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ABSTRACT
The four goals of this dissertation were to investigate nanofluids' thermal and fluid dynamic 

performance in (i) an air coil, (ii) microchannel heatsink, using computational fluid dynamic 

(CFD) software, ANSYS Fluent, develop (iii) hydrodynamic entrance length correlation and (iv) 

apparent friction factor correlations in rectangular microchannels. In cold regions of the world, 

ethylene glycol mixed with water (EG/W) are used as a heat transfer fluid instead of water due to 

their freeze protection. EG/W has low thermal conductivity than water, which can be improved by 

dispersing nanoparticles and creating a new fluid called nanofluid.

A computational scheme was developed based on the Effectiveness-Number of Transfer 

Unit (ε-NTU) method to compare nanofluids' thermal and fluid dynamic performance to the 

conventional ethylene glycol and water mixture. The nanofluid's performance was examined by 

conducting two studies: reducing pumping power and reducing the air coil's surface area via length. 

The results showed at a dilute concentration of 1% of Al2O3 can reduce the pumping power 

requirements by 35.3% or reduce the air coil length by 7.4% while maintaining the same heat 

transfer rate as EG/W. The results show nanofluids could provide significant savings in energy or 

material costs.

The nanofluids' (Al2O3, CuO, and SiO2) thermal and fluid dynamic performance used in a 

microchannel heatsink was explored using analytical and computational methods. The 

computational model was developed in ANSYS Fluent. Comparing analytical and computational 

results, good agreement was observed validating both methods. The three nanofluids had a 

maximum difference of 4.1% for pressure drop and 2.9% for the Nusselt number. Three 

performance studies were conducted using the analytical model based on constant Reynolds 

number, maximum surface temperature, and pumping power. A constant Reynolds number of 

nanofluids could reduce the maximum surface temperature by 6K, but at the cost of increased 
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pumping power. Nanofluids showed the pumping power could be reduced by 23% compared to 

the base fluid while maintaining equal maximum surface temperature. In electronic cooling 

applications where microchannel heatsinks are used, nanofluids seem promising for lowering 

critical components' operating temperatures and contribute to increased life and system reliability.

A detailed three-dimensional laminar flow CFD model was developed and ran for Reynolds 

numbers ranging from 0.1 to 1000 through six rectangular microchannels aspect ratios (α): 1, 0.75, 

0.5, 0.25, 0.2, 0.125. The majority of the Reynolds numbers simulated were in the low regime 

(Re< 100) to fulfill the lack of literature for determining accurate hydrodynamic entrance length 

and apparent friction factor for microchannels. From these numerical simulations, improved 

correlations were developed to predict hydrodynamic entrance length with a mean error of less 

than 2% and a maximum error of 5.75% for 0.1 ≤ Re ≤ 1000 & 0 ≤ α ≤ ∞.

For the apparent friction factor in microchannels, three correlations were derived from the 

numerical simulations: fully developed friction factor (fRe), developing incremental pressure drop 

number (K(z)), and fully developed incremental pressure drop (K(∞)). The three correlations were 

used to determine the local fapp,zRe, in the applicable range of 0.1 ≤ Re ≤ 1000 & 0.125 ≤ α ≤ 8. 

The correlations showed a mean deviation of less than 3% and a maximum deviation of less than 

8.3% from the numerical data.
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CHAPTER 1: INTRODUCTION
1.1 Nanofluids

With the advancing technology, there is greater demand for thermal management. Over the years, 

improvements had been made to increase heat exchangers' performance, such as different 

construction materials, turbulent/mixing flow, and miniaturizing (micro/mini) to increase the heat 

transfer surface. While the heat exchanger has made substantial progress, the heat transfer fluid 

has remained unchanged. Depending on the heat exchanger's application, the heat transfer fluid 

could be water, oil, refrigerants, ethylene glycol and water (EG/W), or propylene glycol mixture 

(PG/W). EG/W has a thermal conductivity of 0.36 W∕m∙K at room temperature (300K), whereas 

aluminum oxide (Al2O3) has a thermal conductivity of 36.0W/m∙K in Figure 1.1. By dispersing 

nanometer size (≤ 100 nm) particles into the fluid denoted as base fluid, a new generation of 

engineered fluid is created called nanofluids [1]. A size comparison of biological systems to 

nanoparticles is shown in Figure 1.2.

Figure 1.1: Comparison of nanoparticles (Al2O3, CuO, SiO2) [2]and 60:40 EG/W [3] properties at room 
temperature (300K).

1



Figure 1.2: Size comparison of nanoparticles and biological systems [4]

Extensive research on nanofluids in recent years has proven that by dispersing a small volume of 

nanoparticles in conventional heat transfer fluids, their thermal conductivity and convective heat 

transfer can be enhanced. Due to the higher thermal conductivity and diffusivity of nanoparticles 

compared to liquids, they transport the heat from the low-temperature region to the high- 

temperature region within the thermal boundary layer. The heat transfer is also enhanced by the 

particles' Brownian motion that generates microscale turbulence and convection in the fluid 

surrounding the nanoparticles. In recent years, researchers have shown that by dispersing a small 

volume of nanoparticles into the base fluid, the thermal conductivity and convective heat transfer 

coefficient [5-9] of the fluid can be significantly enhanced. The improvement in thermal 

conductivity is shown in Table 1.1.

Table 1.1: Experimental improvement of thermal conductivity

Base Fluid Material
Nanoparticle Nanofluid

Thermal 
Conductivity

Diameter
(nm)

Volumetric
Concentration

EG [10] Cu 10 0.3% 40%
EG [11] CuO 30.8-39.2 5% 22.4%
Oil [12] MWCT* 25 1% 150%

Al2O3 53 6% 47%
EG/W(60:40)** [7] CuO 29 6% 60%

ZnO 29-77 7% 48.5%

* Multiwall carbon nanotubes (L=50 μm ) **T=363K
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1.2 Nanoparticle Synthesis Techniques

Nanoparticles are being synthesized using one or a combination of three techniques: solid-state, 

precipitation, or vapor-phase processing. Netzsch LMZ-25 ZETA II system and Dyno-Mill ECM 

have developed a solid-state technique that may allow nanoparticles in the range of 30 nm. In 

comparison, the solid-state technique typically produces nanoparticles in the range of 100nm. The 

particles are created using a mechanical process by using a media mill after heating the precursor 

material to achieve a specific crystal structure. The solid-state technique has some drawbacks, such 

as limited particle size, impurity pick up from the media mill, and inability to tailor precisely the 

shape, size of particles, and surface characteristics, making this technique best suited for creating 

microparticles [13].

The precipitation technique uses a chemical process to precipitate inorganic nanoparticle 

compounds. The precipitation technique tends to create a nanocrystalline powder instead of a 

dispersible nanoparticle powder [13].

The vapor-phase technique is the primary technique used by major companies for creating 

nanoparticles. The technique involves vaporizing the precursor material and cooling the vapor to 

produce nanoparticles. The nanofluids used in research projects by the nanofluids group at the 

University of Alaska Fairbanks (UAF) are produced mainly by Alfa Aesar [14], which uses a one 

or two-step vapor-phase technique.

In the one-step process, the precursor material is vaporized using arc energy. The precursor vapor 

is condensed into nanoparticles by direct contact with a cooled flowing liquid, as shown in Figure 

1.3a [15]. For pure metals (e.g., copper), the one-step process is necessary and can produce 

nanoparticles with an average size ranging from 20-60 nm.
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The two-step process (“Kool-Aid” method [15]) vaporizes the precursor materials the same way 

as the one-step process. Instead of the liquid, a reactant gas is used to cool the precursor vapor at 

a controlled rate, as shown in Figure 1.3b. The nanoparticle powder is then mixed into a base fluid, 

creating nanofluids. The two-step process can yield nanoparticles with an average size ranging 

from 35-75nm [14, 16].

Figure 1.3: Nanoparticle synthesis techniques: a) One-step process [15] b) Two-step process [14]

1.3 Agglomeration Prevention

One weakness of nanofluids is achieving long-term stable dispersion, meaning no agglomeration 

(clumping) and settling of the particles. Surfactants or dispersants are used to prevent the 

nanoparticles from agglomerating.

Once agglomeration has occurred, the nanoparticles can be separated by ultrasonication. After 

long-term storage, the nanofluids will have to be sonicated under a frequency of 40 kHz for two 

to six hours [7, 17, 18].

1.4 Nanofluids Thermophysical Properties

A brief outline of correlations developed by the nanofluids group at UAF for nanofluids' 

thermophysical properties dispersed in EG/W 60:40 by mass is given in the following sections. 

The diameter and physical properties (density, specific heat, and thermal conductivity) of 
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nanoparticles are summarized in Table 1.2. The nanoparticle's diameter represents an average

particle size presented by the manufacturer and shown in Figure 1.4.

Figure 1.4: A TEM image of Al2O3 nanoparticles.

Table 1.2: Nanoparticle properties at 300 K

Particle Diameter 
(nm)

Density S
(kg/m3)

pecific Heat Thermal Conductivity
(J/ kg∙K) (W / m∙K)

Al2O3 45 3600 765 36.0
CuO 29 6500 533 17.65
SiO2 20 2220 745 1.38

1.4.1 Density

Pak and Cho [6] presented a theoretical equation (Eq. (1.1)) to predict the density of nanofluids. 

Vajjha et al. [19] conducted experimental measurements of density for three EG/W nanofluids 

(aluminum oxide, antimony-tin oxide, and zinc oxide). Their measured values were in good 

agreement with Eq. (1.1).

5

The "nf", "p", and "bf" subscripts denote nanofluid, particle, and base fluid, respectively.

Using Eq. (1.1), Figure 1.5 was created to illustrate the effects of temperature on the nanofluids' 

density. As expected, increasing the nanoparticles' volumetric concentration increases the 

nanofluid's density. The increase in temperature mildly decreases the density.



Figure 1.5: The variation of density with increasing temperature for the base fluid (EG/W) and three nanofluids 
(Al2O3, CuO, SiO2) with concentrations of 1 and 2%

1.4.2 Specific Heat

Xuan and Roetzl [20] presented Eq. (1.2) derived from theory for determining the specific heat of 

nanofluids.

Vajjha and Das [17] conducted specific heat measurements on three nanofluids (Al2O3, ZnO, 

SiO2). They developed an empirical correlation given by Eq. (1.3), where A, B, and C are curve- 

fit coefficients for each nanoparticle. Aluminum oxide and copper oxide were dispersed in 60:40 

ethylene glycol and water mixture (EG/W), while silicon dioxide was dispersed in water. The 

curve-fit coefficients (A, B, and C) and the deviation between experimental data and Eq. (1.3) are 

summarized in Table 1.3.
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Table 1.3: Curve-fit coefficients for the specific heat of nanofluids [17].

Nanofluid A B C Max.
Deviation (%)

Avg. Absolute
Deviation (%)

Al2O3 - EG/W 0.2433 0.5179 0.4250 5.0 2.28
SiO2 - Water 0.4832 1.1937 0.8021 3.1 1.5
ZnO - EG/W 0.1258 0.9855 0.2990 4.4 2.7

In the research conducted in this dissertation, Eq. (1.2) is used to determine the specific heat of 

copper oxide and silicon dioxide dispersed in 60:40 ethylene glycol and water mixture. While for 

aluminum oxide, the correlation (Eq. (1.3)) is used.

In Figure 1.6, the effects of volumetric concentration and temperature on specific heat are shown. 

It is observed that increasing the volumetric concentration decreases the specific heat, which 

diminishes the amount of thermal energy per unit mass the fluid can carry. Specific heat of 

nanofluids increases with an increase in temperature.

Figure 1.6: The variation of specific heat with increasing temperature for the base fluid (EG/W) and three 
nanofluids (Al2O3, CuO, SiO2) with concentrations of 1 and 2%

However, looking at the volumetric heat capacity (p∙cp) shown in Figure 1.7, 1% concentration 

of Al2O3 and CuO nanofluids experience a minimal decrease in the volumetric heat capacity.
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Figure 1.7: The variation of volumetric heat capacity with increasing temperature for the base fluid (EG/W) 
and three nanofluids (Al2O3, CuO, SiO2) with concentrations of 1 and 2%

1.4.3 Viscosity

Namburu et al.[21, 22] and Sahoo et al. [23] measured the viscosities of aluminum oxide, copper 

oxide, and silicon dioxide dispersed in EG/W with temperatures ranging from 273 to 363 K. 

Utilizing the data of these previous researchers, Vajjha et al. [24] developed a nondimensional 

correlation, Eq. (1.4) for the viscosity of those three nanofluids. The curve-ft coefficients A and B 

for three nanofluids proposed by Vajjha et al. are summarized in Table 1.4.

Table 1.4: Curve-fit coefficients for viscosity of different nanofluids valid in the temperature range of 273 K ≤ 
T ≤ 363 K.

Nanoparticle A B Concentration
Al2O3 0.983 12.959 1% <φ< 10%
CuO 0.9197 22.8539 1% ≤φ≤6%
SiO2 1.0249 6.5972 1% <φ< 10%

The maximum deviation between the experimental data and the curve-fit Eq. (1.4) is reported by

Vajjha et al. [24] to be ±12%.
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Unfortunately, the increase in nanofluids' viscosity over the base fluid (Figure 1.8) is a weakness 

as it increases the pumping power requirements. However, at high temperatures, the increase in 

viscosity becomes marginal.

Figure 1.8: The variation of viscosity with increasing temperature for the base fluid (EG/W) and three 
nanofluids (Al2O3, CuO, SiO2) with concentrations of 1 and 2%

1.4.4 Thermal Conductivity

Hamilton and Crosser [25] presented a thermal conductivity model for a solid-liquid mixture. Koo 

and Kleinstreuer [5] expanded the thermal conductivity model by including Brownian motion for 

nanofluids, as presented in Eq. (1.5). The first term in Eq. (1.5) is from the mixture theory and the 

second is due to Brownian motion. Following Koo and Kleinstreuer [5] model, Vajjha and Das [7] 

and Sahoo et al. [26] have developed f (T,φφ correlation (Eq. (1.6)) and the β term (Table 1.5) for 

Al2O3, CuO, and SiO2 nanoparticles dispersed in 60:40 EG/W mixture. Vajjha and Das [7] and 

Sahoo et al. [26] utilized steady-state measuring techniques to determine the thermal conductivity 

of aluminum oxide, copper oxide, zinc oxide, and silicon dioxide nanoparticles dispersed in EG/W.

Equations (1.5) and (1.6) yield an average deviation of 0.23%, 5.74%, and 1.97% for Al2O3, CuO, 

and SiO2 EG/W nanofluids, respectively.
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The curve-fit relations for β proposed by Vajjha and Das [7] for Al2O3, CuO, and Sahoo et al. [26]

for SiO2 are summarized in Table 1.5.

Table 1.5: Curve-fit relations for thermal conductivity of different nanofluids valid in the temperature range of
298 K ≤ T ≤ 363 K and specified concentration ranges.

Type of Particle β Concentration
Al2O3 8.4407(100φ)-1'07304 1% <φ< 10%

CuO 9.881(100φ)-0.9446 1% ≤ϕ≤6%
SiO2 1.9526(100φ)-1.4594 1%<φ<10%

Nanofluids' thermal conductivity increases with volumetric concentration and temperature, as 

shown in Figure 1.9. A thermal conductivity enhancement of 51% is observed for the 2% CuO

nanofluid at 363 K (90°C).

Figure 1.9: The variation of thermal conductivity with increasing temperature for the base fluid (EG/W) and 
three nanofluids (Al2O3, CuO, SiO2) with concentrations of 1 and 2%
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1.5 Outline of the Present Research

The goals of this dissertation were to:

• Analytically investigate the thermal and fluid dynamic performance of various nanofluids 

in an air coil.

• Numerically and analytically examine nanofluids' performance in a microchannel heatsink.

• Numerically model a three-dimensional laminar flow in a microchannel for 37 Reynolds 

numbers varying from 0.1, 0.2...1, 2...10, 20...100, 200.. .1000 and six rectangular 

microchannels (aspect ratios: 1, 0.75, 0.5, 0.25, 0.2, 0.125) to develop correlations for 

hydrodynamic entrance length, fully developed friction factor, fully developed incremental 

pressure drop number, and developing incremental pressure drop number.

1.6 Summary of Subsequent Chapters

This dissertation has been written in manuscript format. Chapters 1 and 6 describe the general 

introduction and overall conclusions of the dissertation. Chapters 3 and 4 are already published in 

journals, and Chapters 2 and 5 are being prepared for submission to journals.

Chapter 2 describes an analytical investigation of nanofluids' thermal and fluid 

performance in an air coil. Three different nanofluids were examined: Al2O3, CuO, and SiO2 

dispersed in 60:40 EG/W for concentrations from 1 to 4%. The study covered a wide range of 

parameters such as air Reynolds numbers (500-1500), fluid inlet temperature (322K to 366K), and 

fluid Reynolds numbers (6000-15000). Two performance studies were conducted: reduction of 

pumping power and air coil length for the same amount of heat transfer.

Chapter 3 describes a numerical and analytical investigation of nanofluids in microchannel 

heatsink. A three-dimensional finite volume conjugate heat transfer model was developed using 

ANSYS Fluent [27]. The computational model was used to validate the analytical model. The 
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analytical and computational results for pressure drop and Nusselt number were in good agreement 

for nanofluids, showing a maximum difference of 4.1% and 2.9%, respectively. Once the analytical 

model was verified, three studies were conducted based on constant Reynolds number, pumping 

power, and maximum surface temperature.

Chapter 4 presents a numerical study of a three-dimensional laminar flow model under 

various Reynolds numbers in rectangular microchannels of different aspect ratios. The numerical 

research explores the developing flow region to determine the fully developed criterion and 

hydrodynamic entrance length. Three fully developed criteria were examined velocity, incremental 

pressure drop number, and fRe. New hydrodynamic entrance length correlations were developed 

for velocity and fRe criteria, which are applicable in the low Reynolds number regime.

Chapter 5 uses the numerical data from Chapter 4 to develop correlations to determine the 

apparent friction factor. Three correlations were created for fully developed friction factor (fRe), 

fully developed incremental pressure drop number (K(∞)), and developing incremental pressure 

drop number (K(z)).

Chapter 6 summarizes the overall conclusions drawn from the present studies and 

recommendations for future research.

1.7 Nomenclature

Symbols Parameter Base Units
A,B,C,... Dimensionless curve-fit constants

cp Specific heat [J∙kg-1∙K-1]
dp Particle diameter [nm]
k Thermal conductivity [W∙m-1∙K-1]
T Temperature

Greek Letters
[K]

κ Boltzmann constant [J∙k-1]
μ Viscosity [Pa∙s]
ρ Density [kg∙m-3]
ϕ Volumetric concentration [--]

12



1.8 References

[1] Choi, S. U. S., 1995, "Enhancing Thermal Conductivity of Fluids with Nanoparticles," 

Developments and Applications of Non-Newtonian Flows, D. A. Singer, and E. H. P. Wang, eds., 

ASME, New York,FED-231∕MD-66, pp. 99-105.

[2] Cengel, Y., and Ghajar, A., 2014, Heat and Mass Transfer: Fundamentals and Applications, 

McGraw-Hill Education, New York, NY.

[3] ASHRAE, 2005, ASHRAE Handbook: Fundamentals, American Society of Heating, 

Refrigerating and Air-Conditioning Engineers, Atlanta, GA.

[4] Contera, S., 2013, "Physics in Nanomedicine: Interfaces and Mechanical Properties of

Nanomaterials and Biological Systems with AFM,"

http://www.azonano.com/article.aspx?ArticleID=3012 .

[5] Koo, J., and Kleinstreuer, C., 2005, "A New Thermal Conductivity Model for Nanofluids,"

Journal of Nanoparticle Research, 7(2-3), pp. 324-324.

[6] Pak, B. C., and Cho, Y. I., 1998, "Hydrodynamic and Heat Transfer Study of Dispersed Fluids 

with Submicron Metallic Oxide Particles," Exp Heat Transfer, 11(2), pp. 151-170.

[7] Vajjha, R. S., and Das, D. K., 2009, "Experimental Determination of Thermal Conductivity of 

Three Nanofluids and Development of New Correlations," International Journal of Heat and Mass 

Transfer, 52(21-22), pp. 4675-4682.

[8] Ray, D. R., and Das, D. K., 2014, "Superior Performance of Nanofluids in an Automotive 

Radiator," ASME Journal of Thermal Science and Engineering Applications, 6(4), p. 041002.

