine topographies and spread as low-mode waves across ocean basins with little decay and unknown fate (Alford, 2003). The primary dynamical aspects are theoretically understood and successfully simulated (Garrett and Kunze, 2007; Bühler, 2014; Lamb, 2014; Bühler and Holmes- Cerfon, 2011; McComas and Müller, 1981), but actual mechanisms shaping the internal tides are poorly described due to a wide range of involved spatio-temporal scales (Whalen et al., 2020).
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Consequent variability complicates interpretation of in-situ observations that are essential to any physically-based internal-tide energy budget. An attempt is made here to elucidate the dynamical processes controlling open-ocean semidiurnal internal tide variability in the Tasman Sea.
The inconstancy of internal tides has been evident as long as they have been observed (Defant, 1961; Wunsch, 1975). More recent measurements made with acoustic arrays and satellite altimeters have discovered the persistent signature of the generation (Dushaw et al., 1995; Ray and Cartwright, 2001). The waves maintain the phase of the forcing over long distances, hence, exhibiting temporal stationarity (Mitchum and Chiswell, 2000; Chiswell, 2006; Dushaw et al., 2011). For instance, beating of barotropic M2 and S2 constituents while driving an internal wave is directly observed many wavelengths away, and more remarkably, the arrival time of springs and neaps or the age of the internal tide is close to expectations based on group speed (Holloway and Merrifield, 2003; Alford and Zhao, 2007a; Zhao et al., 2010; Zhao, 2017; Lob et al., 2020). Stationarity also makes possible observation of their spatial organization consisting of a web of wide beams crisscrossing ocean basins (Zhao et al., 2016). Nevertheless, a significant portion of the internal-tide signal is thought to be non-stationary and not fully captured by satellite altimeters that are confined to the phase-locked portion of the signal (Buijsman et al., 2017; Ray and Zaron, 2011; Savage et al., 2017). This fact makes closure of the tidal energy budget problematic.
Internal tide variability arises as changing ocean conditions and background flows perturb wave propagation (Bühler, 2014; Ponte and Klein, 2015). The interactions lead to refraction, diffraction or energy cascade to higher modes depending on length scales, structure and severity of the perturbations (Rainville and Pinkel, 2006; Dunphy and Lamb, 2014; Dunphy et al., 2017; Wagner et al., 2017; Kelly and Lermusiaux, 2016; Duda et al., 2018). Other causes are related to wave mechanics itself and include changes in generation and wave superposition (Alford and Zhao, 2007b; Zilberman et al., 2011; Rayson et al., 2012). All of these processes are said to transfer energy into non-stationary signals (Zaron and Egbert, 2014; Savage et al., 2020), but energy flux divergence of the stationary internal tide does not necessarilymean irreversible energy loss. Hence, it is of utmost importance to discern sources of the variability in order to gain insight of its significance.
The main objective of this study is to describe variability of the internal tide in the Tasman Sea. The region features an energetic tidal beam stretching from the Macquarie Ridge to the continental slope of Tasmania (Fig. 4.1). The energy transport and the fate of the Tasman Sea internal tidal beam were extensively studied within the NSF sponsored TTIDE/T-Beam/T-Shelf
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Figure 4.1: Distribution of mode-1 internal tide energy in the Tasman Sea derived from satellite altimetry (Zhao et al., 2018). Location of in-situ measurements performed in Jan-Mar 2015 by Waterhouse et al. (2018) is shown by dots.
field project (Pinkel et al., 2015). Here, realistic numerical simulations are compared with altimeter measurements and T-Beam's mid-basin observations. Section 4.3 summarizes these perspectives and outlines previously identified features of the beam. Comparison of averaged characteristics reveals small differences attributed to refraction (Section 4.4). In Section 4.5, more detailed analysis of the in-situ observations is performed to demonstrate the role of non-stationary interference as well as modulation of the beam magnitude and diffraction by an eddy. Section 4.6 addresses the significance of the processes in terms of an energy budget for the Tasman beam.
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4.3 Data and characteristics of the Tasman Sea beam

4.3.1 Satellite altimetryThe Tasman tidal beam was mapped and described by Zhao et al. (2018) using satellite altimeter measurement of sea surface height. To discern the signature of the internal waves the analysis was based on multiple satellite missions during 1992-2012, cumulatively amounting to 50 years of the measurements. The approach retains wave signals with phase consistent over the observational period. By construction, the time-variable portion is left out. The altimeter analysis additionally includes directional decomposition of the complex wave field into a finite number of plane waves. Only the strongest, northwest component is used here.
The altimeter-derived depth-integrated energy-flux of the Tasman beam is depicted in Figure 4.1. The feature extends across the southern Tasman Sea with a distinct northwest orientation. The analysis suggests only weak energy decay, such that the cross-beam integrated flux is 1.1 GW at the ridge, which falls to 0.9 GW as it reaches Tasmania. The observed phase speed agrees well with theory, which also explains northward curving due to the β-effect.

4.3.2 T-Beam field program and in-situ measurementsThe T-Beam observations were intended to quantify the Tasman beam in the open ocean away from topography (Waterhouse et al., 2018). The measurements were made with a moored profiler (A1) over a 49-day period (10 January - 28 February 2015) positioned in the beam's center. Additional observations included yoyoing a CTD rosette with mounted upward/downward looking ADCPs (F2 - F9, CTD-LADCP stations). They were aimed to measure energy distribution across the beam (Fig. 4.1). At each location the vertical profile of temperature and currents was continuously sampled for a duration ranging from 17 to 29 h. Unfortunately, full water column measurements were not obtained due to inclement weather, and because of the shortness of the CTD-LADCP stations near-inertial waves (period - 16 hours) could not be separated via harmonic analysis. Hence the results from the CTD-LADCP stations should be regarded with caution.
Waterhouse et al. (2018) reported the analysis procedures and results. They found remarkable agreement with the altimetry analysis of Zhao et al. (2018), however, some distinctions and peculiarities were identified. The comparison revealed a poleward deviation by ~ 10o of the insitu beam direction. Stationary wave signal derived from harmonic analysis clearly demonstrated spring-neap variability. While the beat occurrence was consistent with the arrival of energy from the Macquarie Ridge, the in-situ group speed was below the required theoretical value. Non- 

80



stationary energy flux comprised only a portion of the stationary signal, but large directional variability was observed. Meanwhile, the period-averaged flux magnitude ranged between half and double of the stationary value. Origin and significance of these peculiarities were impossible to establish from spatially and temporally limited measurements, but they are addressed here by means of realistic simulations.
4.3.3 Numerical simulationsRealistic experiments were carried out with the Regional Ocean Modeling System (ROMS) to investigate M2 internal tide dynamics in the Tasman Sea. To assess the wave variability subtidal dynamics was concurrently simulated by prescribing HYCOM hindcasts of ocean conditions for different seasons and years (Table 2.1). One experiment was specifically performed for the period of the TTIDE/T-Beam/T-Shelf project. Details of the analysis can be found in Chapters 1 and 2. It is only pointed out that similar to the altimetry the numerical results were directionally decomposed to obtain the principal northwest traveling waves associated with the Tasman beam.