13

Subscripts
bf Base fluid
nf Nanofluid
p Nanoparticle

http://www.azonano.com/article.aspx?ArticleID=3012


[9] Ray, D. R., Das, D. K., and Vajjha, R. S., 2014, "Experimental and Numerical Investigations 

of Nanofluids Performance in a Compact Minichannel Plate Heat Exchanger," International 

Journal of Heat and Mass Transfer, 71, pp. 732-746.

[10] Eastman, J. A., Choi, S. U. S., Li, S., Yu, W., and Thompson, L. J., 2001, "Anomalously 

Increased Effective Thermal Conductivities of Ethylene Glycol-Based Nanofluids containing 

Copper Nanoparticles," Applied Physics Letters, 78(6), p. 718.

[11] Liu, M. S., Lin, M. C. C., Huang, I. T., and Wang, C. C., 2006, "Enhancement of Thermal 

Conductivity with CuO for Nanofluids," Chemical Engineering & Technology, 29(1), pp. 72-77.

[12] Choi, S. U. S., Yu, W., Hull, J. R., Zhang, Z. G., and Lockwood, F. E., 2001, "Nanofluids for 

Vehicle Thermal Management," SAE International.

[13] Ganesh, S., and Amit, S., 2006, "Perspectives on the Science and Technology of Nanoparticle 

Synthesis," Nanomaterials Handbook, CRC Press, Boca Raton, FL.

[14] Aesar, A., 2013, "Nanoparticle and Dispersions,"

https://www.alfa.com/media/docs/Nanoparticles.pdf .

[15] Kostic, M., 2003, "Nanofluids Advanced Flow and Heat Transfer Fluids,"Northern Illinois 

University.

[16] Nanophase, 2013, "Dispersion, Surface, Production," http://nanophase.com/technology .

[17] Vajjha, R. S., and Das, D. K., 2009, "Specific Heat Measurement of Three Nanofluids and 

Development of New Correlations," ASME Journal of Heat Transfer, 131(7), pp. 1-10.

[18] Vajjha, R. S., and Das, D. K., 2012, "A Review and Analysis on Influence of Temperature and 

Concentration of Nanofluids on Thermophysical Properties, Heat Transfer and Pumping Power," 

International Journal of Heat and Mass Transfer, 55(15-16), pp. 4063-4078.

14

https://www.alfa.com/media/docs/Nanoparticles.pdf
http://nanophase.com/technology


[19] Vajjha, R. S., Das, D. K., and Mahagaonkar, B. M., 2009, "Density Measurement of Different 

Nanofluids and Their Comparison with Theory," Petroleum Science & Technology, 27(6), pp. 612

624.

[20] Xuan, Y., and Roetzel, W., 2000, "Conceptions for Heat Transfer Correlation of Nanofluids," 

International Journal of Heat and Mass Transfer, 43(19), pp. 3701-3707.

[21] Namburu, P. K., Kulkarni, D. P., Dandekar, A., and Das, D. K., 2007, "Experimental 

Investigation of Viscosity and Specific Heat of Silicon Dioxide Nanofluids," Micro & Nano 

Letters, 2(3), pp. 67-71.

[22] Namburu, P. K., Kulkarni, D. P., Misra, D., and Das, D. K., 2007, "Viscosity of Copper Oxide 

Nanoparticles Dispersed in Ethylene Glycol and Water Mixture," Experimental Thermal and Fluid 

Science, 32(2), pp. 397-402.

[23] Sahoo, B. C., Vajjha, R. S., Ganguli, R., Chukwu, G. A., and Das, D. K., 2009, "Determination 

of Rheological Behavior of Aluminum Oxide Nanofluid and Development of New Viscosity 

Correlations," Petroleum Science and Technology, 27(15), pp. 1757-1770.

[24] Vajjha, R. S., Das, D. K., and Kulkarni, D. P., 2010, "Development of New Correlations for 

Convective Heat Transfer and Friction Factor in Turbulent Regime for Nanofluids," International 

Journal of Heat and Mass Transfer, 53(21-22), pp. 4607-4618.

[25] Hamilton, R. L., and Crosser, O. K., 1962, "Thermal Conductivity of Heterogeneous Two- 

Component Systems," Industrial & Engineering Chemistry Fundamentals, 1(3), pp. 187-191.

[26] Sahoo, B. C., Das, D. K., Vajjha, R. S., and Satti, J. R., 2013, "Measurement of the Thermal 

Conductivity of Silicon Dioxide Nanofluid and Development of Correlations," ASME Journal of 

Nanotechnology in Engineering and Medicine, 3(4).

[27] ANSYS, 2017, "Fluent Academic Research, Release 18.1," ANSYS, Inc, Canonsburg, PA.

15



16



CHAPTER 2:COMPARATIVE PERFORMANCE OF AIR COILS WITH NANOFLUIDS*

*Manuscript under preparations for submission to the American Society of Heating Ventilating and Air Conditioning 
Journal for publication.

2.1 Abstract

A numerical model was developed to compare air coils' thermal performance considering the 

conventional ethylene glycol and water mixture and three different nanofluids: aluminum oxide, 

copper oxide, and silicon dioxide. The model was validated by comparing its predictions with 

experimental data, which showed they agreed within an acceptable range for heat transfer rate and 

pressure loss. The model was then applied to three nanofluids with volumetric particle 

concentrations ranging from 1 to 4%. Results showed at a dilute concentration of 1% nanofluids 

can reduce pumping power when maintaining an equal heat transfer rate compared to the base 

fluid. Al2O3 - 1% can reduce the pumping power requirements by 35.3% or decrease the air coil's 

length by 7.4%.
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2.2 Introduction

In the circumpolar regions of the world, the heating season for buildings may be quite long.

For many places in Alaska, it stretches for 8 to 9 months of the year. Therefore, a large number of 

fossil fuels are burned to heat residential and commercial buildings. Avadhanula et al. [1] reported 

more than 50% of the total energy consumption goes towards heating buildings in Alaska. The 

outdoor air is heated by air coils carrying hot fluids in it, ethylene glycol and water (EG/W 60:40 

by mass) or propylene glycol and water (PG/W 60:40 by mass) mixtures in cold regions. In 

moderately cold areas, such as the lower parts of the United States, water is commonly used. 

Glycols are used for freeze protection because the temperature in winter in many parts of Alaska, 

Canada, Russia, and the Scandinavian countries may reach as low as -40°C, and the ASHRAE 

handbook [2] predicts that glycol/water 60:40 by mass mixture would not freeze at -40°C.

Due to the extreme demand for heating in these cold regions, nanofluids are excellent 

candidates to be evaluated for use in air coils. Several studies [3-7] have shown nanofluids can 

generate higher convective heat transfer coefficients in internal forced convection under similar 

flow conditions compared to the conventional heat transfer fluid used today. Therefore, nanofluids 

can reduce the size of air coils or the pumping power necessary to circulate the fluid for the same 

amount of heat transfer rate from the air coil.

2.2.1 Objective

The thermal and fluid dynamic performance for different heat transfer fluids was examined 

in an air coil in buildings. The heat transfer fluids study in the present paper includes ethylene 

glycol and water 60:40 by mass (EG/W) and several nanofluids: aluminum oxide (Al2O3), copper 

oxide (CuO), and silicon dioxide (SiO2) nanoparticles dispersed in EG/W. The nanofluids volume 

particle concentrations varied from 1 to 4 %. Calculate the heat transfer and fluid dynamic 
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performance of a multi-pass building heating air coil presented in the book by McQuiston et al. 

[8]. Compare the coil's surface area to transfer the same amount of heat by the base fluid and the 

nanofluid. Compare the required pumping power.

2.2.2 Benefits

Since millions of air coils of various sizes are manufactured every year for buildings using 

nanofluids, material and pumping power could be reduced significantly. Ray and Das [7] predicted 

that substituting a 1 % volumetric concentration of aluminum oxide nanoparticles in the same base 

fluid, EG/W 60:40, in the automobile radiators worldwide will save 36 million pounds of 

aluminum per year from radiator manufacturing.

2.2.3 Past Work

The thermal performance of air coils using single-phase liquids has been widely explored. Well- 

known reference books on this subject are by McQuiston et al. [8], Kuehn et al. [9], Kreider, and 

Rabl [10], and ASHRAE Handbook of 2013 [2]. In these references, the design equations and 

performance analysis procedure for single-phase liquids, such as water, glycols, methanols, brine 

solution, etc., have been summarized. However, studies with nanofluids circulating in air coils are 

pretty limited.

Strandberg and Das [11] studied CuO nanofluid in EG/W for building heating and found 

that nanofluids' convective heat transfer coefficient exhibit strong temperature dependence. At a 

mean fluid temperature of 323K, they determined that the Nusselt number was enhanced by 87% 

for the 4% concentration nanofluid relative to the base fluid for a Reynolds number of 14,000 in 

the air coil. The convective heat transfer coefficient for the 2% concentration nanofluid was 14% 

higher than for the base fluid for a mean fluid velocity of 3.0 m/s. Fluid pumping power under a 

given flow condition was higher for the nanofluid. At 323K, the 2% concentration nanofluid 
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required about 19% higher pumping power than the base fluid. Thus, nanofluids enhanced heat 

transfer but also needed more pumping power.

Strandberg and Das [12] characterized the performance of finned tube radiators with CuO 

and Al2O3 nanofluids at different volumetric concentrations for a baseboard heater, where the 

airside heat transfer was under natural convection from fins. They developed a model to compare 

the finned tube radiators' performance to that with the EG/W 60:40 base fluid. The model 

predicted that 4% Al2O3 nanofluid yielded a heating output that was 11.6% greater than with the 

base fluid at 0.305 m/s. The 4% CuO nanofluid generated heating output that is 8.7% greater than 

with the base fluid with the same inlet conditions in a finned tube. So, Al2O3 nanofluid is superior 

to the CuO nanofluid under similar flow conditions. When compared based on equivalent heating 

output, the use of these types of nanofluids reduced pumping power because lower average liquid 

velocity was required for equal heat output with the same inlet conditions. For 4% Al2O3 nanofluid 

with a heating output of 1,000 W/m, the pumping power to overcome the frictional pressure drop 

was approximately 61% less than that required with the base fluid at the same heating output.

Strandberg and Das [13] developed a model to compare heating coil performance with 

EG/W 60:40, the base fluid, CuO, and Al2O3 nanofluids typical of those found in commercial 

hydronic forced convection heating coils placed in air ducts under cold climates. The model 

predicted that heating coil capacity with Al2O3 nanofluid was superior to the heating capacity 

calculated using CuO nanofluid or the base fluid. The 4% Al2O3 nanofluid yielded a coil capacity 

that is 15.9% greater than with the base fluid considering identical inlet conditions and an average 

liquid velocity of 0.43 m/s. The 4% Al2O3 nanofluid reduced the frictional pressure drop on the 

tube side of the coil averaged 16.8% when compared to the base fluid for equal heating coil 

capacities ranging from 10 and 16 kW.
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In summary, all the above studies showed promise for nanofluids in building heating 

systems in comparison to traditional single-phase heat transfer liquids used nowadays.

2.3 Thermophysical Properties

Correlations for density, specific heat, dynamic viscosity, and thermal conductivity of the base 

fluid, air, and nanofluids are required for the computational analysis. These correlations are noted 

below.

2.3.1 Air

Ray and Das [7] developed the thermophysical correlations for air as presented in Table 2.1. The 

correlations were curve-fitted using data from Cengel [14], which offers a broader temperature 

range of 223K ≤ T ≤ 373K. The density correlation was derived from the ideal gas law. The 

correlations for specific heat, viscosity, and thermal conductivity followed models presented by 

Yaws [15], but in nondimensional form. The correlations' coefficient of determination is R2 ≈ 1 

and the absolute error associated with all the correlations are less than or equal to 0.3%.
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Table 2.1: Air properties correlations for 223 K ≤ T ≤ 373 K [7]

2.3.2 Ethylene Glycol and Water mixture

Ray and Das [7] also developed the thermophysical correlations for ethylene glycol and water 

(EG∕W) 60:40 mixture by mass, as presented in Table 2.2. EG∕W mixture remains unfrozen until 

about -48.3°C and is excellent for frigid temperatures. The base fluid property data was obtained 

from the ASHRAE Fundamentals Handbook [16] and was curve fitted over the temperature range 

of 238K ≤ T ≤ 398K. Except for the viscosity, the thermophysical correlations are a

nondimensional form of Yaws [15] proposed models. The viscosity correlation follows White's 

[17] recommendation for liquids. All the thermophysical correlations show a coefficient of 

determination R2 ≈ 1 and an absolute error of less than 0.1%, except for viscosity. The viscosity 

correlation's accuracy can be improved by splitting the temperature into two segments, 238K ≤ T
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≤ 273K and 273K ≤ T ≤ 398K, achieving an error of less than 0.9%. Only the correlation covering 

the temperature range: 273K ≤ T ≤ 398K is shown in Table 2.2. The subscript “0” refers to the 

fluid property at the standard reference temperature of 273K (T0).

Table 2.2: EG/W 60:40 properties correlation for 238K ≤ T ≤ 398K (-35oC ≤ T ≤ 125oC) [7]

2.3.3 Nanofluids Thermophysical Properties

A brief outline of present correlations for nanofluids' thermophysical properties dispersed in EG∕W

60:40 by mass is given below.
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2.3.3.1 Density

The nf, p, and bf subscripts denote nanofluid, particle, and base fluid, respectively.

The nanoparticle's density is presented in Table 2.3, along with their diameter, specific heat, and 

thermal conductivity.

Table 2.3: Nanoparticle Properties

Diameter Density Specific Heat Thermal Conductivity
particle (nm) (kg/m3) (J∕kg∙K)(W∕m∙K)
Al2O3 45 3600 765 36.0
CuO 29 6500 533 17.65
SiO2 20 2220 745 1.38

2.3.3.2 Specific Heat

Vajjha and Das [20] developed a specific heat correlation for three nanofluids (Al2O3, ZnO, SiO2) 

by conducting measurements. The Al2O3 and ZnO nanoparticles were dispersed in 60:40 EG/W, 

while the SiO2 was dispersed in deionized water. The present paper uses Eq. (2.2) to determine 

the specific heat of Al2O3 dispersed in EG/W.

While Eq. (2.3) presented by Xuan and Roetzel [21] is used to determine the specific heat for

copper oxide and silicon dioxide dispersed in EG/W.
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Pak and Cho[18] presented the theoretical density Eq. (2.1). Vajjha et al. [19] experimentally 

determined the density of three different nanofluids: aluminum oxide, antimony-tin oxide, and zinc 

oxide and compared the results with Eq. (2.1). The theoretical equation was in good agreement 

with the experimental data.



2.3.3.3 Viscosity

Table 2.4: Viscosity curve-fit coefficient for different nanofluids for 273 K ≤ T ≤ 363 K.

Nanoparticle A B Concentration
Al2O3 0.983 12.959 1% <φ< 10%
CuO 0.9197 22.8539 1%<ϕ<6%
SiO2 1.0249 6.5972 1% <φ< 10%

2.3.3.4 Thermal Conductivity

Koo and Kleinstreuer [25] presented a thermal conductivity model for nanofluids based on

Hamilton and Crosser's model with the Brownian motion term in Eq.(2.5a). Using Koo and

Kleinstreuer model, correlations ( f (T,Φ) & β) have been developed for aluminum oxide, copper

oxide [26], and silicon dioxide [27] dispersed in a 60:40 EG/W mixture. The Eq. (2.5b) presented 

by Vajjha and Das [26] and Sahoo [27] has an average deviation of 0.23%, 5.74%, and 1.97%, 

with the experimental data for Al2O3, CuO, and SiO2, respectively. The parameter β is a curve-fit 

function of volumetric particle concentration, as shown in Table 2.5.
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Vajjha et al. [4] complied nanofluids' viscosity data from several researchers [22-24] and 

developed a nondimensional correlation Eq. (2.4) covering the temperature range from 273K to 

363K for Al2O3, CuO, and SiO2 nanoparticles dispersed in EG/W 60:40. The curve-fit constants 

(A and B) Vajjha et al. determined are summarized in Table 2.4.



Table 2.5: Thermal conductivity curve-fit relations for different nanofluids for 298K ≤ T ≤ 363K.

Type of Particle β Concentration
Al2O3 8.4407(100ϕ)-1∙07304 1% <φ< 10%
CuO 9.881(100ϕ)-0∙9446 1% ≤ϕ≤6%
SiO2 1.9526(100φ)-1∙4594 1% <φ< 10%

2.4 Air Coil

The present study used the geometries of a Titus [28] air coil. The schematic geometry of the air 

coil is shown in Figure 2.1. The air coil has a rectangular fin 2-row/4-pass configuration. Table 2.6

lists the other parameters and values needed for the analysis.

Figure 2.1: A schematic diagram of a Titus air coil [29]
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Table 2.6: Staggered plate-fin-tube air coil geometry parameters.

Parameter Symbol Unit Values
Core Geometry L,H,D cm 30.5, 25.4, 5.25

Number of Tube Row Nr --- 2
Total Number of Tubes Nt --- 16

Number of Passes per Row Np --- 4
Number of Circuits Nc --- 2

Air Side Subscript 1
Fluid Side Subscript 2

Tube Material Copper (C11000)
Tube Roughness εt μm 1.52

Tube Thermal Conductivity kt W /(m∙K) 390.5
Fin Material Aluminum Alloy 1100

Fin Thermal Conductivity k W /(m∙K) 221.7
Longitudinal Tube Spacing Xl mm 35
Transversal Tube Spacing Xt mm 25

Outside Tube Diameter Do mm 12.7
Tube Wall Thickness δt mm 0.4
Inside Tube Diameter Di mm 11.9

Fin Pitch P Fin/cm 3.9
Fin Spacing Xf mm 2.54

Fin Thickness δf mm 0.25

2.4.1 Operational Parameters

The real-world operational conditions of an air coil, such as inlet and outlet temperatures and flow 

rates for both liquid and air, must be used to derive meaningful results from comparing the air 

coils' performance using different coolants. Multiple sources were reviewed to determine an 

appropriate range for the parameters. The parameters used in the present analysis are summarized 

in Table 2.7.
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Table 2.7: Operational parameters for air coils

Parameters
Sources

[8, 9, 13, 28, 30-34] Parameters used in the present analysi

Min Max Min Max When Held Constant
Relative Humidity 0 90 -- -- 0
Air inlet temp (K) 244 311 -- -- 288

Fluid inlet temp (K) 255 422 323 366 355
Air Reynolds Number 200 10000 500 1500 1000

Liquid Reynolds Number 3500 40000 6000 15000 10000

Two of the parameters, relative humidity and air inlet temperature, are not varied in the presented 

paper as their effects on nanofluid performance were marginal.

2.5 Thermal and Fluid Dynamic Calculations

The effectiveness - Number of Transfer Unit (ε-NTU ) analysis was incorporated in MATLAB [35] 

coding to determine the air coil's thermal and fluid dynamic performance. The computational 

scheme is illustrated in Figure 2.2. The ε-NTU analysis usually does not require an iterative 

process. Doing so provides more accurate temperature values for determining the fluid's 

thermophysical properties, especially nanofluids, due to their strong temperature dependence.

Figure 2.2: Flow chart analysis of the computational approach

2.5.1 Heat Transfer Coefficients

Wang et al. [32] developed Colburn Factor correlations for a wide range of fin-and-tube heat

exchangers having a plain fin geometry. Eq. (2.6),
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Where

The average Reynolds number presented in Table 2.6 uses the hydraulic diameter, while ReDc uses

the fin collar diameter, Eq. (2.8).

Fin Collar Diameter

A simpler version of the traditional Gnielinski Nusselt number correlation is given below by 

Eq.(2.10), presented in Bejan [36]. Gnielinski [37] developed this Hausen type correlation to cover 

the technically significant range for liquids without adding the complication of a friction factor 

term and found it to have good accuracy.

Following Eq. (2.10), Vajjha et al. [4] developed a new Nusselt number correlation, Eq. (2.11), for 

nanofluids.
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2.5.2 Fin Efficiency

An approximation was used to determine the fin efficiency of the rectangular-plate fins. The fin 

area is equivalent in performance to a flat circular-plate fin of equal area. Once the equivalent fin 

radius, Eq. (2.13), is determined, fin efficiency can be calculated using Eqs. (2.14). K ,K ,I ,I

are Bessel functions.

2.5.3 Thermal Resistance and Overall Heat Transfer Coefficient

The following equations were incorporated into the MATLAB computational model.
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2.5.4 Effectiveness - Number of Transfer Unit (ε-NTU)

31



2.5.5 Pumping Power

Wang et al. [32] developed friction factor correlations for a wide range of fin-and-tube heat

exchangers having a plain fin geometry. Eq. (2.34).