In the simulations, conversion of the M2 barotropic tide on average transferred 1.6 GW into mode-1 internal tide, and similar to the altimetry, the depth-integrated flux in the Tasman beam was 0.9 GW at Tasmania. The energy propagation was obscured by interference with multidirectional waves. The strongest disturbance was diagnosed near the East Tasman Plateau/Cascade Seamount, since the superposing waves were directed opposite to the beam. The interference is one of the processes to cause diverse scales of spatiotemporal variability. On the largest order changes of Tasman Sea hydrography led to beam refraction and its slight displacements. The variations of the beam flux were caused by varying generation and by nonlinear wave-eddy interactions. These results are utilized in comparison with the observational data.
4.3.4 Auxiliary DataInternal wave dynamics is strongly affected by the propagation environment, such that ocean stratification and currents alter the propagation. Therefore, the actual details of the environmental conditions will greatly supplement the analysis and interpretation. The mean propagation properties were illustrated with the World Ocean Atlas climatology (Locarnini et al., 2013). ARGO floats (https://argo.ucsd.edu/) were present in the basin during Jan-Mar 
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2015 provided profiles that were used to characterize conditions when the T-Beam observations took place. For the same period satellite measurements of sea surface salinity (Melnichenko et al., 2014) and sea surface height processed by SSALTO/DUACS and distributed by AVISO+ (https://www.aviso.altimetry.fr) further helped to distinguish the basin-wide conditions.
4.4 Time-averaged characteristic of the Tasman beamHere the open-ocean internal tide is described by propagation direction and wave magnitude. These bulk values were found by fitting a plane wave to measurements made at T-Beam stations (Waterhouse et al., 2018), the results are given in Table 4.1. The in-situ observations, satellite altimetry and numerical simulations all confirm the basic beam characteristics of a mode-1 internal tidal plane wave with surface expression of ~ 10 mm and depth-integrated energy flux ~ 3 kW/m traveling northwest towards Tasmania.

The numerical simulations and altimetry exhibited some differences. The simulations were found to have 10 - 15% smaller magnitude and the fitted plane wave was directed slightly poleward. These discrepancies are attributed to a poleward displacement of the simulated beam (Fig. 4.2). The observational stations sampled the beam close to its low-energetic boundary, while the directional deviation directly followed from the beam position.
The poleward deflection is also noted in the in-situ result. Waterhouse et al. (2018) attributed the deflection to refraction and anomalous water mass distribution, further, (Savage et al., 2020) performed semi-idealized calculations to ascertain importance of refraction on the propagation in the region. Here, detailed comparison of the simulations and the altimetry is presented to isolate the effect of the hydrography and explain the observed deflection and beam displacement.

4.4.1 Comparison between the altimetric and simulated beam structureEnergy distributions given by the altimetry and by an average of the experiments were coincident in the eastern Tasman Sea, but diverged in the western part (Fig. 4.2). The strong similarity near the generating ridge was attributed to the realistic beam generation in the simulations. This fact was established by an inverse calculation (Chapter 3). This method obtains magnitudes of theoretical point-wise sources to reproduce a given Tasman beam as closely as possible.
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Table 4.1: Comparison of internal tidal beam characteristics
LocationQuantity The Macquarie ridge Tasmania Plane wave fit

Intensity 

(Cross-beam 

and depth 

integrated 

flux) [GW]

Mean

Heading [o ]

Intensity (In

tegrated flux) 

[GW]

Mean

Heading [o ]

Magnitude

[kW/m]

Heading [o ]

Numerical simu- 1.6±0.2 163±3 0.95±0.1 151 ± 4 2.9±1.1 146±6lationsField period only 2.5±0.6 146±4Altimetry 1.2 161 0.9 142 3.9±2.2 141 ± 2TBEAM 3.4±1.4 149±3
The calculations for the simulations and altimetry resulted in similar pattern of the generation along the whole Macquarie Ridge (shown by scaled dots in Figure 4.2). At the major generation site the inverse results were not only consistent between each other, but also with the spatial distribution of the averaged conversion in the simulations (inset, Figure 4.2). Both the altimeter- inferred generation and the model suggest a strong internal tide source at the northern part of the ridge. This agreement reinforces the importance of the amplification within the Macquarie Ridge-Campbell Plateau system. The plateau-emitted waves constructively interfere with the forcing at the ridge and consequently increase the conversion of the barotropic tide. Notably, the mode-1 internal tides from the plateau are identified both in the altimetry and in the numerical simulations. Furthermore, one of the experiments had a reversed pattern with dominant southern part, the Tasman beam formed southward accordingly (blue line, Figure 4.2). Zhao et al. (2018) also suggested the importance of the double-ridge amplification for the Tasman beam generation.
While beam location in the eastern Tasman sea was similar, the altimetry and the simulations diverged substantially in the western part. The simulated beam was found further south by as much as 50 km. The large deviation is induced by spatial variation of the first internal mode eigenspeed. In the simulations there is a meridional gradient that opposes the equatorward refraction via the β-effect (Fig. 4.3A). Internal-tide propagation as measured by altimetry is thought to be consistent with climatological conditions, e.g., World Ocean Atlas (Zhao etal., 2016).
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Figure 4.2: Comparison of the satellite altimeter measurements of the Tasman beam with numerical simulations. The inset shows results of an inverse calculation that obtains amplitudes of theoretical wave generators to match the given data. The inset also includes spatially and temporally averaged conversion rates into mode-1 tide at beam generation sites as simulated by the numerical experiments.
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Unlike the simulations, the WOA eigenspeeds have less spatial structure, i.e., there are no eddies, which lead to stronger equatorward refraction (Fig. 4.3B). These inferences are verified by ray tracing computations (Fig. 4.3C) for the two different eigenspeed distributions and for the variable and constant Coriolis parameter.
4.4.2 Refraction in the in-situ measurementsOcean conditions during the T-Beam period can explain the departure of the in-situ measurements from the altimetric inferences. Since the actual basin-scale hydrography is not known and the eigenspeed distribution cannot be obtained, a proxy is introduced to relate observable ocean properties and internal tide speed.

The mode-1 eigenspeed is controlled at first order by ocean depth and the depth and strength of pycnocline (Chelton et al., 1998). In the simulations ~ 70% of the variance of the open-ocean eigenspeeds is explained by changes in the ocean depth along the beam path. This dependence can be partly eliminated by considering anomalies relative to eigenspeeds calculated for the case of spatially uniform stratification. Linear regression then identifies ~ 50% of the variance not attributable to depth is due to water properties as approximated by the sea surface salinity and temperature. That is, colder and fresher surface water masses are associated with slower internal wave propagation. This approximate relation is utilized to describe the conditions in Jan-Mar of 2015.
Sea surface salinity (SSS) is employed since this is how regional water masses are typically classified (Hamilton, 2006; Smith, 2017; Chiswell et al., 2015). During the winter of 2015 the eastern Tasman Sea was characterized by waters fresher than in the WOA climatology (Fig. 4.4). This suggests that the presence of Antarctica-derived water masses lowered the eigenspeeds. In addition, ARGO profiles in the central basin revealed a shallower pycnocline depth (Fig. 4.4C,D).
Internal tide propagation was then influenced by the meridional gradients in the phase speed that reduced the β-effect refraction, and the beam deflected poleward similar to the ray tracing calculations (Fig. 4.3B). It appears that the simulation was able to capture some features of the hydrographic conditions, but the vertical water column structure was not exact (red lines, Figure 4.4) with the modeled pycnocline being shallower than observed in ARGO and in the climatology. In conclusion, the oceanographic conditions were conducive to changing the beam path which is consistent with the observed deflection of the energy flux.
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Figure 4.3: Distribution of mode-1 eigenspeed in the simulations (A), WOA2013 (B). Beam position in the simulations (red) and in the satellite altimetry (black) is shown by lines with dots. (C) Results of ray tracing calculation for distribution of the eigenspeeds in the simulations (red line) and WOA2013 (black), and without β-effect, i.e., with constant Coriolis parameter (dotted lines). To reduce the effect of the sea bottom topography on rays the eigenspeed fields were lowpass filtered over the window with mode-1 wavelength sides. The filtered distribution is shown by color in Panel C.
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Figure 4.4: Sea surface salinity (SSS) in (A) WOA2013 winter climatology and (B) during the T-Beam field period as measured by Aquarius satellite mission. Black lines delineate specific contours in the SSS fields in the respective data and in the numerical simulation covering the field program (dashed red). The panels also include the position of the beam (red and blue lines with white dots). Panels C and D show comparison of stratification profiles in WOA2013 climatology (black), ARGO (green) and the simulations (red).
4.5 Spatial and temporal variability of the Tasman beamThe previous section focused on the large scale propagation, whereas this section examines smaller scale variability of the Tasman beam by comparing T-Beam measurements and concurrent numerical simulations. The investigation of the spatial pattern considers all available data, while the temporal variability is studied only using two-month long A1 mooring. This data underwent additional analysis to isolate the signal of the Tasman beam (Appendix D). In this discussion large spatial variability should be kept in mind, such that the comparison of single-location measurement with the model's nearest grid point might not be that instructive. Nevertheless, to simplify the presentation the simulation results were not spatially averaged.
4.5.1 Spatial structureSpatial structure of depth-integrated energy flux in the simulated Tasman beam was strongly modulated by interference. This wave field parameter, referred as total energy flux to distinguish between plane wave fits and directionally separated components, is considerably different from the T-Beam observations (Fig. 4.5A, black and red arrows). At the stations near the topography of the East Tasman Plateau (F2-F5 and A1) the simulated total energy fluxes were southward because of strong interference. The antenna decomposition (Chapters 2 and 3) clearly identified the northwest propagating Tasman beam and reflected eastward traveling waves (blue and green
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Figure 4.5: Comparison of the energy flux near Tasmania obtained in the T-Beam field program (black arrows) with the numerical experiments performed for conditions in the same period ('TTIDE'). On all panels red arrows show the total, undecomposed wavefield. Result of the decomposition is shown with blue arrows plotted for waves traveling in the NW quadrant, green - in the eastward direction. The arrows placed at T-Beam observational locations were scaled by 3 above background red arrows which magnitude is given in the legend. Panel (A) shows comparison of the T-Beam field program results with mean over the 'TTIDE' numerical experiment. (B) Comparison is made with the '2013' experiment in which the simulated beam resembled the altimetry observations.
arrows respectively, Figure 4.5). Ifthe primary NWwave is considered alone, the difference is less pronounced. In fact, at the A1 mooring the model and the averaged observations show excellent agreement.

The interference effect was additionally addressed with a numerical experiment that was the closest to resemble the altimetry. This experiment differed from the 'TTIDE' simulation in that it was carried out for different hydrographic conditions. The total flux at F2-F5 and A1 stations better corresponded to the observations (Fig. 4.5B). Nevertheless, at further F6-F9 stations the mismatch was still large. These stations were influenced by superposition with northeasterly propagating internal tides emitted from the South Tasman Rise. These results indicate reduced interference in the T-Beam observations. This finding is not unexpected since the Tasman beam was successfully discerned by the plane wave fit in Section 4.4.
Note however that the HKE/APE ratio was different than the theoretical value for a plane wave. The A1 mooring exhibited excess of the potential energy, whereas the CTD-LADCP stations revealed dominance of the kinetic energy which could result from contamination of the baroclinic currents with near-inertial waves (Tf = 16 hours at this latitude). The APE excess at the mooring
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Figure 4.6: (A) Ratio of HKE to APE observed during the T-Beam field program (black line) and simulated (red line) east of Tasmania. (B-C) Distribution of HKE and APE when the simulated ratio was at maxima and minima. The arrows have the same meaning as in Figure 4.5.
implies the presence of a partial standing wave as shown in (Fig. 4.6). During the first month the APE was larger than the HKE which can be explained by a proximity to an antinode. Later in the time series the energy ratio tended towards the plane wave value. Hence, the influence of the antinode reduced either because of change in the location (Fig. 4.6B) or more likely, due to diminished interference. This is investigated next with the help of a novel method to separate superposed waves.
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Table 4.2: List of the assumed values in the decomposition
Parameter Mean value, 

(θi)
Variance,
σθi

Comments
Incident beam angle, αNW 150o 10o The range encompasses spring-neap cycleReflected wave direction, αE 0o 30o Composed of waves reflected from Tasmania or generated at Cascade SeamountPhase lag, ∆φ 60o 20o Accounts for wave travel to and froTasmania and reflection

4.5.2 Decomposition of interference at A1The comparison of the spatial structure suggests the presence of temporally variable interference at the A1 mooring. The retrieval of the Tasman beam signal from the single mooring data is not a trivial problem. The pointwise observation even of single wave oscillations suffers from ambiguity between the wave phase and the travel direction. The direction can be still given by the energy flux components if the currents are measured. When interference is present, the flux components are contaminated by phase ambiguity as well, and this uncertainty exacerbates the problem leading to its ill-posedness. Moreover, the mooring data are insufficient to separate two superposed waves since a harmonic fit to the pressure and current components results in 6 data points to determine 6 parameters describing the two waves. These issues are circumvented by considering energy characteristics and by prescribing some wave parameters (Table 4.2). More details are given in Appendix D.
Although the assumed values were directly obtained from the numerical simulations, they satisfy the theoretical consideration that the Tasman beam interferes with its reflection from Tasmania. That is, the beam travels at αNw = 150o. Since the continental slope of Tasmania is oriented obliquely with —15o due east, then the specularly reflected wave propagates in direction 