Where

Darcy Friction Factor

Base Fluid [2]
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The fluid pressure drop is calculated using the effective length to account for minor losses. The 

effective length is determined in Section 2.6.1.

2.6 Results

2.6.1 Validation of ε - NTU Scheme

For verifying the accuracy of the ε - NTU MATLAB script, heat transfer rate and pressure drop 

were compared between the calculated results and data from Strandberg and Das [29] and the 

manufacturer of the air coil, Titus [28]. Figure 2.3 shows the heat transfer rate determined by the 

present calculation (represented on the x-axis) compared to the heat transfer rate measured by 

Strandberg and Das [29] and Titus [28] (represented on the y-axis).

33



Figure 2.3: Comparison of heat transfer rate in an air coil between measured values from Strandberg and Das 
[29] and Titus [28] and the present calculation

The heat transfer rate from the experiments conducted by Strandberg and Das [29] using water 

shows good agreement with the present analysis. The highest deviation is 11.7% and the average 

deviation of 5.4%. The prediction by the computational scheme closely agrees with the data 

presented by Titus [28], with a maximum deviation of 7.5% and an average deviation of 2.7%.

Figure 2.4 presents a similar comparison as the previous figure, but for the fluid pressure drop 

inside the coil. To perform the calculation, an effective length was determined using data presented 

by Titus [28]. The effective length approach considers minor losses, such as inlet, outlet, and U- 

bends present in the air coil. Using the effective length, the analysis closely predicts the pressure 

drop compared to Titus [28], as observed in Figure 2.4. When compared to Strandberg and Das 

[29], the present analysis had a reasonable agreement with a maximum deviation of 19.5% and an 

average deviation of 13.5%.
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Figure 2.4: Comparison of pressure drop (fluid side) in an air coil between measured values from Strandberg 
and Das [29] and Titus [28] and the present calculation.

The agreement between measured and calculated parameters in Figure 2.3 and Figure 2.4 gives 

the confidence that the ε-NTU scheme can be employed successfully to generate sufficiently 

accurate predictions for low concentration nanofluids, which behave similarly to single phase 

fluids.

2.6.2 Nanofluids Performance Evaluation

After verifying the computation scheme's successful prediction for base fluid, it was applied to 

evaluate the performance of three nanofluids. The objective was to determine how nanofluids 

perform under various conditions. Four parameters were varied to assess the performance of 

nanofluids. They are volumetric concentration ( ϕ ), air Reynolds number (Reι), liquid temperature 

(Ti,2), and liquid Reynolds number (Re2).

• Vary volumetric concentration: Ti,ι = 288 K; Ti,2 = 355 K; Rei = 1000; Re2 = 10000; φ = 1-4%
• Vary air Reynolds numbers: Ti,i = 288 K; Ti,2 = 355 K; Rei = 500-1500; Re2 = 10000; φ = 1-2%
• Vary liquid inlet temperature: Ti,i = 288 K; Ti,2 = 323-366 K; Rei = 1000; Re2 = 10000; φ = 1

2%
• Vary liquid Reynolds number: Ti,i = 288 K; Ti,2 = 355 K; Rei = 1000; Re2 = 6000-15000; φ = 1

2%
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2.6.3.1 Pumping Power

The effects of the volumetric concentration of nanoparticles on nanofluids' performance are 

examined in Figure 2.5 and Figure 2.6. It is noted in nanofluid literature that increasing the particle 

concentration increases viscosity, density, and thermal conductivity. The required velocity 

decreased for nanofluids while maintaining an equal heat transfer rate. The decrease in velocity 

greatly offsets the increase in density and viscosity. Density and viscosity increase the pumping 

power requirements. An increase in viscosity will increase the Prandtl number but decrease the 

Reynolds number, influencing heat transfer and pumping power. Simultaneously, an increase in 

thermal conductivity will increase the convection coefficient under the condition of an equal
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These are realistic parameters under which typical residential and industrial HVAC air coils 

operate.

Two important performance parameters were examined to compare nanofluid performance. (i) 

pumping power, (ii) heat transfer area. By examining these two performance parameters, one can 

determine how well the nanofluids perform. Each parameter requires a specific analysis in 

determining the improvement or detriment in the performance.

(i) The first analysis determined if the nanofluids can provide the same heat transfer rate but with 

a lower pumping power requirement.

(ii) The second analysis determined if nanofluids can reduce the heat exchanger's size by 

maintaining an equal heat transfer rate and pumping power as the base fluid.

The performance comparison of nanofluids is reported following Eq. (2.40).

2.6.3 Performance Analysis on the Effects of Volumetric Concentration



Nusselt number. These two properties (viscosity and thermal conductivity) make nanofluids' 

thermal performance better than base fluid and hinder performance under different conditions.

Under equal heat transfer, nanofluids can perform at much lower Reynolds numbers than the base 

fluid, as shown in Figure 2.5. The Reynolds number can be reduced by as much as 20% compared 

to the base fluid with a 1% particle concentration. Reynolds number continues to decrease with 

increasing the particle concentration due to the increase in viscosity. SiO2 nanoparticles exhibit the 

least benefit, while CuO nanoparticles show the most significant benefit.

Figure 2.5: The effect of nanoparticles' volumetric concentration on the Reynolds number compared to the 
base fluid.

From Figure 2.6, it is noted the pumping power can be reduced by 21.7% (best performance) using 

a 1% volumetric concentration of Al2O3 nanofluid. Both CuO and SiO2 nanofluids also exhibited 

pumping power reduction at 1% concentration. All the nanofluids showed that there is a decrease 

in pumping performance with an increase in concentration compared to the base fluid. Al2O3, CuO, 

and SiO2 nanofluids exceed the pumping power requirements compared to the base fluid at 

volumetric concentrations of 3%, 2%, and 2.5%, respectively. Detailed analysis [7, 40] has shown 

that concentrations of 1 and 2% seem to increase the thermal conductivity sufficiently without 

increasing the viscosity and density to a detrimental level. Therefore, dilute concentrations of 1% 

and 2% ensure performance improvement and will be used in all remaining analyses.

37



Figure 2.6: The effect of nanoparticles' volumetric concentration on the pumping power compared to the base 
fluid.

2.6.4.1 Pumping Power

No appreciable change in nanofluids' performance with varying the air Reynolds number from 

500-1500 was noticed in Figure 2.7. This is understandable because the fluid temperature inside 

the air coil tube does not change much by variation of air Reynolds number. A slight decrease in 

the performance occurred due to the nanofluid's average temperature, as the air Reynolds number 

increased from 500 to 1500. Al2O3 - 1% is the best performer and CuO - 2% is the worst performer.
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2.6.4 Performance Analysis on the Effects of Air Reynolds Number



Figure 2.7: Effects of air Reynolds number on nanofluids performance on equal heat transfer rate basis.

2.6.4.2 Heat Transfer Area

Figure 2.8 presents the total thermal resistance (air side, pipe, and liquid side) as the air Reynolds 

number increases from 500 to 1500. The air side thermal resistance is the dominant factor. 

Nanofluids' thermal resistance is relatively small, and the pipe wall resistance is even more minor. 

Therefore, the difference between base fluid and nanofluid is indistinguishable in Figure 2.8. Air 

Reynolds number directly impacts the air side thermal resistance, which reduces the total thermal 

resistance with an increase in air Reynolds number, as shown in Figure 2.8. Reducing the air side 

thermal resistance (Re1 = 1500) will allow the nanofluids to perform better.

39



Figure 2.8: The effect of air Reynolds number on the performance of total thermal resistance.

Due to the air side thermal resistance decreasing, nanofluids can reduce the required heat transfer 

area (air coil length) while maintaining an equal heat transfer rate and pumping power as the base 

fluid. The length reduction of the air coil has been presented in Figure 2.9 for different nanofluids.

We can observe a reduction in the air coil length by 2.99% using Al2O3 nanofluid of 1%.

Figure 2.9: The effects of air Reynolds number on the air coil length reduction with nanofluids.

2.6.5 Performance Analysis on the Effects of Liquid Inlet Temperature
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2.6.5.1 Pumping Power

In Figure 2.10, the reduction in pumping power for 1 and 2% concentration of nanoparticles under 

equal heat transfer rate is shown. The nanofluids exhibit better thermal performance at higher 

temperatures. The Al2O3 - 1% concentration performed the best. It significantly reduced the 

pumping power by 22.9% compared to the base fluid. In comparison, CuO - 1% was observed to 

reduce pumping power requirements by 13.1% to 20.5% over the temperature range of 322 to 

366K. Even the SiO2 - 1% nanofluid, observed to be the lowest performer among the three 

nanofluids, promised a pumping power reduction of at least 7.7%.

Figure 2.10: Performance comparison on the effects of liquid inlet temperature on pumping power for 1 and 
2% concentration nanofluids.

2.6.5.2 Heat Transfer Area

From Figure 2.11, the liquid interface thermal resistance (Eq. (2.19)) is observed to decrease from 

about 8% to 13.5%, 6.5% to 13%, and 4% to 5% for Al2O3, CuO, and SiO2 nanofluids, respectively, 

at 1% particle concentration over a temperature range of 322 to 366K. The decrease in inside 

thermal resistance is due to an increase in convective coefficient caused by thermal conductivity 
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enhancement from the Brownian motion. Additionally, the viscosity is reduced from rising 

temperatures raising the Reynolds number, which increases the convection coefficient.

Figure 2.11: The effects of inlet temperature on the performance of nanofluids liquid interface thermal 
resistance

With such a decrease in the liquid thermal resistance, a minor reduction in the total thermal 

resistance is observed in Figure 2.12. The minor reduction is due to the air thermal resistance being 

about 2.5 to 3.5 times greater than that of the liquid interface thermal resistance. The total thermal 

resistance decreases by as much as 3.5% for either Al2O3 - 1% or CuO - 1%. This reduction in the 

total thermal resistance translates to a 2.9% reduction in the air coil's length at the higher liquid 

temperature for the same heat transfer rate and pumping power as the base fluid. This comparison 

of air coil length reduction reflecting the area reduction benefit of nanofluids is shown in Figure

2.13.
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Figure 2.12: The effects of inlet temperature on the performance of nanofluids total thermal resistance

Figure 2.13: The effects of liquid inlet temperature on the performance of nanofluids heat exchanger length

2.6.6.1 Pumping Power

The effects of liquid Reynolds number on three nanofluids' pumping power are shown in Figure

2.14. The nanofluids showed better performance at low Reynolds numbers. The Al2O3 - 1% 

showed a pumping power reduction of 31.9% at a base fluid Reynolds number of 6000 but steadily
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2.6.6 Performance Analysis on the Effects of Liquid Reynolds Number



declined to a 14.2% reduction at a base fluid Reynolds number of 15000. The decline in 

performance is due to the higher velocity associated with a higher Reynolds number, which causes 

the pumping power to rise. Hence, the lower range of turbulent flow regimes is desirable to 

maximize the benefits of nanofluids.

Figure 2.14: Performance comparison on the effects of liquid Reynolds number on pumping power for 1 and 
2% concentration nanofluids.

2.6.6.2 Heat Transfer Area

The effects of the liquid Reynolds number on liquid thermal resistance, total thermal resistance, 

and subsequently determining the surface area reduction are studied next. Figure 2.15 exhibits the 

nanofluid performance diminishing with increasing Reynolds number. For Al2O3 - 1% nanofluid, 

the liquid thermal resistance decreases by 18% at 6000 base fluid Reynolds number and reduced 

to 10% at 15000 Reynolds number.
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Figure 2.15: Performance comparison on the effects of liquid Reynolds number on inside thermal resistance 
for 1 and 2% concentration nanofluids.

From Figure 2.16, a reduction in total thermal resistance from 7% to 2% is observed. The decrease 

in performance is due to the thermal resistance ratio (R1/R2) starts at 1.9 for base fluid Reynolds 

number of 6000 and increases to about 4.0 at base fluid Reynolds number of 15000. From Figure 

2.17, Al2O3 nanofluid of 1% concentration was found to reduce the air coil length by as much as 

5.78%.

Figure 2.16: Performance comparison on the effects of liquid Reynolds number on total thermal resistance for 
1 and 2% concentration nanofluids.
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Figure 2.17: Performance comparison on the effects of liquid Reynolds number on heat exchanger length for 1 
and 2% concentration nanofluids.

2.6.7 Performance Summary of Nanofluids

From the present study, a best-case scenario for nanofluids performance gain can be determined to 

be: Ti,ι = 288 K; Ti,2 = 366 K; Rei = 1500; Re2 = 6000; ϕ = 1%. Under the best-case scenario, 

Al2O3 - 1% shows the best performance by reducing the pumping power by 35.3% or reducing the 

air coil length by 7.4%, as shown in Table 2.8. In comparison, CuO - 1% can achieve a reduction 

in pumping power and air coil length of 29.34% or 6.86%, respectively.

A worst-case scenario for nanofluids would be: Ti,1 = 288 K; Ti,2 = 322 K; Re1 = 500; Re2 = 15000; 

ϕ = 1%. Even for the worst-case operational parameters, nanofluids prove their superior 

performance over the base fluid, reducing the pumping power by 5.84% or 2.31% for Al2O3 and 

CuO. Unfortunately, SiO2 increased the pumping power. The reduction in air coil length is 

negligible due to the air side thermal resistance. The thermal resistance ratio (R1/R2) changes from 

1.5 for the best-case scenario to 2.5 for the worst-case scenario.
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Table 2.8: Nanofluids' performance summary for pumping power and length reduction in air coils

Best Worst
Nanofluid Pumping Air Coil Pumping Air Coil

Power Length Power Length
Al2O3 -1% -31.63% -7.41% -5.84% -0.21%
CuO -1% -29.37% -6.86% -2.31% -0.09%
SiO2 -1% -22.94% -5.13% +4.27% +0.13%

2.7 Conclusion

A detailed analytical study was performed for an air coil with three different nanoparticles, Al2O3, 

CuO, and SiO2, dispersed in the base fluid, EG/W 60:40 by mass. A wide range of operational 

parameters was selected for the liquid inlet temperatures, air Reynolds number, and liquid 

Reynolds number. The ε-NTU scheme was used to develop the analytical model, which was 

validated by comparing the heat transfer rate and pressure drop data from an experimental study 

and the manufacturer.

Nanofluids' performance comparisons were conducted, examining the effects of different 

parameters: volumetric concentration, air Reynolds number, liquid inlet temperature, and liquid 

Reynolds numbers. The analysis determined that the nanofluids have a superior performance gain 

at 1% volumetric concentration, higher liquid inlet temperature, low turbulent Reynolds number, 

and high air side Reynolds number. Based on equal heat transfer rate, the best-case scenario was 

found to be Al2O3 - 1% nanofluid that could reduce pumping power by 35.3% or reduce the air 

coil length by 7.4% in comparison to the base fluid. The CuO - 1% nanofluid showed slightly 

lower performance than the Al2O3 nanofluid, with a 29.34% and 6.86% reduction in pumping 

power or air coil length, respectively. The SiO2 - 1% nanofluid had the lowest performance gain 

of the three nanofluids but could still reduce the pumping power and air coil length by 22.91% or 

5.13%, respectively.
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2.8 Nomenclature

Symbols Parameter Units
Ac Cross-sectional area [m2]
At Heat transfer area [m2]
C Heat capacity rate [W∙K-1]
cp Specific heat [J∙kg-1∙K-1]
Dc Fin collar diameter [m]
Dh Hydraulic diameter [m]
D1 Inside tube diameter [mm]
Do Outside tube diameter [mm]
dp Particle diameter [nm]
f Friction factor [--]
h Heat transfer coefficient [W∙m-2∙K-1]
j Colburn factor [--]
k Thermal conductivity [W∙m-1∙K-1]

L,H,D Core geometry [cm]
Lc Pipe length per circuit [m]
m Mass flow rate [kg∙s-1]

NTU Number of transfer units [--]
Nr Number of tube row [--]
Nt Total number of tubes [--]
Np Number of passes per row [--]
Nc Number of circuits [--]
Nu Nusselt number [--]
P Fin itch [cm-1]
Pr Prandtl number [--]
Re Reynolds number [--]
Req Equivalent fin radius [m]
R Thermal resistance [K∙W-1]
T Temperature [K]
T1 Inlet temperature [K]
To Outlet temperature [K]
Ta Average temperature [K]
W Pumping power [W]
U Overall heat transfer coefficient [W∙m-2∙K-1]
V Volumetric flow rate [m3∙s-1]
Xi Longitudinal tube spacing [mm]
Xt Transversal tube spacing [mm]
Xf Fin spacing [mm]

Greek Letters
ε Effectiveness [--]
εt Tube roughness [μm]
δt Tube wall thickness [mm]
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δf Fin thickness [mm]
ΔP Pressure drop [Pa]
κ Boltzmann constant ∣J∙K-1∣

μ Viscosity [Pa∙s]
ρ Density [kg∙m-3]ϕ Volumetric concentration [--]
η0 Surface Effectiveness

Subscripts
[--]

1 Air side
2 Liquid side
bf Base fluid
nf Nanofluid
p Nanoparticle
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CHAPTER 3: THERMAL AND FLUID DYNAMIC PERFORMANCE COMPARISON OF 
THREE NANOFLUIDS IN MI CR OCHANNELS USING ANALYTICAL AND 

COMPUTATIONAL MODELS!
3.1 Abstract

The fluid dynamic and thermal performance of three nanofluids containing aluminum oxide, 

copper oxide, and silicon dioxide nanoparticles dispersed in 60:40 ethylene glycol and water-based 

fluid as a coolant in a microchannel heatsink are compared here by two methods. The first is a 

simple analytical analysis, acceptable for very low nanoparticle volumetric concentration (1-2%). 

The second method is a rigorous three-dimensional finite volume conjugate heat transfer and fluid 

dynamic model based upon a constant heat flux boundary condition applicable for cooling 

electronic chips. The fluids' thermophysical properties employed in the modeling are based on 

empirically derived, temperature dependent correlations from the literature. The analytical and 

computational results for pressure drop and Nusselt number were in good agreement with the 

nanofluids showing a maximum difference of 4.1% and 2.9%, respectively. Computations cover 

the practical range of Reynolds numbers from 20 to 200 in the laminar regime. Based on an equal 

Reynolds number, the nanofluids examined generated a higher convective heat transfer coefficient 

in the microchannel than the base fluid. At the same time, copper oxide provided the most 

significant increase by 21%. Based on the analyses performed for this study, nanofluids can 

enhance the heatsink's cooling performance by requiring a lower pumping power to maintain the 

same maximum wall temperature. Aluminum oxide and copper oxide nanofluids of 1% 

concentration reduce the pumping power by 23% and 22%, respectively, while maintaining the 

same maximum wall temperature as the base fluid.

* Ray, D., Strandberg, R., and Das, D., 2020, "Thermal and Fluid Dynamic Performance Comparison of Three 
Nanofluids in Microchannels Using Analytical and Computational Models," Processes, 8 Vol. 7, p. 754.
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3.2 Introduction

High-performance computer chips are cooled by joining them to heatsinks within which 

microchannels. The high heat flux produced by chips is carried away by the coolant flowing 

through the channels. The same concept is employed in cold plates to cool the electronic equipment 

in aircraft, spacecraft, or space station, where a large amount of heat is generated in a confined 

space. Examples of such microchannel cooling have been described in Bergman et al. [1]. 

Microchannel heat exchangers (MCHX) are compact and increase the heat transfer surface area 

significantly compared to traditional heat exchangers. Therefore, they hold a great deal of promise 

in spacecraft. While working on developing an innovative heat exchanger to cool chips, 

Tuckerman and Pease [2] introduced a microchannel heatsink. They proposed that the microscale 

passages can be etched directly within the chip in the non-circuit areas. Microchannel heatsinks 

are a noteworthy improvement in heat exchanger design over the years to increase thermal 

performance. While the heat exchanger design has made substantial progress, the heat transfer 

fluid has remained unchanged.

Depending on the application, the heat transfer liquids widely used are water in warm 

environments or ethylene glycol and water (EG/W) or propylene glycol and water (PG/W) 

mixtures at sub-freezing temperatures. National Aeronautics and Space Administration (NASA) 

spacecrafts operating under subzero conditions require glycol as the coolant. Although EG/W has 

superior thermal properties than PG/W, due to the toxicity of EG/W, NASA prefers the PG/W 

mixture. Among these three liquids, water has the highest thermal conductivity of 0.60 W/m∙K, 

EG/W 0.36 W/m∙K, and PG/W 0.30 W/m∙K at room temperature, 20 °C. Comparing these values 

to aluminum oxide (Al2O3) nanomaterials, which has a thermal conductivity of 36.0 W/m∙K. By 

dispersing nanometer size solid particles (≤ 100 nm) into a fluid, the thermal conductivity of the 
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nanofluid is higher than the base fluid. Past research [3-6] has shown that nanofluids' low 

volumetric concentration of up to 2% can enhance the convective heat transfer coefficient. It has 

been demonstrated by Ray et al. [7] that the increased thermal performance of nanofluids results 

in the reduction of the pumping power and surface area (thus size and weight) of a compact heat 

exchanger, such as an automotive radiator, by as much as 30% or 7%, respectively.