αE = 0o. To estimate the accumulated phase lag, at first, decrease in the phase speed due to the shallower East Tasman Plateau has to be accounted for, and the value from the numerical experiments is considered, cETP = 3.4 m/s instead of the open-ocean speed of 4 m/s. Second, the phase shift of a Poincare wave when perfectly reflected should be also included (LeBlond and 
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The single-point decomposition method was applied to the observed mode-1 pressure and currents from the A1 mooring. The complex amplitudes of the signals were obtained from harmonic analysis over 2.5 day windows. These data were then used in the decomposition with the results depicted in Figure 4.7. Two metrics of error are additionally plotted (G-H). Based on synthetic experiments (Appendix D), the beam parameters are thought to be decomposed with better skill because of beam's strength. The least skill is expected in obtaining direction of the reflected wave.
4.5.3 Variability of the interferenceThe T-Beam measured signals were remarkably steady with the most of the variance explained by the spring-neap cycle. This portion of the signal while modulated in time is referred to as stationary since its phase is locked in relation to the fortnightly variations of generation intensity at the Macquarie Ridge. However, Waterhouse et al. (2018) noted potential energy and kinetic energy contained unequal amounts of the stationary signal. In other words, non-stationary disruptions manifested differently in the time-series of the mode-1 pressure and currents and hence in the energy flux magnitude which is the correlation (product) of pressure and velocity (Fig. 4.7A, C). During the first period of the observations (day of year, doy: 10-20) the stationary spring-neap cycle was clearly identified in the pressure, but not in the energy flux. The opposite situation was seen during the second neap (doy: 33). This behavior is inconsistent with a plane wave whose parameters vary uniformly. The decomposition removes interference effects and identifies a secondary wave traveling opposite to the beam and obfuscating the spring-neap cycle.

The eastward wave exhibited large temporal variation with the strongest presence in the first half of the observations. The largest deviation from the plane wave happened when the magnitudes of the superposing waves were similar (doy: 10-20, Fig. 4.6). This period corresponded to southward orientation of the undecomposed energy flux (doy: 10-20, purple line, Fig. 4.7D). Such interference pattern is similar to the numerical simulation (Fig. 4.5) and it was explained by close proximity to an anti-node. Unlike the simulations, the eastward wave vanished by the mid-period. This moment was marked by a short period of the northward deviation in the flux (doy: 20-25, Fig. 4.7D). This possibly indicated a transient behavior of the interference pattern as a non-stationary, pulse-like secondary wave had crossed the beam. It is further noted that
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Figure 4.7: Decomposition of mode-1 wave measured at the A1 mooring, east of Tasmania. In Panels A-B amplitude and phase in the T-Beam data (Undecomposed or Total, purple line), stationary spring-neap signal obtained by harmonic analysis (blue line) (see Waterhouse et al., 2018). Result of the decomposition (black line) and NW component of the beam in the simulations (red line). (C-D) The same results, but for the depth-integrated energy flux. (E-F) Energy flux of the eastward wave. (G) Normalized L2 error. (H) Phase difference between pressure and currents which is supposed to be zero for a traveling plane wave.
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bumps in strength of the secondary wave are mirrored in wobbles of the in-situ measured flux. These results are only qualitative since uncertainty in the assumed phase is high (Fig. 4.7H). The ambiguity between wave directions and the phase lag could not be decisively separated based on a single-point measurement.
The point-wise decomposition demonstrates that the energy of the eastward wave was on average smaller in the T-Beam measurements compared to the numerical experiments, respectively 17% and 40% of the average Tasman beam flux. However, the peak value was higher in the observations, 76% and 57%. The large variations of the in-situ flux highlights the reduced variability of the simulated reflected wave, the origin of which should be addressed. The numerical simulations suggest that the eastward wave is primarily composed of waves reflected from the Tasmania continental slope, but additional source is also found at the Cascade Seamount. There, internal tide generation is modulated by the changing phase relationship between the incident Tasman beam and the local generation as well as by energetic eddies often present in the region. These factors can strongly influence the eastward wave.

4.5.4 Temporal variability of the Tasman beamThe extracted northwest wave had a pressure magnitude smaller than the total pressure, but was similar to the total energy flux (Fig. 4.7). This re-emphasizes the fact that the mooring data deviated from the expected energy ratios characteristic of a plane wave (e.g., Fig. 4.6A). The disagreement is directly related to the in-situ group speed (i.e., Cg = ∣E∣) found to be below the plane wave value (Waterhouse et al., 2018). The decomposed signal appears to follow the stationary spring-neap cycle, but the recovered phase is remarkably different. At the same time, the directionally decomposed observational and modeled signals agree better.
The northwestern component is thought to represent the signal of the Tasman beam, so several features of its variability are worth discussing. The depth integrated flux of the beam at spring tide grew from 3 kW/m (doy 10) to 4 kW/m (doy 40). Another peculiarity involves a threefold increase by the end of the observations. Several reasons were identified: shifting of the beam axis across the mooring and an increase in the overall beam magnitude, and changes in the beam structure. The relative importance of these three sources of variability can be assessed by studying variations in the across-beam distribution of the beam energy whose structure is approximated by a Gaussian bell (e.g., Zhao et al., 2018), i.e.,
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Figure 4.8: Examples of fitting the Gaussian bell to depth integrated energy flux across the Tasman beam sliced at the T-Beam stations (Fig. 4.1). Result for the '2013' experiment (black) illustrates almost ideal fit, while 'd25-30' (green) represents large spreading of the energy. 'd45-50' is used to show inadequacy of the Gaussian model under some conditions.
Here t, n is the across and along beam directions, Abeam is the beam magnitude varying along the propagation path, xmax is the position of the beam and w is the half width. The Gaussian model can elucidate what drives variations in point-wise measurement since variability of the model parameters can be associated with generation or decay during the propagation, beam geometry or shifting propagation path.

The analysis examines point-wise variability at the A1 mooring and stations F2-F5 by studying changes in the parameters of the Gaussian fit to the beam structure in the numerical experiments as illustrated in Figure 4.8. Clearly, energy flux measured at a single location such as A1 is affected by different changes in the beam. Moreover, experiment 'd45-50' exemplifies the case when the distribution deviates from the theoretical model by having two maxima. This occurs when the beam is strongly diffracted by seamounts and eddies.
The Gaussian model of the beam structure was applied to the simulation concurrent with the T-Beam measurements. Changes of the beam magnitude had the largest contribution (50%) to variability at the location of A1 because of its proximity to the beam center (Figure 4.9 upper panel, dashed line). The position and the width contributed equally to the remainder of the variance. Note that the effects could have an opposing effect, i.e., the beam moving away from the mooring 
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could mask an increase in the beam magnitude (e.g., 'd20-30'). It is concluded that the T-Beam observations at the A1 mooring were complicated by a number of factors, but the largest influence was attributed to changes in the beam magnitude.
All the reasons for beam magnitude variability are difficult to quantify exactly, mainly because energy losses during the internal tide propagation were driven by nonlinear processes and may be misrepresented in the simulations. However, the amount of energy converted at the Macquarie Ridge is the main factor. Figure 4.9C shows the energy transferred into mode-1 at the ridge contrasted with the magnitude ofthe fitted Gaussian bell. Note that the conversion was shifted by 5 days (1 analysis window) to account for energy propagation across the Tasman basin. The beam magnitude is found to be modulated by the varying conversion process, so some of the changes at the location of A1 were driven by the generation.
The analysis however becomes inaccurate when the beam energy distribution strongly deviates from the Gaussian shape (Fig. 4.8). The previous discussion was based on the value at A1 produced by the fit, and this value can differ from the actual flux magnitude (Fig. 4.9B). This does not undermine the conclusions, but rather emphasizes additional strong contribution to the variability from localized concentration/spreading of the internal tide energy. Such processes in a flat-bottomed ocean are primarily caused by eddy-tide interactions that lead to diffraction of the tidal energy and its spatial redistribution. In the simulations the strong interaction took place during 'd10-20' and 'd40-60', so that the Gaussian model had severe errors Figure 4.9B. During 'd20-40' the eddy field was weak and the beam structure was unaffected.
Periods of the weak and strong mesoscale conditions were considered to compare the simulations with satellite measurements (Fig. 4.10). As seen in the both, an anticyclonic eddy indicated by positive sea surface height anomaly was present in the region. Its position and evolution in the simulations differed from the altimeter measurements, but periods of the weak/strong interaction were similar. During the first period ('d20-40') the eddy was found away from the A1 mooring and likely did not affect the internal waves. In the simulations the eddy was located on the beam's path, but its magnitude was not large enough to cause significant changes. At the end of February ('d40-60') the eddy-tide interaction was taking place as the eddy moved across the Tasman beam in the altimeter measurements, or as the eddy intensified in the
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Figure 4.9: (A) Contribution of the fitting parameters (colored bars) to variability of energy flux magnitude measured at the location of A1. (B) Errors associated with inability of the Gaussian fit to represent features of the across-beam energy distribution. (C) Changes in the magnitude parameter and conversion at the Macquarie Ridge.
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Figure 4.10: Evolution of mesoscale conditions near Tasmania during the T-Beam field period. Panels show sea surface height in the simulations (gray shading) and sea surface height from AVISO (purple lines). Red color is used for the numerical simulations and black is used for the in-situ measurements. Solid black arrows depict the undecomposed results, while with dashed black it is plotted the decomposition results. The arrows showmean energy flux for the considered periods, temporal variability is given by variance ellipses plotted at the tips. The green dashed arrow shows the constant altimeter result and is plotted for orientation.
simulations. Changes in the magnitude of the energy flux variability corresponded with the changes of the eddy, i.e., the variance ellipses in the T-Beam measurements were small during d20-40, but much larger later.

The insights found fromthe Gaussian fit analysis are now utilized to discuss temporal changes measured in-situ (Fig. 4.7). Since most ofthe observational period ('d10-d40') the eddywas located away from the mooring, the measured variability was driven by changes in the beam magnitude with some attributed to generation variability (Fig. 4.9). In fact, monotonic increase in amplitude of the springs and the neaps during d20-40 (Fig. 4.7A, C) suggests the influence of a ubiquitous process such as an increase of conversion at the Macquarie Ridge. Later in the observational period the mesoscale eddyperturbedthe beam structure such that it caused localized concentration of the internal tide energy. As a result, the A1 mooring measured a large sporadic increase of the energy flux magnitude at doy 55.
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4.6 ConclusionsThe joint analysis of realistic numerical simulations of an internal tidal beam in the Tasman Sea along with in-situ and remote sensing observations allows for the analysis of the roles of variability of internal tide generation, refraction, interference and interactions with mesoscale circulation in modulating the mid-basin beam properties. These processes superpose into complicated temporal and spatial variations of beam characteristics such as the pointwise depth-integrated energy flux of the beam as well as the associated kinetic and available potential energy.
It is understood that satellite observations do a good job of describing the stationary portion of the tidal signal that is governed by the long-term averages of generation and large-scale propagation. However, as shown here for Tasman Sea low mode tide, deviations from the altimetry-derived beam properties arise from changes in these governing processes. Savage et al. (2020) established the importance of refraction for the Tasman beam, but did not attribute any of the measured nonstationarity of the beam to spatial or temporal variability of generation at the Macquarie Ridge-Campbell Plateau. It is found here that consideration of the forcing of barotropic tide and careful accounting for generation dynamics of double-ridge systems demonstrates the importance of variable generation in modulating the properties of the mid-basin beam. Moreover, comparison with studies of internal-tide variability leads to the conclusion that only complex topographies can have significant variability in the internal tide production (e.g., Luzon Strait, Kerryet al., 2014), whereas “simple" submarine ridges likely are steady inputs ofbaroclinic energy into the ocean (Zaron and Egbert, 2014; Buijsman et al., 2017).
The major source for the non-stationary part is found to be interference and tide-eddy interactions. The interference obfuscates the beam signal by perturbing the stationary planewave dynamics of the propagation. It is manifested by sporadic large deviations of depth- integrated energy flux direction with no significance to the bulk energy transport. The origin of the superposing wave is attributed to reflection at Tasmania and generation at nearby topography, both of which are tightly coupled with the Tasman beam. Hence, the observed intermittency has to be related to some processes particular to the Tasman Sea region, and they can not be completely justified due to measurement limitations and the qualitative nature of the analysis.
The tide-eddy interaction is shown to be the most significant, but its transient nature makes it possible to discern other processes. Based on the simulations, the interaction disrupts the spatial distribution of the bulk energy transfer. In the lowest order, the phenomena is described by wave diffraction on strong inhomogeneity in the propagation media. Similar changes in internal tide 
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amplitude due to eddies were observed by (Lob et al., 2020; Huang et al., 2018). Energy loss is not addressed here, but it is worth emphasizing that both simulations and in-situ observations do not exhibit signs of significant scattering into higher modes, suggesting that tide-eddy interactions do not cause substantial losses of the low-mode beam energy. This is likely not a general observation since these interactions are strongly dependent on vertical and horizontal structure of the eddy currents, and under specific circumstances they will lead to energy loss in the mode-1 tide (e.g., Dunphy and Lamb, 2014; Duda et al., 2018).
The analysis does notfind signs that an instantaneous, non-stationaryTasmanbeamundergoes significant, irreversible losses before reflection at Tasmania. This conclusion is the same as of Waterhouse et al. (2018) and Savage et al. (2020). Nevertheless, the stationary Tasman beam leaks the energy into non-stationary signals. It is instructive to consider how well a single point measurement represents such transfer. Clearly, the measurement accumulates widespread changes driven by generation/refraction and localized variations due to interactions with eddies and background flows. Thus, the T-Beam mooring tends to overestimate variability in bulk energy transfers. For example, energy properties (HKE or APE) of the Tasman beam in the simulations can deviate from the average values by 10%. However, in-situ potential energy and kinetic energy vary by 15% if the two are averaged. Such comparison is not fully correct, since the in-situ energies change not equally. This caveat pertains to spatially variable divergence of the stationary energy flux (Zaron and Egbert, 2014; Savage et al., 2020), which is an inaccurate representation of the dynamics induced by interference and cross terms in the nonlinear calculation of the fluxes (Pickering et al., 2015). Hence, the interference leads to uncertainty in the estimates of the variability based on in-situ data.
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Chapter 5 