In recent years, computational analyses of nanofluid flow in microchannels have appeared in the 

literature. The book edited by Minkowycz et al. [6] contains extensive research articles on a wide 

array of nanofluids topics. Klienstreuer et al. [8] presented results on heat transfer and pressure 

drop of water-based Al2O3 nanofluid in a trapezoidal microchannel using an effective viscosity 

model proposed by Masoumi et al. [9]. Another recent book edited by Bianco et al. [10] presented 

extensive results on heat transfer and fluid flow with nanofluids, including some analysis of their 

performance in microchannels. The treatise by Kandlikar et al. [11] is exclusively devoted to fluid 

dynamics and heat transfer research in minichannels and microchannels.

The objective of the present study is to compare the thermal and fluid dynamic performance of 

aluminum oxide (Al2O3), copper oxide (CuO), and silicon dioxide (SiO2) dispersed 60:40 ethylene 

glycol and water (EG/W) by mass, circulating in a commonly accepted microchannel geometry. 

Two approaches have been adopted in this paper: (i) a computational fluid dynamic (CFD) 

modeling using the well-known software ANSYS Fluent [12] Version 18.1 and (ii) comprehensive 

analytical modeling following the analytical correlations presented in the authoritative book on 

microchannel by Kandlikar et al. [11].
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3.3 Materials and Methods

3.3.1 Properties of Materials

Four types of materials were used in the present analysis. The base fluid (60:40 EG/W) is the 

dispersing medium and the nanoparticles, Al2O3, CuO, and SiO2.

3.3.2 Base Fluid Properties

A 60:40 EG/W mixture by mass was adopted. This mixture provides a low freezing point of about 

-54 °C [13]. The lower temperature is favorable in spacecraft applications or sub-arctic climates. 

EG/W thermophysical properties were obtained from the American Society of Heating, 

Refrigerating, and Air-Conditioning Engineers (ASHRAE) Fundamentals Handbook [13]. A 

correlation was developed for each thermophysical property as a temperature function, as shown 

in Table 3.1. Density, specific heat, and thermal conductivity correlations were modeled as a 

nondimensional form following Yaws [14] model covering the temperature range of 238 K ≤ T ≤ 

398 K. The viscosity correlation follows the log-quadratic empirical fit recommend by White [15] 

for liquids. The viscosity correlation was improved by splitting the temperature range into two 

segments, 238 K ≤ T ≤ 273 K and 273 K ≤ T ≤ 398 K, to achieve an error of less than 0.9%. The 

correlation in the range of 273 K ≤ T ≤ 398 K is only presented here due to the temperature range 

within which computations in the present paper have been performed. The complete set of 

correlations are available in Ray et al. [7]. All the thermophysical correlations show a coefficient 

of determination R2 ≈ 1. The density and specific heat correlations have an absolute error of less 

than 0.1%, while viscosity and thermal conductivity are 0.91% and 0.11%, respectively. Compared 

to other essential transport properties of fluids, viscosity and thermal conductivity have a strong 

temperature dependence. Therefore, they would require more complex empirical formulas to 

reduce the curve-fit error. However, that will compromise the simplicity of the present curve fit 
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formulas. For practical engineering design, it is acceptable to have correlations with an error of 

less than 1%.

Table 3.1: The 60:40 ethylene glycol and water (EG/W) thermophysical properties correlations.

The subscript "0" refers to the fluid property at the standard reference temperature of 273.15 K 

(T0).

3.3.3 Nanofluid Properties

EG/W nanofluids have the most comprehensive thermophysical properties measurement. General 

correlations were developed by various researchers for density, specific heat, thermal conductivity, 

and viscosity. For the present study, EG/W nanofluids with Al2O3, CuO, and SiO2 will be 

examined. The thermophysical properties of the nanoparticles are summarized in Table 3.2.
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The majority of the nanofluids studied in this paper were purchased from Alfa Aesar [16]. The 

thermophysical properties measurements of these EG/W-based nanofluids followed the strict 

nanofluid preparation and characterization procedures outlined in [5, 17, 18].

Table 3.2: Nanoparticle Properties.

Particle Diameter
(nm)

Density
(kg/m3)

Specific Heat
(J/kg∙k)

Thermal Conductivity 
(W∕m∙K)

Al2O3 45 3600 765 36.0
CuO 29 6500 533 17.65
SiO2 20 2220 745 1.38

3.3.3.1 Density

Pak and Cho [4] presented a theoretical equation (Eq. (3.1)) to predict the density of nanofluids. 

Vajjha et al. [19] conducted experimental measurements of density for three EG/W nanofluids 

(aluminum oxide, antimony-tin oxide, and zinc oxide). Their measured values were in good 

agreement with Eq. (3.1).

The nf, p, and bf subscripts denote nanofluid, particle, and base fluid, respectively.

3.3.3.2 Specific Heat

Xuan and Roetzl [20] presented theoretical Eq. (3.2) for determining the specific heat of 

nanofluids. The present study uses Eq. (3.2) to determine the specific heat of copper oxide and 

silicon dioxide dispersed in 60:40 ethylene glycol and water mixture.

While aluminum oxide's specific heat uses the correlation (Eq. (3.3)) that Vajjha and Das [17] 

developed. The curve-fit coefficients A, B, and C for Al2O3 are summarized in Table 3.3.
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Table 3.3: Curve-fit coefficients for the specific heat of Al2O3 nanofluid.

Nanofluid A B C
Max.

Deviation
(%)

Avg. Absolute
Deviation (%)

Al2O3 0.2432703 0.5179 0.4250 5 2.28

The percentage deviation in Table 3 represents the difference between the experimental data and 

curve-fit Eq. (3.3).

3.3.3.3 Thermal Conductivity

Hamilton and Crosser [21] presented a thermal conductivity model for a solid-liquid mixture. Koo 

and Kleinstreuer [3] expanded the thermal conductivity model by including Brownian motion for 

nanofluids, as shown in Eq. (3.4). Following Koo and Kleinstreuer [3] model, Vajjha and Das [5] 

and Sahoo et al. [22] have a developed correlation (Eq. (3.5)) and the β term (Table 3.4) for 

nanoparticles dispersed in 60:40 EG/W mixture. Vajjha and Das [5] and Sahoo et al. [22] utilized 

steady-state measuring techniques to determine the thermal conductivity of aluminum oxide, 

copper oxide, zinc oxide, and silicon dioxide nanoparticles dispersed in EG/W. Using Equations 

(3.4) and (3.5), an average deviation for Al2O3, CuO, and SiO2 EG/W nanofluids were 0.23%, 

5.74%, and 1.97%, respectively.

The curve-fit relations for β proposed by Vajjha and Das [5] for Al2O3, CuO, and Sahoo et al. [22] 

for SiO2 are summarized in Table 3.4.
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Table 3.4: Curve-fit relations for different nanofluids valid in the temperature range of 298 K ≤ T ≤ 363 K and 
specified concentration ranges.

Type of Particle β Concentration
Al2O3 8.4407(100ϕ)-1∙07304 1% ≤ Φ ≤ 10%

CuO 9.881(100Φ)-0.9446 1% ≤Φ≤6%

SiO2 1∙9526(100Φ)-1∙4594 1%≤Φ≤10%

3.3.3.4 Viscosity

Namburu et al.[23, 24] and Sahoo et al. [25] measured the viscosities of aluminum oxide, copper 

oxide, and silicon dioxide dispersed in EG/W with a temperature ranging from 273 to 363 K. Vajjha 

et al. [26] developed a nondimensional correlation, Eq. (3.6) for those three nanofluids using the 

data from the previous researchers[23, 24] [25]. The curve-ft coefficients A and B for three 

nanofluids proposed by Vajjha et al. [26] are summarized in Table 3.5.

Nanoparticle A B Concentration
Al2O3 0.983 12.959 1% ≤ Φ ≤ 10%
CuO 0.9197 22.8539 1%≤Φ≤6%
SiO2 1.0249 6.5972 1% ≤ Φ ≤ 10%

The maximum deviation between the experimental data and the curve-fit Eq. (3.6) is reported by

Vajjha et al. [26] to be ±12%.
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3.4 Microchannel Heatsink

3.4.1 Geometries of the Heatsink

The computational fluid dynamic and analytical models were conducted using microchannel 

geometries presented by Kandlikar et al. [11]. A simple diagram of the microchannel heatsink is 

shown in Figure 3.1. The dimensions and material properties are noted in Table 3.6.

Figure 3.1: A typical configuration of a 
microchannel heatsink.

Table 3.6: Microchannel dimensions and material 
properties.

Parameter Symbol Value
Channel height (μm) bc 350

Thickness of bottom/top (μm) δm 180

Channel Spacing (μm) sc 40

Channel width (μm) ac 50

Width (mm) Wm 10

Length (mm) Lm 10

Height (μm) Hm 530
Heat Exchanger Material Silicon

Density (kg/m3) P 1333
Specific Heat (J∕kg∙K) cp 700
Thermal Conductivity 

(W∕m∙K) k 180

Additional surface information is needed before performing an analysis. The equations below 

show how these surface-related characteristics were calculated, as presented by Kandlikar et al.

[11].

Surface Area: A = LWm m m (3.7)
Channel Cross-sectional area: A = a ■ bccc (3.8)
Heat Transfer Surface Area: A = 2(a ■ L + b ■ L ) s c m c m (3.9)

Aspect ratio: α = ' 

c bc
(3.10)
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Using Eq. (3.14), one can determine the exit temperature of the fluid (T2) for a given inlet 

temperature (T1) and mass or volumetric flow rate, velocity, or Reynolds number.

Han [28] provided entrance length correlations for various aspect ratios. Unfortunately, our given 

aspect ratio was not available; therefore, interpolating his results was necessary. The hydrodynamic 

entry length Eq. (3.15) was interpolated for our given aspect ratio of 1/7 from Han's data [28].

Using Eq. (3.15), the predicted hydrodynamic entrance length for the base fluid and nanofluids are 

the same for equal Reynolds number if nanofluids are treated as a single-phase fluid. Most 

researchers thus far have found that dilute concentrations, 1-2 %, of nanofluids can be treated as 

a single-phase fluid to make computations easier and achieve results of reasonable accuracy. For 

a higher volumetric concentration of nanoparticles, a two-phase flow analysis would be essential. 

Kandlikar et al. [11] presented a correlation (Eq. (3.16)) for the thermal entrance length for 

rectangular microchannels from the data presented by Phillip [29].
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3.5 Analytical Procedure

3.5.1 Thermal and Fluid Dynamic Calculations

A MATLAB [27] code was developed incorporating the analytical technique outlined by Kandlikar

et al. [11] to determine the microchannel heat exchanger's thermal and fluid dynamic performance.

The equations necessary for this analytical scheme are summarized below.



Figure 3.2 shows the increase in thermal entry length at an equal Reynolds number due to the 

dependence on the Prandtl number, which depends on the nanoparticle's concentration and 

material.

Figure 3.2: Thermal entry length for various fluids and Reynolds Number.

According to Garimella and Singhal [30], it is reasonable to use fully developed hydrodynamic 

conditions in heat transfer analysis for microchannels. This is valid for fluids with a low Prandtl 

Number such as water (Pr = 7.03 @ 293K), but for EG/W (Pr = 44.37 @ 293K) and nanofluids 

(Al2O3 - 2% Pr = 48.30 @ 293K) the analysis would require accounting for developing fluid flow.

Kandlikar et al. [11] presented Nusselt Number correlations for four-sided heating in fully 

developed flow as a function of aspect ratio, as presented by Eq. (3.17). For the microchannel 

analyzed here with an aspect ratio (αc = 0.143), the fully developed Nusselt Number four-sided 

heating is 6.23.
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Kandlikar et al. [11] presented correlations for the local Nusselt Number in the developing region 

for four-sided heating. Unfortunately, our chosen aspect ratio was not available, and correlation 

was developed (Eq. (3.18)) by extrapolating the data for aspect ratios of 0.25 and 1/3.

After determining the Nusselt number, the average convective heat transfer coefficient can be 

determined using Eq. (3.24).

Assuming a constant and uniform heat transfer coefficient, the effective heat flux into the heat 

transfer fluid using Eq. (3.25) can be determined.

The maximum surface temperature inside the heatsink can be determined using Eq. (3.26), which 

is an essential thermal performance parameter to examine.

Where h2 represents the heat transfer coefficient at the outlet.

The pressure drop in the microchannel heat exchanger can be determined using Eq. (3.27).
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Shah and London [31] developed a polynomial correlation, Eq. (3.28), for determining fRe as a

function of aspect ratio.

An earlier investigation by Vajjha et al. [18] had shown that the dilute concentration of nanofluids 

of about 1-2% yielded the best benefit. The higher concentration makes the fluid more viscous, 

requiring more pumping power (Eq. (3.30)). In contrast, a dilute concentration does not impose a 

hefty pumping power penalty while significantly enhancing heat transfer.
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Using Eq. (3.31), a comparison can be made between the base fluids and three nanofluids for 1 

and 2% concentration, as shown in Figure 3.3. From Figure 3.3, it is observed the nanofluids 

perform better than the EG/W base fluid. Aluminum and copper oxide nanofluids of 1% 

concentration perform better than their 2% concentration. As the concentration increases, the 

performance gain diminishes.

Friction power per unit surface area [34]:

Steinke and Kandlikar [32] developed a fifth-order polynomial curve-fit (Eq. (3.29)) for 

incremental pressure drop number, K(∞), using the trapezoidal data presented by Kakac et al. [33] 

taking a rectangular channel as a subset of a trapezoid. The correlation has an accuracy of 0.04% 

compared to the data [33].



Figure 3.3: Comparing the heat transfer coefficient and friction power per unit surface area with three 
nanofluids of 1 and 2% concentration and base fluid, EG/W.

3.5.2 Comparison of Performances

Three analyses were conducted:

1. Constant Reynolds Number: This analysis compares the base fluid and nanofluids' thermal 

and fluid dynamic performance with a constant Reynolds number.

2. Constant Maximum Surface Temperature: While maintaining a constant maximum surface 

temperature based on the base fluid calculations, determine the nanofluid fluid dynamic 

performance.

3. Constant Pumping Power: While maintaining a constant pumping power based on the base 

fluid, compare the surface temperature as nanofluids' cooling performance.

3.5.3 Operational Parameters

A MATLAB code was developed using the analysis scheme presented in Figure 3.4.

68



Figure 3.4: Heat exchanger analysis scheme.

The analysis will be conducted using three nanofluids (Al2O3, CuO, and SiO2) of 1 and 2% 

concentrations and the base fluid, EG/W. The Reynolds number will be varied from 20 to 200. A 

uniform heat flux of 106 W/m2 is applied to the bottom of the microchannel heatsink. The fluid 

will have an inlet temperature of 308.15 K. All the testing parameters are summarized in Table 3.7.

Table 3.7: Testing parameters.

Parameters Symbol Values
Fluid -- EG/W, Al2O3, CuO, SiO2

Reynolds number Re 20 - 200
Nanoparticle Concentration ϕ 1 & 2%

Heat flux (W/m2) q" 106

Initial temperature (K) To 308.15

3.6 Computational Fluid Dynamic Analysis

A three-dimensional conjugate heat transfer model using Fluent Release 18.1 [12] was developed 

to validate the analytical scheme by comparing key parameters such as pressure drop and Nusselt 

Number. With the assumption of uniform heat flux, fluid distribution, and neglecting the effects of
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the outer channels, one can analyze the system by examining half of a single channel, as shown in 

Figure 3.5, by applying appropriate boundary conditions of symmetry. The cross-sectional 

coordinates are x and y, while the axial coordinate is z. The origin is at the bottom left corner.

Figure 3.5: Computational model.

The testing parameters for the numerical model are inlet velocity and fluid. The velocity is varied 

from 0.25 to 3.5 m/s for all three nanofluids (Al2O3, CuO, and SiO2) at 1 and 2% concentration as 

well as the base fluid, EG/W.

For this model, nanofluids are assumed to be a homogeneous engineered fluid with enhanced 

thermophysical properties. Past research has shown that the single-phase computational model is 

reasonably accurate for dilute nanoparticle concentrations of 1 to 2% but is acceptable up to 4%. 

Using a single-phase fluid model, the nanofluids are assumed to have thermophysical properties 

determined by correlations described in Section 3.3.3.

3.6.1 Governing Equations

The governing Eq. (3.32) - (3.34) are for steady-state, incompressible, and laminar fluid flow in 

the microchannel while neglecting the gravitational force, natural convection, and heat dissipation 

caused by viscosity. Eq. (3.35) accounts for the heat conduction through the solid walls.
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3.6.2 Numerical Methods

The system of governing Eq. (3.32) - Eq. (3.35) were solved by the control volume approach using 

ANSYS Fluent [12]. For the solver setting, the standard pressure-based and steady-state were 

chosen. Using the laminar and energy model, the solution method utilized the Semi-Implicit 

Method for Pressure Linked Equations (SIMPLE) scheme with spatial discretization for gradient, 

pressure, and momentum being least squares cell-based second-order, and second-order upwind, 

respectively.

The models were initialized using the hybrid method, after which the residuals for continuity and 

velocities were closely monitored. Convergence was achieved for the simulation when the 

residuals were less than 10-6.

3.6.3 Boundary Conditions

The model has a uniform axial velocity and temperature applied at the inlet (z = 0 μm). Uniform 

heat flux is applied at the base of the microchannel heatsink (y = 0 μm). The no-slip condition (V 

= 0 m/s) is applied to the channel wall surfaces. Symmetry boundary conditions were applied at y 

= 0 μm and y = s√2 +ac.

3.6.4 Mesh Independence Study

A mesh independence study was conducted to achieve the least number of elements that can yield 

accurate computational results. Six different mesh sizes were chosen for discretizing the 

computational domain of the microchannel heatsink. They are Mesh-I, Mesh-II, Mesh-III, Mesh- 

IV, Mesh-V, and Mesh-VI. A converged solution of outlet velocity, outlet temperature, pressure 

drop, and average wall temperature was obtained in each case. In Table 3.8, the difference between 

these parameters for each and the previous mesh is summarized. Mesh-I is the baseline with the 

least number of elements. The velocity, fluid temperature, and average wall temperature were in 
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good agreement for all six meshes. Pressure drop was the only parameter that slightly varied 

between each mesh with a maximum difference of 0.44%, which is relatively low. Therefore, mesh 

independence was achieved for Mesh-I and the denser meshes. However, when the shear stress 

and the heat transfer coefficient in the rapidly diminishing entrance region were examined, they 

were not captured well by Mesh-I through Mesh-III due to the smaller number of elements 

compared to the results from the refined Mesh-IV through Mesh-VI. From this mesh independence 

study, Mesh-IV was selected because of low computation time and used in all subsequent 

computational runs.

Table 3.8: Mesh Independent Study.

Name # of 
Elements

Computation 
Time Velocity Outlet 

Temp.
Pressure

Drop
Average

Wall Temp.
Mesh-I 600,000 - - - - -
Mesh-II 756,000 141% 0.00% 0.00% 0.44% 0.00%
Mesh-III 944,000 141% 0.00% 0.00% 0.33% 0.00%
Mesh-IV 1,152,000 137% 0.00% 0.00% 0.21% 0.00%
Mesh-V 1,480,000 151% 0.00% 0.00% 0.23% 0.00%
Mesh-VI 2,016,000 169% 0.00% 0.00% 0.21% 0.00%

3.7 Results

3.7.1 Analytical Results and Computational Model Validation

The computational results were validated for all fluids by comparing the pressure drop and Nusselt 

Number. For brevity, only the comparison of parameters for EG/W is presented, while the 

nanofluid results are summarized in Table 3.9. Figure 3.6 shows the pressure drop in the MCHX 

for EG/W. The numerical results from Fluent and the results from Eq. (3.27) are in good agreement 

within a maximum difference of 4.4%.
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Figure 3.6: Comparison of pressure drop between numerical results and Eq. (3.27) for EG/W.