General conclusionInternal waves are a crucial pathway of tidal energy from large scale motions into small scale mixing. The process includes several stages that are directly related to the life cycle of internal tides. This thesis focused on energy transfer from the surface tide into baroclinic motions and on transport of the converted energy across the basin. These processes were addressed by means of simulations of the general circulation and the baroclinic tide in the Tasman Sea. Several mechanisms associated with the life cycle of low-mode semidiurnal tide were studied.
Time variation of energy density is initially brought about by variation of the conversion patterns at the submarine topography south of New Zealand that converts the surface tide into internal waves. A system of two closely spaced wave generators, the Macquarie Ridge and the Campbell Plateau, exhibited coupled behavior. It was found that interaction of the barotropic tidal forcing at the ridge and secondary, impinging baroclinic waves from the plateau resulted in substantial changes in the character of the energy transfer. The driving factor of these changes was however attributed to time and space variation of ocean stratification that perturbs propagation speed of internal tides, consequently, the system adjusts nonlinearly, resulting in variation of the barotropic tide conversion. Similar dynamics can be identified at several other locations in the world oceans, and the principle mechanisms must be more widely present, especially in the case of complex bathymetry.
A conspicuous characteristic of internal tides radiated into the open sea is the formation of beams, which are spatially confined regions where most of the energy transport occurs. The Tasman beam develops due to the spatial pattern of conversion at the Macquarie Ridge. Additionally, diffraction at the ridge focuses the waves into a beam with an intensified lobe in the main propagation direction. This explains the low spatial spreading and stability of the internal tidal beams in the world oceans. The directional spectra analysis also facilitated a decomposition of a standing wave near Tasmania that obfuscated the primary beam energy transport and its variability.
Oceanographic conditions of the Tasman Sea strongly impact the propagating internal tides. The interactions can be separated depending on the length scales. Thus, the basin scale hydrography associated with a subtropical front leads to displacement of the beam since gradients in the internal wave speed cause refraction. Small-scale and stronger, but more intermittent 
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changes occur when an eddy crosses the beam path. Both diffraction and scattering of the lowmode beam into higher modes were found to substantially perturb the magnitude of the energy transport by 20 - 30%.
As a result, the open sea internal tide demonstrates several spatial and temporal scales of variability originating both from wave mechanics and changing ocean state. In order to verify these results, the numerical simulations were compared with satellite altimetry and insitu measurements. This leads to the conclusion that a substantial portion of the internal tides becomes non-stationary (time variable) with respect to the barotropic forcing. Some of this non- stationarity however is artificially created by interference and is not related to the physics of the primary energy transport. Energy budget calculation has to account for such details, especially when it is based on in-situ measurements.
Another implication is a decrease of internal tide predictability with decreasing scales. This thesis asserts that the basin scale features can be well simulated. In contrast, at scales of the local baroclinic Rossby radius, the impact of the subtidal currents becomes dependent on less constrained vertical structure of the water column and hence is less predictable.
This thesis documents how and why internal tide in the Tasman Sea can vary, and thus, addresses the initial stages of the internal tide life-cycle. The final energy removal by mixing is likely to exhibit a great deal of variability. Any realistic parametrization for the internal wave pathway of the tidal energy has to account for these mechanisms.
While this work is motivated by an ultimate desire to close the energy budget of the low mode tide, the numerical model is not a good tool to reliably close the energy budget for the Tasman Sea. Such attempts were made, but did not appear to be robust. The primary limitation is the complexity of simulations, since the tidal budget calculations in presence of subtidal dynamics require accounting for the nonlinear transfers between the oceanic subtidal motions and the internal tides; this is difficult and many details are subjective. As a result, analysis errors, especially one associated with the decomposition of the signals, tend to accumulate in nonlinear terms within the mechanical energy equations and invalidate the estimates.
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To improve on this, simplified and idealized numerical experiments of the tide-mesoscale interaction would be necessary to develop detailed understanding and refined analysis techniques. Another simplified numerical study that could be of great importance should focus on the effect of the tides on the Subtropical Front as it traverses the Macquarie Ridge. The amplification of internal tide energy and its variability identified in the present study is directly related to local mixing rates and changes of water column stratification. It is however unclear if these processes are significant enough to cause perturbations in front dynamics. Similar questions apply to other regions such as the Luzon Strait internal tides and Kuroshio Current (Alford et al., 2015).
Instead this investigation was focused on the gross properties of the Tasman Sea internal tide and these results suggest several avenues for future work. It was found that the low mode Tasman beam is marked by diffraction as evident in directional spectra analysis. These dynamical effects complicate complete accounting for the dynamics of low mode beams in ocean general circulation models. The state-of-the-art approach is to apply ray tracing methods (Lavergne et al., 2019) that neglect spatial finiteness of the beams. The resulting misrepresentation of the internal tide propagation can result in misidentification of their location relative to altimetry observations when the beams undergo refraction (Bühler, 2014). A more theoretically adequate approach involves the mild slope equation (Mei et al., 1989) that encompasses both phenomena of diffraction and refraction. This speculation has to be analytically and numerically tested.
The main achievement of this study was that numerical simulations were successfully used to quantify mechanisms of internal tide variability that were corroborated by in-situ observations. Nevertheless, the single mooring available for analysis could not shed light on spatial complexity of the wave field. It is suggested that a dedicated glider survey of across-beam properties could further constrain the spatiotemporal scales of the variability. Such a study could have additional importance if used in conjunction with an upcoming, new-era satellite altimeter, SWOT (Fu and Ferrari, 2008; Klein et al., 2019). Unfortunately, the SWOT's repeat interval would alias internal tides and mesoscale motions that need to be disentangled using models of reduced dynamics (e.g., Ponteetal.,2017). The Tasman Sea with its mild mesoscale conditions and strong internal tide can serve as a good testing site for de-aliasing the SWOT mission and could leverage many of the results of this dissertation.
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Appendix A

Application of directional spectra to internal tidal fields

Here each monochromatic wave of wavenumber k travels in direction θ with energy S2(θ)dθ and phase φ(θ). Now time dependence is dropped and all physical quantities are given by corresponding complex amplitudes. The statement can be reformulated in terms of Fourier transform (Munk et al., 1963). Recall the Jacobi-Anger expansion,

The bracketed term represents convolution integrals defining circular Fourier coefficients of order 
m, Am - iBm. Series (A.3) defines an inverse problem that seeks the unknown coefficients from the known, measured pressure field that is sampled at a set of points (ri, θi) if the infinite series is truncated at some order N . Real and imaginary parts constitute two separate problems. Velocities are obtained via polarization relations (e.g., Gill, 1982),
The dependence of currents on wave direction causes splitting of Fourier coefficients. To describe the velocity field, higher circular harmonics have to be used. Equation (A.4) emphasizes an asymmetry between clockwise and counterclockwise motions due to the Coriolis effect. The inverse problem can now formally be stated as
where y is comprised of measured dynamical variables, K combines bracketed terms in (A.3) and (A.4) and x are the unknown Fourier coefficients. Generally, the problem is over-determined (i.e., number of unknowns is smaller than number of measurements) and unstable to small errors, so the model yields physically inconsistent results. This is circumvented by seeking a damped least square solution (Munk et al., 2009) where a minimization function is
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Let pressure in a multidirectional wave field be described by an angular spectrum

that shows a field at point (r, θ) produced by a plane wave can be expanded in a series of Bessel functions and circular functions. Substitution produces