In Figure 3.7, a comparison between the numerical results and developing and fully developed

Nusselt numbers for EG/W is shown. The developing flow average Nusselt Number for four-sided

heating (Nuavg4, Eq. (3.19)) matches well with the numerical results with a maximum difference 

of 3%.

Figure 3.7: Comparison of Nusselt number between numerical results and correlations for EG/W.

The nanofluids had a similar agreement with the correlations with a maximum difference of 4.1%

and 2.9% for pressure drop and Nusselt number, respectively, as shown in Table 3.9. The minor 
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differences from the numerical results validate the analytical and computational scheme results for 

the microchannel heatsink's thermal and fluid dynamic performance.

Table 3.9: Nanofluids results from a comparison between analytical and computational schemes.

Parameter Al2O3 - 1% Al2O3 - 2% CuO - 1% CuO - 2% SiO2 - 1% SiO2 - 2%
Pressure Drop (%) 3.9 3.8 3.8 3.7 4.1 4.1

Nusselt Number (%) 2.7 2.7 2.6 2.7 2.8 2.9

3.7.2 Constant Reynolds Number

Figure 3.8 shows that higher particle concentration and Reynolds number increase the convective 

heat transfer coefficient. The convective heat transfer coefficient was increased by 18% and 21% 

for Al2O3 - 2% and CuO - 2% nanofluids, respectively, over the base fluid EG/W. Due to relatively 

lower thermal conductivity, the SiO2 - 2% nanofluid increased the heat transfer coefficient only by

8%.

Figure 3.8: The effects of Reynolds number on the heat transfer coefficient.

From Figure 3.9, we can see how nanofluids can reduce the maximum surface temperature of the 

heatsink compared to the base fluid. Nanofluids show the most significant improvement at the 

lower Reynolds number with CuO - 2% dropping the maximum surface temperature by 13.5K.
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Al2O3 - 2% also showed similar performance by lowering the maximum surface temperature by 

10.4K.

Figure 3.9: Effects of Reynolds number on maximum surface temperature.

From Figure 3.8 and Figure 3.9, the nanofluids showed excellent thermal performance when 

compared to their base fluid (EG/W). This increase in thermal performance will come at the cost 

of increased pumping power, as shown in Figure 3.10. CuO - 2% increased the pumping power 

requirements by as much as 180% (+1 to 16 W) for Re > 55 and a Reynolds number of 20; the 

increase was 300% (+0.08 W).
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Figure 3.10: The effects of Reynolds number on pumping power.

3.7.3 Constant Maximum Surface Temperature

While maintaining a constant maximum surface temperature based on the base fluid calculations, 

determine the nanofluid fluid dynamic performance. We can determine how much pumping power 

is required for nanofluids while maintaining the base fluid conditions with this analysis.

In Figure 3.11, we can see that the nanofluids can meet the same constraints as the base fluid but 

with fewer pumping power requirements. The figure shows that nanofluids with concentrations of 

1% and 2% can perform better (reduce pumping power) than the base fluid. The best performing 

nanofluids are Al2O3 - 1% and CuO - 1% that reduced the pumping power by approximately 23.0 

and 22.2%, respectively, while maintaining the maximum surface temperature at 315 K. This 

occurred with a Reynolds number of 153 and 144 for Al2O3 and CuO, respectively. Here nanofluids 

exhibited better performance at the higher Reynolds number (≥ 100) versus the lower Reynolds 

number (≤ 100). In further analysis, nanofluids showed a continued decrease in pumping power to 

a Reynolds number of 300, beyond which the pumping power gradually increases slightly.
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Figure 3.11: Pumping power reduction for equal maximum surface temperature.

With a reduction in pumping power, the nanofluids would also reduce entropy generation, as 

shown in Figure 3.12. Using Eq. (3.36), entropy generation per unit length [36] can be calculated.

Figure 3.12: Entropy generation reduction while maintaining thermal performance.
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The minimization of entropy generation is essential to enhance the thermal performance of heat 

exchangers. Entropy generation is proportional to the irreversibility in a thermodynamic process. 

By reducing entropy generation, the irreversibilities are lowered and produce a better 

thermodynamic efficiency for the heat exchanger based on thermodynamics' second law. Figure 

3.12 shows 1% concentration nanofluids generated less entropy than compared to the base fluid. 

Particularly, Al2O3 - 1% and CuO - 1% nanofluids decreased entropy generation by 24% than the 

base fluid while performing the same cooling. Thus, some nanofluids of low concentration can 

yield superior performance in heat exchangers.

3.7.4 Constant Pumping Power

In this analysis, the pumping power is held constant for all fluids. We can determine various 

thermal performances with this constraint, such as maximum and entropy generation for the 

microchannel heatsink with nanofluids.

In Figure 3.13, it is observed that the nanofluids cannot reduce the maximum surface temperature 

while maintaining the base fluid's equal pumping power requirements.

Figure 3.13: Maximum surface temperature with equal pumping power.
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3.8 Conclusions

The following conclusions are drawn from analytical and CFD modeling of nanofluids flow in a 

microchannel based on a detailed examination of the results.

Nanofluids can generate higher heat transfer coefficients than the base fluid with equal friction 

power per unit surface area, as shown in Figure 3.3.

The pressure drop and Nusselt number results for a range of Reynolds numbers agree quite well 

within 4.5% between the analytical model of Kandlikar et al. and our ANSYS model for dilute 

concentration of nanofluids.

From Figure 3.8, the CuO - 2% exhibits the most significant improvement in the heat transfer 

coefficient compared to the EG/W base fluid over the range 20 ≤ Re ≤ 200. The inside heat transfer 

coefficient for the CuO - 2% 60/40 EG/W nanofluid exceeds that of the base fluid by 21% at Re = 

200. The highest value is offered by CuO, followed by Al2O3 and then SiO2 nanofluid. An increase 

in nanofluid concentration increases the heat transfer coefficient.

From Figure 3.9, observe that considering equal inlet Reynolds number, all the nanofluids 

examined lowered the maximum temperature of the heatsink's wall temperature. The wall 

temperature can be reduced from 349 K using the base fluid to 335 K at a Reynolds number of 20. 

In electronic cooling applications where microchannel heat exchangers are used, nanofluids seem 

promising for lowering critical components' operating temperatures and contribute to increased 

life and system reliability.

The higher heat transfer coefficient comes at a pumping power penalty. Figure 3.10 shows the CuO 

- 2% nanofluid requires the highest pumping power among all nanofluids analyzed considering 

equal Reynolds number.
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While maintaining equivalent thermal performance to the base fluid, nanofluids reduce the pump 

power requirements. From Figure 3.11, Al2O3 - 1% and CuO - 1% reduced the pumping power by 

approximately 23.0 and 22.2%, respectively, while maintaining the maximum heatsink surface 

temperature at 315 K.

Entropy generation is proportional to the irreversibility in a thermodynamic process. By reducing 

entropy generation, the irreversibility is lowered and produces a better thermodynamic efficiency 

for the heat exchanger based on the second law of thermodynamics. Two of the nanofluids 

examined generated lower entropy than the base fluid, as shown in Figure 3.12. Al2O3 - 1% and 

CuO - 1% nanofluids decreased entropy generation by 24% compared to the base fluid with 

maintaining the same maximum heatsink surface temperature as the base fluid.

The improvement in heat transfer performance in microchannels with nanofluids comes at the cost 

of higher pumping power. While maintaining an equal thermal performance to the base fluid, 

nanofluids can reduce the pumping power requirements and contribute to a more 

thermodynamically efficient heat exchange process.
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CHAPTER 4: NUMERICAL INVESTIGATION TO DERIVE CORRELATIONS FOR 
HYDRODYNAMIC ENTRANCE LENGTH IN VERY LOW REYNOLDS NUMBER 

REGIME IN RECTANGULAR MICROCHANNELS*

* An abridged version of this chapter was published: Ray, D. R., and Das, D. K., 2020, "Numerical Investigation to 
Derive Correlations for Hydrodynamic Entrance Length in Very Low Reynolds Number Regime in Rectangular 
Microchannels," ASME Journal of Fluids Engineering, 142(9).

4.1 Abstract

A three-dimensional laminar flow model was used for 37 Reynolds numbers (0.1, 0.2...1, 2...10, 

20...100, 200...1000) through six rectangular microchannels (aspect ratios: 1, 0.75, 0.5, 0.25, 0.2, 

0.125) to develop correlations for hydrodynamic entrance length. The majority of the Reynolds 

numbers are in the low regime (Re< 100) to fulfill the need to determine the hydrodynamic 

entrance length for microchannels. Examination of the fully developed flow condition was 

considered using the velocity or fRe criteria. Numerical results from the present simulations were 

validated by comparing the fRe results. Two new correlations were developed from a vast amount 

of numerical data (222 simulations). The velocity criterion correlations predict entrance length 

with a mean error of 4.67% and a maximum error of 10.28%. The fRe criterion generated better 

correlations and was developed as a function of aspect ratio to predict entrance length with a mean 

error less than 2% and a maximum error of 5.75% for 0.1 ≤ Re ≤ 1000 & 0 ≤ α ≤ ∞.
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4.2 Introduction

Microdevices have become a highly researched topic over the past two decades. These devices 

have applications in many engineering areas, including heat exchangers [1, 2], microreactors [3, 

4], micromixing, bioanalytical instruments, and lab on a chip. With continuing research, many 

researchers have begun examining two-phase fluid flow (solid and liquid: nanofluids, gas, and 

liquid: boiling or emulsion) in microchannels, while single-phase hydrodynamic entrance length 

and developing friction factor have not been fully explored, especially in the low Reynolds number 

regime, Re<100. Microchannel hydraulic diameters are usually on the order of 10 μm to 200μm 

[5, 6]. With microdevices gaining popularity, understanding the fluid mechanics occurring in the 

channel is vital. For some microchannels, the developing region may be a significant portion of 

the length. Therefore, this research aims to develop new correlations for hydrodynamic 

development length and establish criteria for reaching fully developed flow conditions.

Shah & London [7] provided the most comprehensive laminar flow data for rectangular 

macrochannels by compiling hundreds of references into their book Laminar Flow Forced 

Convection in Ducts. Most of the analytical investigations [8-14] invoked an idealization of the 

boundary-layer assumption for simplicity, which is valid for Re ≥ 100 [15]. The boundary-layer 

assumption was acceptable when these studies were conducted, as low Reynolds number flows 

were rare. With microchannel finding wide applications and operating Reynolds number as low as 

0.1, a new analysis must be conducted to develop new correlations to determine hydrodynamic 

entrance length in very low Reynolds number flows in microchannels. The authors have presented 

new correlations in this paper developed from a large number of simulation-based investigations.
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4.2.1 Research Objective

The objective of the present study is to develop hydrodynamic entrance length correlations for 

various rectangular aspect ratios (1, 0.75, 0.5, 0.25, 0.2, 0.125) and Reynolds number (0.1, 0.2...1, 

2...10, 20...100, 200.. .1000) by conducting an extensive numerical investigation. The broad

Reynolds number range will cover the three types of laminar flows described by White [16]:

The numerical simulations were performed using a well-known computational fluid dynamic 

(CFD) software ANSYS Fluent Version 18.1 [17]. While the numerical simulations are developed 

using microchannel dimensions, the results will also be valid for mini and macrochannels under 

the laminar regime.

4.3 Mathematical Modeling

4.3.1 Model Geometry

Figure 4.1: (a) Typical configuration of a microchannel (b) computational model

A 3-dimensional model is shown in Figure 4.1a for a typical rectangular microchannel. With the 

assumption of uniform fluid distribution, the system can be analyzed by examining a quarter of a 

channel as shown in Figure 4.1b by invoking symmetry. The cross-sectional coordinates are x and 

y, while the axial coordinate is z.

The variable parameters for the present modeling are Reynolds number and aspect ratio ( a = a / b 

). Reynolds numbers will vary from 0.1 to 1000 in a logarithmic pattern, as shown in Table 4.1 for 
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a total of 37 different Reynolds numbers. Six different aspect ratios are considered. The channel's 

width (2a) is varied to create the various aspect ratios. Note the high Reynolds number can produce 

impractically high velocities for the prescribed microchannel dimensions, but the authors wanted 

to cover a broad range of Reynolds numbers and to use traditional theory to validate the results 

due to limited works in the lower or more applicable ranges. Following Mehendale et al.[6] (1 μm 

≤ Dh ≤ 100 μm) or Kandlikar & Grande[5] (10 μm ≤ Dh ≤ 200 μm) criteria for microchannels, the 

hydraulic diameters for each aspect ratio are shown in Table 4.1. The channel lengths were varied 

based on the required length to attain consistent fully developed flow while maintaining detail and 

accuracy in the developing region.

Table 4.1: The parameters used in the numerical simulations for microchannels

Parameters Symbols Values
Reynolds Number Re 0.1, 0.2...1, 2...10, 20...100, 200... 1000

Hydraulic Diameter (μm) Dh 100 85.71 66.67 40.00 33.33 22.22
Aspect Ratio α = a/b 1 0.75 0.5 0.25 0.2 0.125

Model width (μm) a 50 37.5 25 12.5 10 6.25
Model height (μm) b 50

Length of Channel (mm) L Varied

4.3.2 Governing Equations

For incompressible steady-state flow, the conservation of mass and momentum equations are Eqs.

(4.1) and (4.2), respectively.

Additionally, the fluid flow is assumed to be laminar and the viscous heating dissipation is 

negligible.
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4.3.3 Numerical Methods

The system of governing Eqs. (4.1)-(4.2) were solved by the control volume approach using 

ANSYS Fluent [17]. For the solver setting, the standard pressure-based and steady-state were 

chosen. Using the laminar model, the solution method utilized the SIMPLE scheme with spatial 

discretization for gradient, pressure, and momentum being least squares cell-based, second-order, 

and second-order upwind, respectively.

The models were initialized using the hybrid method, after which the residuals for continuity and 

velocities were closely monitored. Convergence was achieved for the simulation when the 

residuals were less than 10-6. The model solved for the three velocity components and the pressure 

throughout the interior computational domain. The data was then exported to MATLAB[18] for 

further post-processing.

4.3.4 Boundary Conditions

The model has a prescribed uniform axial velocity (w) applied at the inlet (z = 0 μm). The pressure 

outlet boundary condition was applied to the outlet. The no-slip condition (U = 0 m/s) is applied 

to the channel wall surfaces (x = a, 0 ≤ y ≤ b & y = b, 0 ≤ x ≤ a). Symmetry boundary conditions 

were applied at x = 0 μm, 0 ≤ y ≤ b & y = 0 μm, 0 ≤ x ≤ a.

4.3.5 Fluid Properties

Initially, the simulations were performed with water and Al2O3 ethylene glycol/water nanofluid, 

but no additional information was derived as our modeling was a single-phased liquid model 

instead of a two-phase flow. Thus, only water was used for the rest of the simulations. Water 

properties were taken at 308.15K, where density and viscosity were 994 kg/m3 and 0.719 mPa∙s, 

respectively.
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4.4 Post-Processing Analysis

The post-processing analysis was conducted using MATLAB[18] and determined the following 

parameters.

The mean velocity [7] is calculated as the average of the cross-sectional plane as shown in Eq.

(4.3), which equals the prescribed inlet axial velocity.

The mean wall shear [7] is determined by averaging the wall shear stress with respect to the 

perimeter of the channel (Eq. (4.4)) at a given axial location (z location). In Eq. (4.4), x represents 

the perimeter distance along the wall.

The local Poiseuille number or Fanning friction factor can be determined using Eq. (4.5).

The apparent Poiseuille number is calculated using the pressure drop to the axial location presented 

in Eq. (4.6).

Incremental pressure drop number, Eq. (4.7), is the additional pressure loss due to momentum 

change and the accumulated increment in wall shear between the developing and developed flow 

[7].
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fully developed flow, the incremental pressure drop number is referred to as K(∞) .



Dimensionless hydrodynamic entrance length is defined as

where Lh is the hydrodynamic entrance length.

The velocity ratio is the maximum velocity, Umax, divided by the mean velocity presented by Eq.

(4.10).

The maximum velocity is determined at the centerline at the outlet.

4.5 Numerical Computation

The modeling adopted orthogonal cartesian grid lines for the xy-plane of the channel cross-section 

with smaller elements near the wall, as shown in Figure 4.2. A bias factor was used to increase 

element size along with axial flow (z-axis) direction. The bias factor was chosen to roughly have

66% of the elements within the anticipated developing flow regime.

Figure 4.2: Mesh layout

4.5.1 Channel Length Independence Study

A length independence study was performed to verify the effects of channel length on 

hydrodynamic entrance length for a square channel considering a Reynolds number of 1000 as an 
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example. The study applied the standard fully develop flow criterion of centerline velocity is 99% 

of Umax. The velocity ratio (U*) and the dimensionless hydrodynamic entrance length were 

determined for four channel lengths (10, 20, 30, and 40 mm). Comparisons were made with each 

preceding length to determine when the parameters are independent of the channel length, as 

shown in Table 4.2.

Table 4.2: Channel length parameter comparisons for Re=1000 & α=1

Comparing U*

Difference
Lh+

Difference
10 mm & 20 mm 0.26% 6.69%
20 mm & 30 mm 0.07% 0.14%
30 mm & 40 mm 0.00% 0.14%

The velocity ratio remains mostly unaffected by the channel length, with the highest difference 

being 0.26% from the study. In comparison, the hydrodynamic entrance length dramatically differs 

between the 10 mm and 20 mm channels by 6.69%. The significant change in entrance length is 

due to the maximum centerline velocity being an increasing asymptotic function. The slight change 

to the maximum centerline velocity (0.26%) would affect the hydrodynamic entrance length. In 

contrast, the change in length from 20 mm to 30 mm showed a marginal effect on hydrodynamic 

entrance length.

Thus, the initial study conducted had a constant channel length of 20 mm for all aspect ratios and 

Reynolds numbers. During post-processing, it was found for low Reynolds numbers and aspect 

ratios majority of the elements were in the fully developed region. Thus, results for developing 

region were limited. Using the data to approximate a hydrodynamic entrance length for each 

subsequent model, the channel lengths were adjusted three times the hydrodynamic entrance 

length.
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4.5.2 Mesh Independence Study

Mesh studies were conducted for each aspect ratio considered (0.125, 0.20, 0.25, 0.50, 0.75, and 

1.0), selecting the lower and upper bounds of Reynolds numbers of 0.1 and 1000. Only the mesh 

for the square channel (α = 1) is discussed here for brevity. The mesh independence study consisted 

of four configurations, as shown in Table 4.3. X, Y, and Z elements represent the number of 

elements in those directions.

Mesh X Elements Y Elements Z Elements Total Elements

Table 4.3: Different mesh configurations for a square channel (α = 1)

I 15 15 200 45000
II 20 20 300 80000
III 25 25 400 250000
IV 30 30 500 450000

Pressure drop (ΔP) and dimensionless hydrodynamic entrance length (Lh+) were computed and 

analyzed to determine the optimal mesh. In Table 4.4, a comparison of the parameters is shown.

The difference is calculated assuming the most refined mesh (IV) is the most accurate.

Table 4.4: Mesh independence study results (ΔP and Lh+) for aspect ratio of 1

Mesh Re ΔP Difference Lh+ Difference
I 0.1 2.08% 1.25%
II 0.1 1.37% 1.21%
III 0.1 0.77% 0.81%
I 1000 0.70% 0.60%
II 1000 0.30% 0.12%
III 1000 0.11% 0.03%

Mesh I for a Reynolds number of 0.1 displays the largest difference in calculated pressure drop 

and dimensionless entrance length of 2.08% and 1.25%, respectively. For a Reynolds number of 

1000, the largest difference in calculated pressure drop and dimensionless entrance length is 0.70% 
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and 0.60%, respectively. These results demonstrate that Mesh II, III and IV generate acceptable 

results, with Mesh IV producing the most accurate results. However, the computational time 

required for Mesh IV is nearly 2.5 times greater than Mesh III without providing a significant 

increase in accuracy over Mesh III. Thus, Mesh III was chosen as the mesh configuration for 

subsequent simulations for an aspect ratio of 1.

Additional mesh independence studies were conducted for each aspect ratio following the 

methodology outlined here to arrive at the optimal mesh for subsequent simulations.

4.5.3 Validation of Computational Model

The computational model is validated by comparing velocity profile, U*, and fRe with published 

results from analytical analysis and experimental work. The temperature rise due to viscous heating 

is calculated to determine if viscous heating is negligible and validated at the end of this section to 

be true.

4.5.4 Velocity Profile Comparison

The fully developed velocity profile for rectangular channels is presented by McComas [11] 

through Eq. (4.11). Modifications were made to match this paper's geometric orientation, as shown 

in Figure 4.3.

Figure 4.3: Specification of the dimensions of a rectangular duct
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While Eq. (4.11) is accepted to be accurate, it is computationally complex. Although the series 

converges quickly, 30 terms are required to achieve five significant digits of accuracy. Therefore, 

due to this complexity of Eq. (4.11), a simpler model was proposed by Purday [19]. Natarajan & 

Lakshmana [20] expanded upon Purday's model and presented Eq. (4.12), where m and n are 

functions of aspect ratios.

The fully developed axial velocity profiles from the present numerical results, Eq. (4.11) and (4.12) 

for different aspect ratios are presented in Figure 4.4, which are in excellent agreement. The 

velocity profiles are on the center plane where x = 0 ( Figure 4.4a) and y = 0 (Figure 4.4b).
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Figure 4.4: Axial velocity profile comparison for various aspect ratios at outlet between present numerical 
computations and theories of McComas (Eq.(4.11)) and Natarajan & Lakshmana (Eq. (4.12))

The maximum difference between the present numerical results and the analytical equations is 

summarized in Table 4.5. It is observed, Eq. (4.11) is in excellent agreement with a difference of 

less than 2%, while Eq. (4.12) has a significantly higher difference, especially for the y-axis 

velocity as large as 12.82%. A careful comparison of data shows the disagreement occurs near the 

wall (0.8 ≤ y/b ≤1); otherwise, a 4% or less was observed in the core region.

Table 4.5: Maximum difference of axial velocity between numerical results of the present scheme and Eq. 
(4.11) & Eq. (4.12)

Aspect Eq. (4.11) Eq. (4.12) Eq. (4.11) Eq. (4.12)
Ratio x = 0 x = 0 y = 0 y = 0
1.00 1.52% 4.69% 1.79% 4.69%
0.75 1.40% 5.64% 1.52% 2.51%
0.50 1.45% 8.48% 1.52% 1.67%
0.25 1.41% 12.82% 1.50% 1.16%
0.20 1.38% 12.62% 1.48% 1.30%

0.125 1.28% 8.36% 1.47% 0.90%

Examining Eq. (4.11) & Eq. (4.12) over the entire cross-sectional plane, we observe Eq. (4.11) has 

a maximum deviation of 3.9% for square duct and less than 2% for other aspect ratios. While Eq.
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(4.12) is reasonably accurate at the core region, an extremely high difference (≤39%) occurs at the 

corners.

4.5.5 Velocity Ratio Comparison

The ratio of maximum velocity to mean velocity (U*) has been presented in the literature by several

researchers [9-12, 20, 21]. Eq.(4.11) and (4.12) can be reduced down to determine U* by setting x 

= y= 0 for the centerline velocity as shown in Eq. (4.13) and (4.14).

McComas [11] provided a very comprehensive set of results for ten different aspect ratios (1 ≤ α 

≤ 0) using Eq. (4.13), while Sparrow et al. [21] determined the velocity ratio for aspect ratios of 

0.5 and 0.2 experimentally. Their experimental results agreed with calculations presented by

McComas. A comparison between the present numerical results and Eq. (4.13) and (4.14) is 

summarized in Table 4.6. The present numerical computation results agree with both Eq. (4.13) 

and (4.14), with difference less than 0.34% and 1.27%, respectively.
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Table 4.6: Comparison of U* results obtained from numerical computation with Eq. (4.13) and (4.14)

Aspect Numerical 
Ratio Results Eq. (4.13) Difference Eq. (4.14) Difference

1.00 2.0892 2.0963 0.34% 2.1157 1.25%
0.75 2.0713 2.0774 0.29% 2.0713 0.00%
0.50 1.9862 1.9918 0.28% 1.9805 0.29%
0.25 1.7689 1.7737 0.27% 1.7895 1.15%
0.20 1.7102 1.7150 0.28% 1.7322 1.27%

0.125 1.6235 1.6283 0.29% 1.6377 0.87%

A rigorous comparison of fRe has been made in Table 4.7 between the present numerical results 

and Eq. (4.15) by Shah & London [13] for six aspect ratios. An excellent agreement is observed 

with the equation of Shah & London with a maximum difference of 0.32%, validating this 

numerical model.

Table 4.7: Fully developed fRe comparison with Eq. (4.15) by Shah & London [13]

Aspect Ratio Present Numerical 
Results Shah & London [13] Difference

1.00 14.188 14.230 0.31%
0.75 14.441 14.478 0.27%
0.50 15.511 15.557 0.32%
0.25 18.187 18.234 0.27%
0.20 19.021 19.072 0.28%

0.125 20.526 20.590 0.32%
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4.5.6 Fully Developed Friction Factor Comparison

Several studies have been devoted to the essential practical parameter, fully developed friction 

factor. The most widely cited literature on this topic could be by Shah & London [13], who 

developed a correlation for fRe as a function aspect ratio (0≤α≤1) shown as Eq. (4.15).



The maximum temperature rise for each aspect ratio would occur with the highest flow rate (Re = 

1000). The pressure loss (ΔP) is obtained from numerical computation and knowing the 

thermophysical properties, the temperature rise due to viscous heating is calculated and presented 

in Table 4.8. The smallest aspect ratio (0.125) caused the most significant temperature change of 

1.69K due to the high-pressure loss, while other aspect ratios were under 1K.

Table 4.8: Temperature change calculated using Eq. (4.17) for water at 308.15K

Reynolds Number Aspect Ratio Temperature Rise (K)
1000 0.125 1.69
1000 0.20 1.00
1000 0.25 0.76
1000 0.50 0.24
1000 0.75 0.12
1000 1.0 0.09
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4.5.7 Viscous Heating Evaluation

Viscous heating was assumed negligible in the numerical model; therefore, validation is necessary. 

Conservation of energy dictates energy loss associated with pressure drop will be converted into 

thermal energy, which causes the fluid temperature to rise assuming adiabatic condition. The 

energy conversion equation is Eq. (4.16).

Where ΔP is the pressure drop, V is the volumetric flow, m is the mass flow rate, Cp is the specific 

heat of the fluid, and ΔT is the temperature change. Eq. (4.16) can be solved for the temperature 

rise and reduces to Eq. (4.17).



Considering a temperature change of 1.69K, the water's density, specific heat, and viscosity would

decrease by 0.06%, 0.01%, and 3.29%, respectively. Viscosity shows some change but is marginal.

Therefore, the assumption of negligible viscous heating is valid.

4.6 Results

4.6.1 Fully Developed Flow Criteria

Various researchers have presented different criteria for establishing a fully developed flow 

condition. These include the ratio of centerline velocity to fully developed centerline velocity [8

11, 22] or incremental pressure drop number to fully developed incremental pressure drop number 

[9, 23]. The ratio criteria vary between 95% to 99%.

This paper will present results using the velocity, incremental pressure drop number, and fRe 

criterion, Eq. (4.18), (4.19), and (4.20), respectively, in determining developed flow conditions. 

The fRe criterion proposed by the present authors has not been proposed to our knowledge.

fRe criterion, Eq. (4.20), is a new criterion proposed by the authors. The criterion states that fully 

developed flow conditions are achieved when fzRe is 99% of fRe. Using the fRe criterion for 

determining fully developed flow has several merits:

1. fRe is already well established from numerous studies by different researchers, while fully 

developed incremental pressure drop number varies between researchers.

2. fRe is vital parameter engineers need to know accurately for developing or fully developed 

flow to determine pressure drop or pumping power requirements. Centerline velocity is 

less important.
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3. fRe is a parameter describing the fluid-wall interaction, while centerline velocity and 

incremental pressure are dependent on the fluid-wall interaction. Thus, fRe will achieve 

fully developed flow conditions before velocity or incremental pressure drop number.

One of the challenges with using the fRe criterion is experimental validation would be difficult for 

measuring the wall shear along the channel with accurate skin friction gages.

A comparison of three fully developed flow criteria is shown in Figure 4.5 for a square cross

section channel with a Reynolds number 1000. The velocity and fRe criteria are in reasonable 

agreement, while the incremental pressure drop number criteria differ significantly. The 

dimensionless entrance length for velocity and fRe criteria are 0.0733 and 0.0698 at 99%, 

respectively. Between the two criteria, a difference of 4.72% is observed.

Figure 4.5: Comparison of fully developed criteria for α = 1 and Re = 1000

In all modeling cases, the velocity and fRe criteria were used to determine the hydrodynamic 

entrance length. With the incremental pressure drop number disagreeing with the other criteria, it 

was not investigated any further. The velocity and fRe criteria differences between them increase 

with decreasing Reynolds number and aspect ratio.
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4.6.1.1 Effects of Reynolds number on the entrance length

After observing how the criteria compare with each other for a given model of an aspect ratio of 

1, a comparison of the velocity and fRe criteria for the entire Reynolds number range is shown in 

Figure 4.6. It is a logarithmic plot with a relative difference plot included. The difference between 

the two criteria increases as the Reynolds number decreases until a Reynolds number of 7 with a 

maximum difference of 8.06%. The difference begins to decrease to 5.92% at Reynolds number 

of 0.1.

Figure 4.6: Dimensionless entrance length comparison for velocity and fRe criteria for aspect ratio 1

Figure 4.7 shows a similar comparison as Figure 4.6, but with the smallest aspect ratio of 0.125.

In this case, the most significant difference is at Reynolds number of 3, producing a difference of

64%.
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Figure 4.7: Dimensionless entrance length comparison of velocity and fRe criteria for aspect ratio 0.125

4.6.1.2 Effects of aspect ratio on entrance length

The aspect ratio also affects the two criteria, as illustrated in Figure 4.8. At an aspect ratio of 1, the 

difference is 4%, but as the aspect ratio decreases, the difference between the two criteria increases 

until an aspect ratio of 0.2, a slight decrease occurs at 0.125.

Figure 4.8: Comparing the effects of aspect ratio on dimensionless entrance length for a Reynolds number of 
1000.

A summary of the maximum difference for the different aspect ratios and the Reynolds number at 

which it occurs is presented in Table 4.9.
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Table 4.9: Summary of the maximum relative difference of dimensionless entrance length comparisons of 
velocity and fRe criteria at six aspect ratios

Aspect Ratio Reynolds Max Relative Difference
1.00 7 7%
0.75 7 10%
0.50 20 22%
0.25 100 53%
0.20 100 56%
0.125 3 64%

The entrance length calculated by the velocity criterion always comes out longer than the fRe 

criterion. This investigation's main conclusion is that low Reynolds number and aspect ratio 

channels need additional studies to establish the cause of the difference. One possible reason for 

the differences between the velocity and fRe criteria may be velocity overshoot.

4.6.2 Velocity Overshoot

Velocity overshoots are where the centerline velocity is a local minimum while local maxima occur 

near the walls creating a concave velocity profile instead of a convex profile. The phenomenon of 

velocity overshoots is summarized in Shah and London's book [7] for pipes and parallel plates. 

Overshoots were first reported by Wang and Longwell [24] from their numerical solution for flow 

between parallel plates. Initially, velocity overshoot was believed to be a numerical error artifact, 

but Abarbanel et al. [25] showed overshoots were not. Several experimental works [26-28] cited 

by Shah and London [7] and Ahmad and Hassan [29] measured the velocity profiles by a laser- 

doppler velocimeter and observed velocity overshoots. Our results also exhibited velocity 

overshoots, which are described in Figure 4.9 to Figure 4.12.

Figure 4.9 shows an example of velocity overshoot created from present numerical results using 

an aspect ratio of 1 with a Reynolds number of 1000 (Figure 4.9a) and Reynolds of 0.1 (Figure 

4.9b). The “X” mark notes the maximum velocity point for that axial location.
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In Figure 4.9 (a) and (b), a uniform velocity profile boundary condition is applied at the inlet. 

Moving down axially, the fluid on the wall obeys the no-slip condition with zero velocity. Thus, 

the fluid near it accelerates to preserve continuity creating the overshoot. Moving further along 

axially, the velocity overshoot begins to diminish while converging towards the centerline. From 

previous researchers' studies, velocity overshoots are negligible at high Reynolds numbers and 

significant at lower Reynolds numbers. Our computational results also found similar behavior and 

decreasing aspect ratio made velocity overshoot more significant.

In Figure 4.9a, one can observe the velocity overshoot starting as the fluid interacts with the wall 

at the inlet (Z+ = 0). Near this location, the velocity overshoot is showing 1.73% greater than the 

centerline velocity. The velocity in the overshoot increases until Z+ = 2.136E-04, displaying a 

velocity of 10.72% greater than the centerline velocity. But the maximum overshoot for this cross

section occurs near the corner of the duct where two wall surfaces interact with the fluid creating 

a velocity that is 20.21% greater than the centerline velocity, as shown with a contour plot in Figure 

4.10. From this point (Z+ ≥ 2.136E-04), the overshoot begins to diminish as it converges towards 

the centerline. The convergence happens rapidly for high Reynolds numbers, whereas in Figure 

4.9a, the overshoot converges on the centerline at Z+ = 1.145E-02, which is 16.40% of the 

developing region. The effects of low Reynolds number (Re = 0.10) on velocity overshoot are 

displayed in Figure 4.9b. Here we notice the velocity difference is lower than that for Re = 1000 

of 5.57% at Z+ = 0.285 and 15.29% in the corner. The overshoot converges towards the centerline 

at Z+ = 1.602, which is about 24.08% of the developing region.
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Figure 4.9: Developing velocity profile for a=1: (a) Re =1000 (b) Re = 0.1

Figure 4.10: Contour plot with velocity overshoot in the corner at Z+ = 2.136E-04 for an aspect ratio of 1 with 
Reynolds of 1000

The aspect ratio has a significant effect on the velocity overshoot, which has been examined 

carefully from our numerical results and displayed in Figure 4.11 and Figure 4.12 as a function of 

Reynolds number.

Figure 4.11 shows as the aspect ratio decrease, the difference between the overshoot and centerline 

velocity decreases. From Figure 4.11, 3 zones can roughly be observed; (i) from Re = 10-1 to 10, 

the velocity difference is the smallest and is essentially constant, (ii) from Re = 10 to 102, the 

velocity difference increases and reaches a peak and (iii) from Re = 102 to 103 the velocity
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difference decreases and attains a similar magnitude as the low Reynolds number flows (10-1 to

10).

Figure 4.11: The maximum relative difference between the overshoot and centerline velocity for various aspect 
ratios as a function of Reynolds number

Figure 4.12 shows as the aspect ratio and Reynolds number are inversely related to the distances 

(Z+) for velocity overshoot to converge towards the centerline. The velocity overshoot distance is 

higher, while the velocity overshoot magnitude is lower for low aspect ratios. On close analysis, it 

was found that for aspect ratio 0.125, while the velocity overshoot starts in the corner, it quickly 

moves to the symmetry's y-axis. In this case, the velocity overshoot takes a significant amount of 

distance to converge towards the centerline. Due to the delay of centerline velocity achieving 

maximum velocity is why the velocity criterion predicts a longer entrance length than the fRe 

criterion. The authors believe the fRe criterion is a more suitable condition in determining fully 

developed flow for engineering applications, predicting pressure drop and convective heat transfer 

coefficient.
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Figure 4.12: Distance for velocity overshoot to end for various aspect ratios as a function of Reynolds number

4.6.3 Comparison between Present Numerical Results with Previous Correlations

Several authors have researched entrance length for rectangular channels, but most of the results

differ from each other and there is no universal agreement, as shown in Table 4.10.

Table 4.10: L+ for fully developed laminar flow in rectangular channels

α
Wiginton
& Dalton

[8]

Fleming & Sparrow
[9]

Han
[10] McComas [11]

Beavers 
et al.
[23]

Goldstein
&

Kried[22]
1 0.09 - 0.0752 0.0328/0.03244 0.0305 0.090

0.75 - - 0.0735 0.0310 -
0.50 0.085 0.0471/0.0702/0.0953 0.0660 0.0255 0.0155

0.40 - - - 0.0217 -
0.25 0.075 - 0.0427 0.0147 -
1/6 - - - 0.0110 -
0.20 0.08 0.031/0.0522/0.083 - - 0.0155

0.125 - - 0.0227 0.00938 -
0.10 - - - 0.00855 0.0155

0.05 - - - 0.00709 0.0155

0 - 0.00831/0.00902 0.0099 0.00588 -
1 Used the fully developed flow condition: K(z)∕K(∞) = 95%
2 Used the fully developed flow condition: U/Ufd = 95%
3 Shah & London [7] interpreted their results [9] to use the fully developed flow condition: U/Ufd = 99%
4 Shah & London [7] presented the value
5 Used the fully developed flow condition: K(z)/K(∞) = 95%
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All analytical studies[8-11] applied the boundary layer theory, which is valid for a Reynolds 

number of 100 or greater. Beavers et al. [23] performed an experimental study on sixteen aspect 

ratios (1/51 to 1) with Reynolds numbers varying from 400 to 3000. They determined the 

dimensionless entrance length for a square channel was 0.03 and for channels with an aspect ratio 

less than 0.5, the dimensionless entrance length was 0.015. Goldstein & Kried [22] measured the 

developing flow velocity profile for a square duct using a laser-doppler flowmeter. The majority 

of this work was done in the 1960s and 1970s for laminar flow in channels, which would have a 

Reynolds number larger than 100 for most “macro” channels. However, the present day 

microchannels operate in the range of 0.1 ≤ Re ≤ 1000.

Ahmad & Hassan [29] conducted microparticle image velocimetry experiments for three different 

square microchannels (500 μm, 200 μm, and 100 μm) over a Reynolds number range of 0.5 to 

200. They developed an entrance length correlation, Eq. (4.21), as a function of the Reynolds 

number. The correlation was within 15% of their data for square channels with a hydraulic diameter 

of less than 500 μm.

A comparison of dimensionless hydrodynamic entrance length is made in Figure 4.13 between the 

numerical results of the present computation based on velocity and fRe criteria of flow 

development and the correlations of Ahmad & Hassan [29], Han [10], and Wiginton & Dalton [8] 

for a square channel (α = 1).
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Figure 4.13: Entrance length comparisons for α=1 (a) 0.1 ≤ Re ≤ 1 (b) 1 ≤ Re ≤ 100 (c) 0.1 ≤ Re ≤ 1000

Our numerical results based on the fRe criterion are in good agreement with Ahmad & Hassan with 

a difference of less than 8% (Figure 4.13 a and c), except for Reynolds numbers of 3-30 it increases 

to 10-21% observed in Figure 4.13b. The numerical results had a reasonable agreement with Han's 

results for Reynolds numbers greater than 30 with a difference of less than 7.5%. Ahmad & Hassan 

and Han overlap for large Reynolds numbers greater than 100; because they used Han's results to 

develop their correlation for large Reynolds numbers. The results of Wiginton & Dalton differed 

more with the present numerical prediction showing a minimum difference of 9.78% at a Reynolds 

of 20.

Similarly, our numerical determination of entrance length based on velocity criterion for flow 

development is in good agreement with Ahmad & Hassan correlation with a maximum difference 
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of 12%. The numerical results have excellent agreement with Han's results for Reynolds number 

greater than 60 with a difference of less than 3%. There was a comparatively greater disagreement 

of the numerical results presented here to Wiginton & Dalton, showing a minimum difference of 

3.4% at a Reynolds number of 20, while the rest were all above 10%.

Figure 4.14 compares the dimensionless entrance length with varying aspect ratios between the 

present numerical results (Re = 1000) and Han [10], Wiginton & Dalton [8], McComas [11], and 

Fleming & Sparrow[9]. As evident from Figure 4.14, many previous researchers significantly 

disagree on the entrance length for rectangular channels. From the present research, it can be 

emphasized that the fRe criterion matches closely (maximum difference: 10%, mean difference: 

4.17%) with Han's entrance length prediction. fRe criterion also seems to show to smooth trend 

with varying aspect ratio, while the velocity criterion shows a drastic trend change for aspect ratios

less than 0.2.

Figure 4.14: Comparison of dimensionless entrance length predictions of several authors for various aspect 
ratios for Re = 1000
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4.6.4 Development of an Improved Correlation

From the wealth of numerical data generated by numerous simulations for Reynolds numbers 

varying from 0.1 to 1000 and aspect ratios ranging from 0.125 to 1.0, two correlations for entrance 

length were developed based on the velocity and fRe criterion. A correlation form presented by 

Chen [30] for circular and parallel plate geometry, Eq. (4.22), which Ahmad & Hassan [29] also 

adopted recently for rectangular channels, was selected as a basis for a new correlation.

In Eq. (4.22), only the coefficient B was determined from curve fit. Coefficients A and C were 

determined by the lower and upper bounds of the data. Coefficient A is Lh/Dh at Reynolds number 

of 0.1 and coefficient C is Lh+ at Reynolds number of 1000.