The unknown regularization parameter α acts as a high-pass filter in a singular value decomposition of K (Bennett, 1992). In field studies the parameter is usually set by a signal-to-noise ratio criteria (Munk et al., 2009), since the parameter scales the noise variance (residue) to the actual signal's strength. To obtain α in a straightforward way a trade-off method is adopted (Hansen and O'Leary, 1993). In (A.6) the amount of allowed error competes with solution's variance, so an optimal parameter is said to satisfy these factors. In most cases the curve that relates residue to the model norm has a sharp corner, hence, the method's name is a L-curve (Hansen, 2000). The corner defines an optimal regularization parameter.
Here equations (A.3) and (A.4) are sampled at locations along concentric arrays (antennae) placed at λ, 0.5λ, 0.25λ where λ is the mode-1 wavelength in the central point. This assumes uniformity of the wave field over the sampling window. The footprint could be changed to accommodate some spatial variability, at the expense of resolving power. At each location u, v, p from the numerical simulations are used as input data, so that for the central point of the array Fourier coefficients are found. The results are then used in reconstructions over an angular sector to obtain discrete wave components in the antennae center.

ReferencesBennett, A. F., 1992: Inverse methods in physical oceanography. Cambridge university press, 368 pp., doi: 10.1017/CBO9780511600807.Gill, A. E., 1982: Atmosphere—ocean dynamics. Elsevier Academic Press, 662 pp., doi: 10.1016/ s0074-6142(08)x6002-4.Hansen, P. C., 2000: The l-curve and its use in the numerical treatment of inverse problems. in Computational Inverse Problems in Electrocardiology, ed. P. Johnston, Advances in Computational 
Bioengineering, WIT Press, 119-142.Hansen, P. C., and D. P. O'Leary, 1993: The use of the L-curve in the regularization of discrete ill-posed problems. SIAM Journal on Scientific Computing, 14 (6), 1487-1503.Munk, W., P. Worcester, and C. Wunsch, 2009: Ocean acoustic tomography. Cambridge University Press, 456 pp., doi: 10.1017/CBO9780511666926.Munk, W. H., G. Miller, F. Snodgrass, and N. Barber, 1963: Directional recording of swell from distant storms. Philosophical Transactions of the Royal Society of London A: Mathematical, Physical and 
Engineering Sciences, 255 (1062), 505-584.
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Appendix B

Simplified solution for the generation by knife-edge ridgeLet us consider a simplified problem of internal tide generation at a ridge that has an extent 
a and infinitely small width. The focus is placed on the spatial pattern of emitted waves and not their vertical structure. Thence, the principle physical phenomena is diffraction, and the problem is equivalent to wave radiation by a strip oscillating with tidal period. In flat-bottom ocean the internal tide dynamics is given by the Laplace tidal equations,

Here kn is the wavenumber of the emitted waves.
Two boundary conditions are imposed. On the ridge there should be no mass transport,

The ridge boundary is described by a strip -a/2 < x < a/2, y = 0. Equations (B.1), (B.4) state the simplified problem for the generation of internal tides by the knife-edge ridge of extent a. The problem is identical to radiation of acoustic waves by a vibrating strip considered in Morse and Feshbach (1953) which is extended here to include the Coriolis force. Since in Cartesian coordinates the boundary condition at the strip does not allow separation of variables, it can be circumvented by employing the elliptic coordinate system, 

where μ = const graphs ellipses expanding from a reference center, and θ = const draws hyperbolas. The strip is equivalent to a degenerate ellipse with semimajor axis equal to a/2 and semiminor to 0. The boundary condition now takes much simpler form,
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and the emitted waves should be outgoing. Since the problem is formulated in terms of pressure only, the boundary condition takes the following form (Greenspan, 1968),



The Laplace operator in the elliptical coordinates has eigensolutions in the form of Mathieu functions (Gutierrez-Vega et al., 2003; McLachlan, 1951). Then solution for the emitted waves is sought in the form in which dependencies are separated along the elliptical coordinates μ, θ,
with Sej, Soj are the even and odd angular Mathieu functions of order j that correspond to cosine and sine in a polar coordinate system. Jej, Joj and Yej, Yoj are the radial Mathieu functions of the first and second kind of order j that correspond to Bessel functions. The physical parameter that sets Mathieu functions behavior is h = ak4n. For clarity of the further analysis it is necessary to represent Mathieu functions by their corresponding Fourier series (Morse and Feshbach, 1953),
The same coefficients are used in expansion of the radial functions (e.g., Je, Jo), but Bessel functions are substituted instead of the trigonometric functions.

To proceedwiththe solution, let the RHS of the boundary condition (B.5) be expressedas series of odd Mathieu functions, 

where normalization constant Noo2j+1 = J02πSo2j+i(θ)dθ = ∑nMBoj11)2. The decomposition of sinθ and structure of the ridge boundary condition suggest solution of the form,
Here H{o/e}2j+ι(μ) = J {o /e}2j+ι(μ) + iY {o / e} 2j+1(μ) are Hankel-Mathieu functions to ensure boundary condition for the waves to be outgoing. Substituting the proposed solution into (B.5), 
where prime denotes derivative with respect to appropriate independent variable and all radial functions are evaluated at μ = 0. Indexes were also dropped for simplicity. At first, after multiplying the above equation by So2m+1, integrating from0 to 2π, andutilizing the orthogonality relations, one obtains

114



Note the second term on the LHS appearing solely because of the Coriolis force and the tangential component of the flow in (B.5). The term represents “spatial coupling" between the odd and even basis functions. Their inter-dependence is determined by Neo22jm++11 = -π∑n(2n + 1)Be22jn++11Bo22nm++11.Carrying out the same steps, but with Se2m+1, the following matrix equation is formulated
Equations (B.11) and (B.12) form a linear system with the unknown coefficients. These equations are solved numerically only for the first jmax = 5 with ensured rapid convergence. Numerical software of Erricolo and Carluccio (2013) is used to obtain necessary coefficients for the Mathieu functions.
ReferencesErricolo, D., and G. Carluccio, 2013: Algorithm 934: Fortran 90 subroutines to compute mathieu functions for complex values of the parameter. ACM Transactions on Mathematical Software (TOMS), 
40 (1), 8.Greenspan, H. P., 1968: The theory ofrotating fluids. Cambridge University Press Archive, 340 pp.Gutierrez-Vega, J. C., R. Rodriguez-Dagnino, M. Meneses-Nava, and S. Chάvez-Cerda, 2003: Mathieu functions, a visual approach. American Journal of Physics, 71 (3), 233-242.McLachlan, N. W., 1951: Theory and application ofMathieu functions. Clarendon Press, 413 pp.Morse, P. M., and H. Feshbach, 1953: Methods of theoretical physics. McGraw-Hill New York, 1061 pp.
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Appendix C 

Details of the inverse calculation

The Macquarie Ridge is discretized into ~ 30 km elements, each representing a single wave source. These elements are positioned tangentially to the 3000-m isobath. Waves emitted from each element are given by the analytical solution described in Appendix B, and the total field in the basin is synthesized by summing individual contributions. The field can be expressed as
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where summation is performed over repeating indices. Index j represents a point where internal tide is given, while i stands for a wave source. Matrices Bipj, Biuj, Bivj are short notation for the analytical model and the polarization relations (B.2).
The magnitude of each source, pi is an unknown variable and is found via a minimization procedure. The objective function is defined by the mismatch in flux vectors between the synthesized field and given data (e.g., numerical experiments). The energy flux in the analytical field is computed as

where * is the complex conjugate. The problem is nonlinear. Linearization of the equations has to be performed and solved iteratively as follows. After the m-th iteration magnitude of the sources is pim. At the next iteration an adjustment δpim is sought such that residual between the given data and the analytically synthesized model will decrease. Omitting the second order terms, (δpim)2, the inverse model equation is written as,
The LHS represents the analytical model disagreement from the input "observations", Fx. On the RHS terms grouped by square brackets state the matrix coefficients for the respective linear system of equations. Both sides are updated after each iteration. The minimization procedure decreases the adjustment which in turn forces reduction ofthe mismatch. An additional constraint is necessary to forbid magnitudes from becoming negative, pim +δpim ≥ 0. Equation (C.3) and the magnitude constraint form the inverse problem. The system is solved by the methods of linear programming as a least square problem with inequality constraint (e.g., the LINPACK package).



where ∆φ describes spatial variation in the interference pattern. The number of the unknown physical parameters is reduced by one, however, the mathematical complexity increases due to introduction of a nonlinear term.
Equation (D.1) establishes an inverse model that theoretically relates the known, measured pressure with superposition of two plane waves. The decomposition method is further complemented with velocity components and multiplication products between all the quantities. The addition of the energy flux components and kinetic energy resolves wave travel direction ambiguity. The described approach is analogous to classical directional spectra methods used in surface wave theory (Benoit et al., 1997). Note that for surface gravity waves, the phase lag term is typically neglected because of water wave's phase randomness and absence of “phase- lockedness”. In deterministic problems, such as wave reflection, the term has to be kept and treated specially (Thomson et al., 2005; Dickson et al., 1995). Furthermore, influence of rotation on internal tide dynamics additionally complicates the formulation.
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The potential energy is then

Appendix D

Method to decompose a pointwise observation of an internal tide

D.1 DescriptionIt is impossible to unambiguously separate superposing waves given observations made at a single point. The major issue is related to separation of the unknown wave phases and directions which become mixed into the phase of a harmonic fit. In the simplest case of a single plane wave propagating in direction α given as
This wave can only be defined as A cos(ωt - φ) at a single point. The ambiguity substantially increases when interference is present, such that only additional observational points and consideration of respective travel times can resolve superposing waves. For a single point observation the phase uncertainty can be reduced by adopting energy quantities. Consider interference of two plane waves,



The decomposition employed here seeks to obtain amplitudes and directions of two superposing plane waves and the phase lag between them by fitting their superposition into observed energy quantities. The objective function whose minimum is sought represents L2-error between the fit and given values, 
where i, j cycles through mode-1 pressure and currents, q is the model fit that depends on unknown wave parameters and is calculated via the polarization relations (e.g., Gill, 1982), q is the observed value. All variables are non dimensional.

The problem is still ill-posed such that the given data are not sufficient to guarantee uniqueness or physical feasibility of the solution. Additional information has to be imposed on propagation directions, the phase lag and their respective variability. These constraints regularize the problem by adding errors to the objective function when the unknowns deviate from the assumed values. The penalty terms have the form of -θ-(θi∙ — (θi∙))θ, where θi- stands either for the propagation angles
σθior the phase lag, (θi) is the prescribed value, and σθ, is the given variance.

The method is applied to T-Beam observations made at the A1 mooring. The measured wave field is modeled as two mode-1 internal tidal waves. The primary wave describes the Tasman beam traveling northwest and is characterized by slight directional variability mainly associated with spring-neap cycle. The secondary wave represents reflection at Tasmania, is oriented eastward and is much more variable. Hence, the phase lag is thought to account for wave propagation to the reflective topography, phase addition upon reflection and travel back. This results in the estimate of ~ 60 which is the same as the average lag found in the simulations. Variance of the parameters is obtained as standard deviations between the results of the numerical experiments. Table 4.2 summarizes the used values.
The objective function is expressed as

The weight coefficient λ is used as a regularization parameter to scale the deviations from prescribed values against the model misfit. The coefficient is found by trial-and-error so that variability of the obtained beam incident angle is close to the spring-neap cycle of the stationary signal. It was chosen to be 2· 10-3. A more robust approach is to use L-curve criteria or cross
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validation method (Hansen, 2000), but the applicability to the nonlinear problem with many localized minima is unknown. Numerically, similar to Thomson et al. (2005) the minimization of the nonlinear model is found via methods of nonlinear optimization such as the truncated Newton algorithm (Dembo and Steihaug, 1983; Johnson, 2014).
D.2 Synthetic experiments

Synthetic experiments were performed to test the ability of the method to discern amplitudes and directions when the assumptions are not fulfilled. The input data were generated by superposing a main, constant wave with a secondary, variable wave representing the Tasman beam and a reflected eastward wave. Amplitude and direction of the secondary wave varied from 0 to 100 and from -90o to 90o, while the primary wave had constant amplitude of 100. In the first test scenario the assumption on the beam angle was scrutinized, i.e., the decomposition method was still applied with αNW = 150o, but the synthetic primary wave was set to have direction 180o. In the second scenario the phase lag was prescribed in quadrature to the assumed value, ∆φ = -30o. Errors of the decomposition are given in Figure D.1 where results from each scenario are plotted row-wise, and the axes show value of the secondary wave parameters.
The results highlight the importance of the phase lag on the quality of the decomposition. The largest errors are found for the strong secondary wave with the direction in the first quadrant (Fig. D.1E, F). The wave energy is aliased into the main wave resulting in large errors. In application to actual time series such issues are usually apparent by unrealistic jumps in the wave amplitudes since the method becomes unstable to small changes in the phase lag indicative of the problem's ill-posedness.
It follows from the both scenarios that the ability of the method to discern wave directions is worse than that of the amplitudes. It should be taken into account that directional variability in the synthetic experiments is larger than the prescribed variance. In conclusion, errors are approximately 10% and 15-20o for amplitudes and directions respectively.

ReferencesBenoit, M., P. Frigaard, and H. A. Schaffer, 1997: Analysing multidirectional wave spectra: a tentative classification of available methods. Proc. seminar on multidirectional waves and their 
interaction with structures, 131-158.
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Figure D.1: Results of the single point decomposition applied to test problems: in the upper row when the assumption on the main wave direction is not fulfilled, in the lower row the case of the wrong phase lag is given. The first two columns show errors in the amplitudes, the last two columns give errors in the wave bearings.
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