After analysis of the data, the correlation coefficients A, B, and C were determined. These are listed 

in Table 4.11. Comparisons of the present numerical data with the proposed correlation are shown 

in Figure 4.15. The correlation has a reasonable fit with a maximum error of 10.28% for an aspect 

ratio of 0.2 and a mean error less than 5%. Error represents the difference between the numerical

data and Eq. (4.22). The coefficients A, B, and C yield excellent R2 values. The most significant 

error for each aspect ratio occurred in the Reynolds number range of 3 to 200, which could be a 

transition regime from low Reynolds number (≤ 1) to high Reynolds number (≥100), as seen in

Figure 4.15.
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Table 4.11: Hydrodynamic entrance length correlation Eq. (4.22) coefficients based on velocity criterion

Aspect Ratio A B C Mean Error Max. Error R2
1.000 0.707 0.08380 0.0733 1.25% 3.02% 1.000
0.750 0.745 0.07430 0.0745 1.50% 3.21% 1.000
0.500 0.905 0.05710 0.0810 2.42% 5.17% 1.000
0.250 1.340 0.01900 0.0795 4.46% 9.64% 1.000
0.200 1.520 0.00737 0.0683 4.67% 10.28% 0.999
0.125 1.960 0 0.0445 3.02% 6.88% 0.999

Figure 4.15: Comparison of correlation Eq. (4.22) using Table 4.11 coefficients with numerically computed 
results

Based on the fRe criterion, coefficients A, B, and C were determined. The correlations have 

excellent agreement with a maximum error of 4.39% for an aspect ratio of 0.5, as shown in Table 

4.12. Figure 4.16 shows a comparison between the numerical results and the correlations using the 

coefficients from Table 4.12.
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Table 4.12: Hydrodynamic entrance length correlation coefficients Eq. (4.22) based on fRe criterion

Aspect Ratio A B C Mean Error Max. Error R2
1.00 0.665 0.09710 0.0698 1.50% 3.54% 1.000
0.75 0.679 0.08560 0.0684 1.51% 3.49% 1.000
0.50 0.729 0.05750 0.0614 2.15% 4.39% 1.000
0.25 0.788 0.02480 0.0380 2.09% 4.31% 1.000
0.20 0.777 0.02130 0.0321 1.82% 3.76% 1.000
0.125 0.685 0.01670 0.0237 1.75% 3.26% 1.000

Figure 4.16: Comparison of correlation Eq. (4.22) using Table 4.12 coefficients with numerically computed 
results

Using the coefficients (A, B, and C) determined in Table 4.12, correlations were developed as a 

function of aspect ratio. For fluid mechanics, the aspect ratio orientation (long side versus short 

side) for rectangular channels is irrelevant. A channel with an aspect ratio of 0.5 is identical to an 

aspect ratio of 2. Thus, the authors wanted to include the “symmetry” nature of the aspect ratio. 

The “symmetry” nature of the aspect ratio is easily noticeable once the natural log of the aspect 

ratio is considered, as shown in Figure 4.17. Figure 4.17a shows the dimensionless entrance length 

for Reynolds number of 1000 across a broad range of aspect ratios, while in Figure 4.17b is a 

similarly drawn plot but with the x-axis as ln(α). In Figure 4.17b, the axis of symmetry can be 

observed at an aspect ratio of 1, (ln(1) =0). Also, using the natural log of the aspect ratio, the lower 
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and upper bounds of the aspect ratio that define parallel plates, 0 and ∞, are -∞ and ∞, respectively.

Thus, mathematically it is easier to included parallel plates. Chen's [30] coefficients for Eq. (4.22) 

presented by Shah [7] are A = 0.315, B = 0.0175 and C = 0.011.

Figure 4.17: Introduction of natural logarithmic aspect ratio to demonstrate symmetry of results

The correlations developed by including ln(α) are presented as Eq. (4.23a), (4.24a), and (4.25). 

Hyperbolic secant functions can represent such symmetric curves. For ease of calculation Eq. 

(4.23a) and (4.24a) can be reduced to rational polynomials, Eq. (4.23b) and (4.24b). Eq. (4.25) 

could not be easily simplified due to the natural log of the aspect ratio being squared.

The hydrodynamic entrance length can be determined for any aspect ratio ranging from 0 to ∞

with a Reynolds number varying from 0.1 to 1000 using Eq. (4.22)-(4.25). The correlations have 

a maximum error of 5.75% and a mean error of 1.87% from the numerically computed data, as 

shown in Figure 4.18.
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Figure 4.18: Relative error in hydraulic entrance length prediction via Eq. (4.22)-(4.25) from numerically 
computed data

4.7 Conclusions

Extensive numerical simulations were conducted covering Reynolds numbers from 0.1 to 1000 

and aspect ratios varying from 0.125 to 1. From the significant amount of numerical data, an 

investigation into the fully developed condition was conducted examining two criteria: velocity 

and fRe. The velocity and fRe criteria were in reasonable agreement with existing theories for 

higher aspect ratio (≥ 0.5) and higher Reynolds number (≥100). New hydrodynamic entrance 

length correlations were developed for both the velocity and fRe criteria for each aspect ratio and 

broader Reynolds number range. The velocity criterion correlation (Eq. (4.22) and Table 4.11) has 

a mean relative error of less than 5% and a maximum relative error of 10.28%. The fRe criterion 

yielded a much better correlation (Eq. (4.22) and Table 4.12) with a mean relative error less than 

3% and a maximum relative error of 4.39%. Additionally, the fRe criterion correlation was made 

more versatile by expanding it to be a function of all aspect ratios using Eq. (4.22)-(4.25). The 

correlation has an applicability range of 0.1 ≤ Re ≤ 1000 and 0 ≤ α ≤ ∞ , limiting the mean relative 

error to less than 2% and a maximum relative error to 5.75%.
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CHAPTER 5: NUMERICAL INVESTIGATION OF DEVELOPING AND FULLY
DEVELOPED LAMINAR FLOWS IN RECTANGULAR MICROCHANNELS TO 

DEVELOP NEW APPARENT FRICTION FACTOR CORRELATIONS*

*Manuscript under preparations for submission to the journal of Physics of Fluids.

5.1 Abstract

A three-dimensional laminar flow for 37 Reynolds numbers (0.1, 0.2...1, 2...10, 20...100,

200... 1000), primarily in low regime with water flow through six rectangular microchannels 

(aspect ratio: 1, 0.75, 0.5, 0.25, 0.2, 0.125) have been modeled conducting 222 simulations to 

develop correlations for fully developed friction factor (fRe) and incremental pressure drop number 

to determine apparent fRe. The present simulations' numerical results were validated by comparing 

the fully developed velocity profile, friction factor, and incremental pressure drop number for 

Re>100 in rectangular channels. Three new correlations were created from a vast amount of 

numerical data. First, a new fRe correlation was developed to include all aspect ratios, 0 ≤ α ≤ ∞, 

with a mean and maximum deviation of 0.14% and 0.26%, respectively. Next, a correlation for the 

fully developed incremental pressure drop number, K(∞), was created as a function of aspect ratio, 

0 ≤ α ≤ ∞, and Reynolds number, 0.1 ≤ Re ≤ 1000. The correlation was in good agreement with 

the numerical data with a mean deviation of 1.75% and a maximum deviation of 4.99%. The final 

correlation developed was for developing incremental pressure drop number, K(z), as a function 

of non-dimensional axial distance (Z* ≥ 0.05Lh+), aspect ratio (0.125 ≤ α ≤ 8), and Reynolds 

number (0.1 ≤ Re ≤ 1000). The correlation was in good agreement with the numerical data with 

a mean deviation of 0.80% and a maximum deviation of 5.93%. The local fapp,zRe can be 

determined using the three correlations developed with a maximum deviation of 8.23% for 0.1 ≤ 

Re ≤ 1000 & 0.125 ≤ α ≤ 8.
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5.2 Introduction

Microdevices have become a highly researched topic over the past two decades. These devices 

have applications in many engineering areas, including heat exchangers [1, 2], microreactors [3, 

4], micromixing, bioanalytical instruments, and lab on a chip. Many researchers have begun 

examining two-phase fluid flow (gas and liquid: boiling or emulsion) in microchannels. 

Simultaneously, the single-phase developing friction factor has not been fully explored, especially 

in the low Reynolds number regime Re<100. Microchannel hydraulic diameters are usually on the 

order of 10 μm to 200μm [5, 6]. With microdevices gaining popularity, understanding the fluid 

mechanics occurring in the channel are vital. For most microchannels, the entire length may fall 

within the developing region.

Due to steady advancements in military and civilian airborne and space-based electronics and 

associated increases in the presence of those devices, the applications for microchannel flows have 

increased significantly. These challenges are being met by developing compact microchannel heat 

exchangers. The encyclopedia by Bar-Cohen [7] is an excellent example of recent research on fluid 

dynamic and thermal analyses and the optimization techniques for designing microchannel flow 

passages. To cope with the high-density heat fluxes generated in new devices, researchers are also 

exploring more efficient microchannel designs: two-phase (particle & liquid or liquid & vapor) 

flows in microchannels and critical heat flux phenomena with nanofluids in cooling systems in 

electronics are now the latest research topics as described by Thome [8]. These are all dependent 

on accurate determination of the development length because, in microchannels, a large section is 

generally developing flow. Therefore, this research aims to develop new correlations for 

determining pressure loss parameters, such as fRe and incremental pressure loss (K(z)).
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5.2.1 Microchannel and Conventional Theory

Qu et al.[9] performed an experimental and computational investigation on pressure drop and flow 

development in a rectangular microchannel (222 μm wide, 694 μm deep, 12 cm long) for Reynolds 

numbers ranging from 196 to 2215. The authors reported the computational model based on the 

Navier-Stokes equation accurately predict experimental results for microchannel.

Sharp & Adrian[10] experimentally verified the transition to turbulent flow in glass microtubes 

(Dh=50 μm to 247 μm) agreed with Reynolds number of 1800-2000, thus confirming Poiseuille 

flow relations are valid for microchannels to at least 50μm.

Rands et al. [11] also verified the classical laminar flow behavior was accurate for low Reynolds 

number (300<Re<2100) for microtube diameters ranging from 16.6 to 32.2 μm and observed the 

transition to turbulent flow occurred between Reynolds number 2100-2500.

Celata et al. [12] carried out a hydrodynamic test on smooth glass/fused silica capillary tubes with 

an inner diameter range from 31 μm to 259 μm and found within their experimental accuracy 

Re>300 agrees with classical Hagen-Poiseuille law. The lower Reynolds number cases showed 

some discrepancy within their experimental accuracy of 19% for a 31 μm tube.

Li et al. [13] measured fRe for deionized water in a glass (79.9-166.3μm), silicon(100.25- 

205.3μm), and stainless steel(128.76-179.8μm) microtubes with Reynolds number varying from 

500 to 2500. The smooth microtubes, glass, and silicon were consistent with traditional theory, 

while the stainless steel with a relative roughness of 3-4% had an increase in fRe of 15-37%.

Judy et al. [14] measured fRe for distilled water, methanol, and isopropanol in circular and square 

microchannels with hydraulic diameters ranging from 15-150μm over a Reynolds number range 

of 8-2300. The microchannels were fabricated from fused silica and stainless steel. They found no 

deviation from macro/Stokes flow theory within their experimental accuracy (fused silica circular 
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10.2-15.0%, fused silica square 10.3-11.4%, stainless steel circular 20.2-21.4%). They also did not 

observe a transition to turbulent flow in the range Re ≤ 2000.

5.2.1.1 Deviation from Conventional Theory

Deviation from conventional theory is usually related to either slipping or surface roughness, 

which has a much more significant effect on the microscale.

Tretheway et al.[15] measured the flow of water in 30 by 300 micron channels using Particle Image

Velocimetry (μ-PIV). The results showed the no-slip condition was valid for hydrophilic 

microchannels, but slip may occur in hydrophobic microchannels.

El-Genk & Pourghasemi [16] carried out a CFD analysis exploring the effects of β (slip length) in 

microchannels. They discovered the friction factor decreases with increasing slip length.

Peng et al.[17] conducted an experimental investigation on seven different rectangular 

microchannels and found the friction factor larger than conventional theory. They also found the 

transition regime to be around 200-700 Reynolds number. The early transitional regime could be 

due to the channel's roughness, as predicted results differ greatly from conventional theory and 

other researchers.

5.2.2 Macrochannel Studies

Shah & London [18] provided the most comprehensive laminar flow data for rectangular channels 

by compiling hundreds of references into their book Laminar Flow Forced Convection in Ducts. 

Some of their essential citations are summarized in Table 5.1 with an X denoting parameters 

investigated. Most of the analytical investigations invoked an idealization of the boundary-layer 

assumption for simplicity, which is valid for Re ≥ 100 [19]. The boundary-layer assumption was 

acceptable when these studies were conducted, as low Reynolds flow was rare. With microchannel 

finding wide applications and operating Reynolds number as low as 0.1, a new analysis must be 
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conducted to develop new equations to determine hydrodynamic parameters in very low Reynolds 

number flows in microchannels. The present paper develops these parameters from a large number 

of simulation-based investigations.

Table 5.1: Summary of Past Macrochannel Studies

Author Analysis Lh+ fRe
Umax

Um
K(∞) fappRe

Wiginton & Dalton [20] Analytical X X
Fleming & Sparrow [21] Analytical X X X

Han [22] Analytical X X X X
McComas [23] Analytical X X X

Beavers et al. [24] Experiment X X
Goldstein & Kried [25] Experiment X

Lundgren et al.[26] Analytical X X
Shah & London [27] Analytical X
Sparrow et al. [28] Experiment X
Miller & Han [29] Analytical X

Curr et al. [30] Numerical X

5.2.3 Objective of this Research

The objective of the present study is to develop friction factor correlations for various rectangular 

aspect ratios (1, 0.75, 0.5, 0.25, 0.2, 0.125) and Reynolds number (0.1, 0.2...1, 2...10, 20...100,

200.. .1000) by conducting an extensive numerical investigation. The broad Reynolds number 

range will cover the three types of laminar flows described by White [16]:

0 ≤ Re ≤ 1 Highly viscous laminar “creeping” motion
1 ≤ Re ≤ 100 Laminar, strong Reynolds number dependence

100 ≤Re ≤1000 Laminar, boundary-layer theory useful
The numerical simulations were performed using a well-known computational fluid dynamic 

(CFD) software, ANSYS Fluent [17] Version 18.1. While the numerical simulations are developed 

using microchannel dimensions, the results will also be valid for mini and macrochannels under 

the laminar regime.
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5.3 Mathematical Modeling

5.3.1 Model Geometry

Figure 5.1: (a) Typical configuration of a microchannel heat sink (b) computational model

A 3-dimensional model is shown in Figure 5.1a for a typical rectangular microchannel. With the 

assumption of uniform fluid distribution, the system can be analyzed by examining a quarter of a 

channel as shown in Figure 5.1b by applying appropriate symmetry boundary conditions. The 

cross-sectional coordinates are x and y, while the axial coordinate is z. The origin is at the center 

of the channel (bottom left corner).

The testing parameters for the present model are Reynolds number and aspect ratio (a — a / b). 

Reynolds number will vary from 0.1 to 1000 in a logarithmic pattern, as shown in Table 5.2. Six 

different aspect ratios are used, and for simplicity, the channel's width (2a) is varied to create the 

various aspect ratios. Note the high Reynolds number can produce unrealistic velocity for the 

prescribed microchannel dimensions. Still, the authors wanted to cover a broad range of Reynolds 

numbers and using traditional theory to validate the results due to limited works in the lower or 

more applicable ranges. Following Mehendale et al.[6] (1 μm ≤ Dh ≤ 100 μm) and Kandlikar & 

Grande[5] (10 μm ≤ Dh ≤ 200 μm) criteria for microchannels, the largest hydraulic diameter is 

100μm. The hydraulic diameters for each aspect ratio are shown in Table 5.2. The hydraulic 
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diameter is calculated using traditional theory (Eq. (5.1)). The channel lengths varied based on the

required length to determine a fully developed flow, as explained in more detail in section 5.4.1.

Table 5.2: Microchannel testing parameters

Parameter Symbol Value
Reynolds Number Re 0.1, 0.2...1, 2...10, 20...100, 200... 1000

Hydraulic Diameter Dh 100 85.71 66.67 40.00 33.33 22.22
Aspect Ratio α 1 0.75 0.5 0.25 0.2 0.125

Model width (μm) a 50 37.5 25 12.5 10 6.25
Model height (μm) b 50

Length of Channel (mm) L Varied

5.3.2 Governing Equations

Conservation of mass and momentum have been reduced to Eqs. (4.1)-(4.2), respectively. The 

governing equations were reduced for an incompressible, steady-state fluid flow while neglecting 

the gravitational force and the heat dissipation caused by viscosity.

5.3.3 Numerical Methods

The system of governing Eq. (5.2)-(5.3) were solved by the control volume approach using 

ANSYS Fluent [31]. For the solver setting, the standard pressure-based and steady-state were 

chosen. Using the laminar model, the solution method utilized the SIMPLE scheme with spatial 

discretization for gradient, pressure, and momentum being least squares cell-based, second-order, 

and second-order upwind, respectively.

The models were initialized using the hybrid method, after which the residuals for continuity and 

velocities were closely monitored. Convergence was achieved for the simulation when the 
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residuals were less than 10-6. The model solved for the three velocity components and the pressure 

throughout the interior computational domain. The data was then exported to MATLAB[32] for 

further post-processing.

5.3.4 Boundary Conditions

The model has a prescribed uniform axial velocity (W) applied at the inlet (z = 0 μm). The velocity 

is determined by the prescribed Reynolds number (Eq. The no-slip condition (V = 0 m/s) is applied 

to the channel wall surfaces (x = a, 0 ≤ y ≤ b & y = b, 0 ≤ x ≤ a). Symmetry boundary conditions 

were applied at x = 0 μm, 0 ≤ y ≤ b & y = 0 μm, 0 ≤ x ≤ a.

5.3.5 Fluid Properties

Initially, the simulations were performed with water and Al2O3 ethylene glycol/water nanofluid, 

but no additional information was derived as our modeling was a single-phased liquid model 

instead of a two-phase flow. Thus, only water was used for the rest of the simulations. Water 

properties were taken at 308.15K, where density and viscosity were 994 kg/m3 and 0.719 mPa∙s, 

respectively.

5.3.6 Post-Processing Analysis

The post-processing analysis was conducted using MATLAB[32].

The mean velocity [18] is calculated as the cross-sectional plane's surface average as shown in Eq.

(5.5), which equals the prescribed inlet axial velocity.
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The mean wall shear [18] is determined by averaging the wall shear stress with respect to the

perimeter of the channel (Eq. (5.6)) at a given axial location (Z location).



In Eq. (5.6), case x represents the perimeter distance along the wall.

The local Poiseuille number or Fanning friction factor can be determined using Eq. (5.7).

The apparent Poiseuille number or friction factor, Eq. (5.8), is calculated using the pressure drop 

up to the axial location. The apparent friction factor accounts for the pressure drop due to friction 

and the developing region effects. It represents an average value of the friction factor over the flow 

length between the entrance section and the location under consideration.

Incremental pressure drop number is the additional pressure due to momentum change and the 

accumulated increment in wall shear between the developing and developed flow [18].

The velocity ratio is the maximum velocity, Umax, divided by the mean velocity as presented by

Eq. (5.10)

The max velocity is determined from the maximum velocity at the outlet.
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fully developed flow, the incremental pressure drop is referred noted as K(∞).

Dimensionless axial length is defined as



5.4 Numerical Computation

5.4.1 Channel Length Independence Study

A length independence study was performed to verify the effects of channel length on 

hydrodynamic entrance length for a square channel with a Reynolds number of 1000. The study 

applied the standard fully developed flow criterion of Ucl/Ufd,cl = 99%. The velocity ratio (U*) and 

the dimensionless entrance length were determined for four channel lengths (10, 20, 30, and 40 

mm). The deviation between the preceding value was calculated and summarized in Table 5.3.

Length U* Lh+
(mm) Deviation Deviation

Table 5.3: Channel Length Independence Study for Re=1000 & α=1 based on model data

10 mm & 20 mm 0.26% 6.69%
20 mm & 30 mm 0.07% 0.14%
30 mm & 40 mm 0.00% 0.14%

The velocity ratio remains mostly unaffected by the channel length, with the most significant 

deviation of 0.26%. In comparison, the hydrodynamic entrance length dramatically differs from 

the 10mm and 20mm channel by 6.69%. The drastic change in entrance length is due to the 

maximum centerline velocity is an increasing asymptotic function. The slight change to the 

maximum centerline velocity (0.26%) would affect the hydrodynamic entrance length. A model 

with a channel length of 20 mm proved to have a marginal effect on hydrodynamic entrance length. 

The initial study conducted had a constant channel length of 20 mm for all aspect ratios and 

Reynolds numbers. During post-processing, it was found for low Reynolds numbers and aspect 

ratios majority of the elements were in the fully developed region. Thus, results for developing 

region were limited. Hydrodynamic entrance lengths were approximated for each model using 
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current data. Then the channel lengths were set to be three times larger than the hydrodynamic

entrance length. Similar to the results found for the square channel in Table 5.3.

5.4.2 Mesh Independence Study

Figure 5.2: Mesh layout

Mesh studies were conducted for each aspect ratio considered (0.125, 0.20, 0.25, 0.50, 0.75, and 

1.0), selecting the lower and upper bounds of Reynolds numbers of 0.1 and 1000. Only the mesh 

for the square channel (α = 1) is discussed here for brevity. The mesh independence study consisted 

of four configurations, as shown in Table 5.4. X, Y, and Z elements represent the number of 

elements in those directions.

Mesh X Elements Y Elements Z Elements Total Elements

Table 5.4: Mesh elements for a square channel (α = 1)

I 15 15 200 45000
II 20 20 300 80000
III 25 25 400 250000
IV 30 30 500 450000

Multiple parameters (ΔP, Lh+, U*, ffdRe) were chosen to determine the optimal mesh. In Table 5.5, 

a comparison of pressure drop (ΔP) and dimensionless entrance length (Lh+) are shown. The 

deviation is calculated assuming mesh IV to be the more accurate or “true value”.
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Table 5.5: Mesh study for aspect ratio 1

Mesh Re ΔP (Pa) Mesh IV 
ΔP (Pa) Deviation Lh+

Mesh IV
Lh+

Deviation

I 0.1 0.4835 2.08% 7.0471 1.25%
II 0.1 0.4870 0.4938 1.37% 7.0495 7.1360 1.21%
III 0.1 0.4900 0.77% 7.0783 0.81%
I 1000 361620 0.70% 0.0735 0.60%
II 1000 363099 364184 0.30% 0.0732 0.0731 0.12%
III 1000 363785 0.11% 0.0731 0.03%

Mesh I for a Reynolds number of 0.1 displays the highest deviation for pressure drop and 

dimensionless entrance length of 2.08% and 1.25%, respectively. While for Reynolds number of 

1000, all four meshes agree with less than 0.70% deviation.

For velocity ratio (U*=Umax/Um) and fully developed friction factor (ffdRe) a comparison is made 

with known values presented by McComas [23], 2.0962 and 14.227, respectively, as shown in 

Table 5.6. For the calculation of deviation, McComas's results were accepted as the “true value”. 

As expected, Mesh I showed the highest deviation of 1.15% and 1.29% for U* and ffdRe, 

respectively, while Mesh II - Mesh IV show a deviation of less than 0.63%. From Table 5.5 and 

Table 5.6, Mesh IV would provide the most accurate results, but the computational time required 

for Mesh IV is nearly 2.5 times as much as for Mesh III. Thus, Mesh III was chosen as the mesh 

configuration for aspect ratio 1.
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Table 5.6: Mesh study for aspect ratio 1 comparing theoretical values

Mesh Re U*

Deviation
ffdRe 

Deviation
I 0.1 1.15% 1.20%
II 0.1 0.51% 0.55%
III 0.1 0.28% 0.30%
IV 0.1 0.17% 0.19%
I 1000 1.17% 0.97%
II 1000 0.52% 0.43%
III 1000 0.29% 0.23%
IV 1000 0.19% 0.13%

Additional mesh independence studies were conducted for each aspect ratio following the 

methodology outlined here to arrive at the optimal mesh for subsequent simulations.

5.4.3 Validation of Computational Model

The computational model is validated by comparing velocity ratio (U*), fully developed friction 

factor ( fRe), and fully developed incremental pressure drop number (K(∞)) with known results 

from analytical analysis and experimental work. The temperature rise due to viscous heating is 

calculated to determine if viscous heating is negligible.

5.4.3.1 Velocity Ratio

The fully developed velocity profile for rectangular channels is presented by McComas [23] in Eq. 

(5.12). Modifications were made to match this paper's geometric orientation, as shown in Figure 

5.3.

Figure 5.3: A rectangular duct
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While Eq. (5.12) is believed to be accurate, and it is computationally complex. Although the series 

converges quickly, 30 terms are required to achieve five significant digits of accuracy. Therefore, 

due to the complexity of Eq. (5.12), a simpler model was proposed by Purday [33], Eq (5.13a).

Natarajan and Lakshmana [34] expanding upon Purday's model, where m and n are functions of 

aspect ratios Eq. (5.13b) and (5.13c), respectively.

The ratio of maximum velocity to mean velocity (U*) has been determined by various researchers 

[21-23, 26, 28, 34]. First, Eq.(5.12) and (5.13) can be reduced down to determine U* by setting x 

= y= 0 for the centerline velocity as shown in Eq. (5.14) and (5.15), respectively.
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McComas [23] provided the most comprehensive data set with ten different aspect ratios (1 ≤ α ≤

0) using Eq. (5.14). Sparrow et al. [28] determine the velocity ratio experimentally for aspect ratios 

of 0.5 and 0.2, which agreed with McComas results. A comparison between the numerical results 

and Eq. (5.14) and (5.15) is shown in Table 5.7. Both equations are in reasonable agreement with 

the numerical results, showing a deviation less than 0.35% and 1.27% for Eq. (5.14) and (5.15), 

respectively.

Table 5.7: Comparison of U* with Eq. (5.14) and (5.15)

Aspect
Ratio

Numerical
Results

Eq. (5.14) 
[23] Deviation Eq. (5.15) 

[34] Deviation

1.00 2.0892 2.0963 0.34% 2.1157 1.25%
0.75 2.0713 2.0774 0.29% 2.0713 0.00%
0.50 1.9862 1.9918 0.28% 1.9805 0.29%
0.25 1.7689 1.7737 0.27% 1.7895 1.15%
0.20 1.7102 1.7150 0.28% 1.7322 1.27%

0.125 1.6235 1.6283 0.29% 1.6377 0.87%

5.4.3.2 Fully Developed Friction Factor

Several researchers have explored and determine fully developed fRe. The most authoritative 

would be Shah and London [27]. Shah and London analytically determined fRe for a wide range 

of aspect ratios 0 ≤ α ≤ 1. Comparing their results with the numerical results show good agreement 

with a deviation of 0.28% for an aspect ratio of 1 or 0.125, as presented in Figure 5.4 and Table 

5.8.
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Figure 5.4: Fully developed fRe comparison

Table 5.8: Fully-developed friction factors comparison by Shah & London [27]

Aspect Ratio Numerical Results Shah & London [27] Deviation
1.00 14.188 14.227 0.28%
0.75 14.441 14.476 0.24%
0.50 15.511 15.548 0.24%
0.25 18.187 18.233 0.25%
0.20 19.021 19.071 0.26%

0.125 20.526 20.585 0.28%

5.4.3.3 Incremental Pressure Drop Number

An additional validation study was also carried out comparing K(∞) from several researchers. The 

previous researchers assumed an idealization of the boundary layer, which is reasonable for Re 

≥100, but if the complete Navier-Stokes equation is solved, K(∞) would be dependent on Reynolds 

number[18, 24]. Thus, a comparison is made using the K(∞) from the present numerical model for 

Reynolds number of 1000 as shown in Figure 5.5 and Table 5.9.

The present numerical model closely matches Lundgren et al. [26] results with a maximum 

difference of 2.90% for an aspect ratio of 0.75. Wiginton & Dalton [20], Fleming & Sparrow [21] 

and Miller & Han [29] were less than 8%. Han [22] and Beavers et al. [24] showed the worst
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agreement with a maximum difference of 26.19% and 24.99%, respectively. Although the K(∞) 

values vary between authors, the difference in determining the pressure drop using their values is 

marginal[24, 28].

Figure 5.5: Fully developed incremental pressure drop number for Re=1000

Table 5.9: K(∞) for fully developed laminar flow in rectangular channels and Error for K(∞) between 
numerical results and various authors

Fleming & Lundgren Beavers Miller &
Sparrow Han [22] Letuanld. g[2re6n] eBt eaal.v[e2r4s] HMailnle[r2&9]

[21]

Wiginton
Aspect Numerical & 
Ratio Results Dalton 

[20]
1.00 1.52 1.63 6.91% - - 2.02 24.88% 1.5515 2.20% 1.31 15.83% 1.433 5.89%
0.75 1.48 - - - - 2.00 26.19% 1.5203 2.90% 1.21 22.00% - -
0.50 1.35 1.44 6.24% 1.46 7.53% 1.80 24.99% 1.3829 2.37% 1.18 14.41% 1.281 5.39%
0.25 1.07 1.13 5.02% - - 1.36 21.08% 1.0759 0.24% - - - -
0.20 1.00 1.01 0.58% 0.96 4.60% - - - - 0.88 14.11% 0.931 7.86%

0.125 0.90 - - - - 1.10 18.19% 0.8788 2.41% 0.72 24.99% - -

5.4.3.4 Viscous Heating

Viscous heating was considered negligible in the numerical model; therefore, validation is 

required. Conservation of energy dictates energy loss to pressure drop will be converted into 
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Where ΔP is the pressure drop, V is the volumetric flow, m is the mass flow rate, Cp is the specific 

heat of the fluid, and ΔT is the temperature change. Eq. (5.16) can be solved for the temperature 

change and reduce as shown in Eq. (5.17).

The maximum temperature change for each aspect ratio will occur at the highest flow rate (Re =

1000), as shown in Table 5.10. The smallest aspect ratio (0.125) had the most significant 

temperature change of 1.69K due to the high-pressure loss, while other aspect ratios were less than 

1K.

Table 5.10: Temperature change calculated using Eq. (4.17) for water at 308.15K

Reynolds Number Aspect Ratio Temperature Change (K)
1000 0.125 1.69
1000 0.2 1.00
1000 0.25 0.76
1000 0.5 0.24
1000 0.75 0.12
1000 1 0.09

Assuming a temperature change of 1.69K, the water's density, specific heat, and viscosity would 

decrease by 0.06%, 0.01%, and 3.29%, respectively. Viscosity showed the greatest change but is 

within an acceptable range. Thus, validating viscous heating is negligible.
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thermal energy, which causes the fluid temperature to rise assuming adiabatic as shown in Eq.

(5.16).



5.5 Results

5.5.1 Fully Developed fRe

A few exact solutions for determining fRe have been presented. Beavers et al. [24] presented Eq. 

(5.18) for aspect ratios greater than 1. Beavers et al. [24] presented fRe as Darcy friction and had 

a minor mistake. In Eq. (5.18), corrections are indicated in red.

Shah & London [27] determined fRe by using Eq. (5.19) and (5.20) to develop Eq. (5.21).

Shah and London [27] found the series converges rapidly, and only 30 terms are necessary to 

achieve seven-digit accuracy. Using Eq. (5.21) and 30 terms, fRe can be determined for a wide 

range of aspect ratios shown in Table 5.11.
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Table 5.11: fRe, Poiseuille Number, for fully developed laminar flow in rectangular ducts using Eq. (5.21)

α fRe α fRe
1 = 1.000 14.22708 1/4 = 0.250 18.23278

9/10 = 0.900 14.26098 1/5 = 0.200 19.07050
5/6 ≈ 0.833 14.32808 1/6 ≈ 0.167 19.70220
4/5 = 0.800 14.37780 1/7 ≈ 0.143 20.19310
3/4 = 0.750 14.47570 1/8 = 0.125 20.58464
5/7 ≈ 0.714 14.56482 1/9 ≈ 0.111 20.90385
7/10 = 0.700 14.60538 1/10 = 0.100 21.16888
2/3 ≈ 0.667 14.71184 1/12 ≈ 0.083 21.58327
3/5 = 0.600 14.97996 1/15 ≈ 0.067 22.01891
1/2 = 0.500 15.54806 1/20 = 0.050 22.47701
2/5 = 0.400 16.36810 1/50 = 0.020 23.36253
1/3 ≈ 0.033 17.08967 0 0 24.00000
3/10 = 0.300 17.51209

Duan et al. [35] noted two terms would suffice and presented Eq. (5.22). Comparing Eq. (5.21)

and (5.22), Duan et al. found a maximum difference of 0.11%.

The authors verified the difference between using 30 and 35 terms in Eq. (5.21) was less than 1E- 

7, and reasonable convergence can also occur with as little as two terms to produce results with a 

difference less than 1E-2. Due to the calculation complexity of the previous equations, researchers 

have developed simplified correlations to determine fRe.

Natarajan and Lakshmanan [36] developed a correlation based on the ratio of the fully developed 

pressure gradient in a rectangular and circular duct to a similar perimeter ratio Eq. (5.23).

Shah and London [27] simplified Eq. (5.23) by expressing it in terms of fRe and aspect ratio (α) 

as presented in Eq. (5.24).
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Eq. (5.24) is within 6% fRe from results presented in Table 5.11 for aspect ratios greater than 1/9.

For aspect ratios of less than 1/9, Eq. (5.24) diverges significantly.

Tirunarayanan and Ramachandran [37] introduced a shape factor characterization of the 

rectangular duct geometry, Eq. (5.25a) to derived Eq. (5.25b).

Eq. (5.25) matches closely with the results presented in Table 5.11, showing a maximum deviation

of 1.69% for α = 0.20.

Shah and London [18] developed a polynomial to match the results presented in Table 5.11. Their 

correlation has a maximum deviation of 0.06%.

A comparison of Eq.(5.24)-(5.26) and Table 5.11 are shown in Figure 5.6.

Figure 5.6: Comparison of the existing correlations for fRe for rectangular channels
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From the presented correlations Shah and London's correlation, Eq. (5.26) seems to be the most 

valuable and accurate to date but works for aspect ratios less than 1. Although to use Eq. (5.26) for 

an aspect ratio greater than one is trivial as the value for fRe is equal for the aspect ratio of 0.5 and 

2. Still, a correlation could be developed to work over the entire aspect ratio from 0 to ∞.

For each aspect ratio, the mean value of the fully developed fRe for each Reynolds number was 

determined along with the standard deviation, Eq. (5.27), as presented in Table 5.12. The low 

standard deviation shows fRe is a constant. These values for fRe will be used in developing 

correlations.

Table 5.12: Fully developed friction factors

Aspect Ratio fRe σ
1.00 14.19 0.0073
0.75 14.44 0.0066
0.50 15.51 0.0065
0.25
0.20
0.125

18.19 0.0048
19.02 0.0042
20.53 0.0032

In Figure 5.7a, fRe from the present CFD study, Table 5.12, is plotted for the aspect ratio of 0.125 

≤ α ≤8. An initial examination of a correlation to cover the range would be complex, especially if 

the bounds of parallel plates (α = 0 or ∞) are to be considered. If the natural log of aspect ratio, ln 

(α), is taken, symmetry is formed at an aspect ratio of 1, as seen in Figure 5.7b.
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Figure 5.7: Appling natural log to the aspect ratio

Taking the natural log of the aspect ratio allows for a simple correlation to be developed, as shown 

in Eq. (5.28a). Eq. (5.28a) can be reduced to a simpler expression as shown in Eq. (5.28b). The 

correlation is bound adequately at 0 and ∞, to produce the fRe for parallel plates, 24.00. The 

correlation has an average and maximum deviation of 0.14% and 0.26%, respectively, with 

numerical results.
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Comparing Eq. (5.28a) to (5.21), an average and a maximum deviation of 0.30% and 0.63%,

respectively, is observed in Figure 5.8.



Figure 5.8: Comparison of present correlation and exact solution

Although the presented correlation does not have better accuracy of fRe than Shah and London's 

correlations (Eq. (5.26)), it does allow for using any aspect ratio (0 ≤ α ≤ ∞).

5.5.2 Incremental Pressure Drop Number

5.5.2.1 Fully Developed

From current literature, two correlations, Eq. (5.29) & (5.30), for K(∞) have been developed as a 

function of aspect ratio, 0 ≤ α ≤ 1. Steinke and Kandlikar [38] created a 5th order polynomial curve- 

fit, Eq. (5.29), using the trapezoidal data presented by Kakac et al. [39] with taking a rectangular 

channel as a subset of a trapezoid. The correlation has an accuracy of 0.04% compared to the data 

[39].
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Duan et al.[35] using numerical results developed a similar curve-fit as Steinke and Kandlikar [38] 

using a 4th order polynomial.



The current correlations were developed with K(∞) being independent of Reynolds number 

provided that is Reynolds number is sufficiently large [18, 24]. This is observed in the present 

numerical results in Figure 5.9.

Figure 5.9: Incremental pressure drop number varies with Reynolds number

Thus, a correlation was developed for K(∞) as a function of Reynolds number for each aspect ratio, 

as shown in Eq. (5.31). The coefficient A is K(∞) for Reynolds number of 1000 and B is for 

K(∞)∙Re for Reynolds number of 0.1 for each aspect ratio, shown in Table 5.13. The correlation 

proved to have good agreement with maximum and average deviation less than 5% and 1.5%, 

respectively.

Table 5.13: Coefficient values for Eq. (5.31)

Aspect Ratio A B Avg. Deviation Max. Deviation R2
1.00 1.52 68.80 1.14% 4.39% 1.000
0.75 1.48 64.90 1.12% 4.52% 1.000
0.50 1.35 63.90 1.02% 3.80% 1.000
0.25 1.07 60.90 1.30% 3.94% 1.000
0.20 1.00 59.90 1.30% 4.11% 1.000

0.125 0.90 57.30 1.11% 3.16% 1.000
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A more general K(∞) correlation, Eq. (5.34), was developed utilizing a hyperbolic function and 

the natural log of the aspect ratio. The correlation is valid for aspect ratios ranging from 0.125 to 

8 and Reynolds numbers from 0.1 to 1000. Eq. (5.34) showed excellent agreement with numerical 

data (222 data points, R2 = 0.9998), producing a maximum and average deviation of 4.99% and 

1.75%, respectively, as seen in Figure 5.10.

Figure 5.10: Error due to correlation Eq. (5.32)

Unfortunately, Eq. (5.32) does not account for the aspect ratios for parallel plates (α = 0 & α = ∞).

Chen [40] developed a correlation for low Reynolds number in parallel plates, Eq.(5.33).

Although the correlation, Eq. (5.32), was developed using aspect ratios ranging from 0.125 to 8,

we can use it to determine an approximate value for parallel plates (α = 0 or ∞) with Reynolds of 

1000, which gives K(∞) = 0.7411. Comparing our results with those presented in Table 5.14, the 

most significant deviation is with Beavers et al. [24] at 23.5%, while within 8.1% of Lundgren et 
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al. [26]. Using Eq. (5.29) and (5.30), we are within 9.0% and 2.8%, respectively. Thus, the 

correlation could provide reasonable results outside the used aspect ratio range.

Table 5.14: Comparison of K(∞) for α = 0 at Re = 1000

Fleming and
Sparrow [21]

Han
[22]

Lundgren et
al. [26]

Beavers et Miller and Steinke and
Kandlikar [38]

Duan et
al.[35]al. [24] Han [29]

Eq.
(5.32)

0.65 0.85 0.6857 0.60 0.658 0.6796 0.7208

0.7411 0.7411 0.7411 0.7411 0.7411 0.7411 0.7411

Deviation 14.0% 12.8% 8.1% 23.5% 12.6% 9.0% 2.8%

5.5.2.2 Developing

To the best of the author's knowledge, a developing incremental pressure drop number correlation 

has not been developed for rectangular ducts. Development of a said correlation is not trivial due 

to the number of dependent variables, nondimensional axial location (Z* = Z∕(Dh∙Re)), aspect ratio 

(α), and Reynolds number (Re). First, an exponential correlation was developed based on the trend 

of the incremental pressure drop number with axial location, Eq. (5.34a), for each aspect ratio and 

Reynolds number. From Eq. (5.34a), it was observed β was the only parameter strongly dependent 

on aspect ratio and Reynolds number. Thus, Eq. (5.34b) was developed. At first glance, Eq. (5.34a) 

and (5.34b) appear to strongly disagree with the numerical results as shown in Figure 5.11 with 

independent variable begin Z*.
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Figure 5.11: Comparison of numerical results and correlation, Eq. (5.34) with respect to the dimensionless 
axial position

The deviation from the correlation is scattered with an extraordinarily high and low deviation of 

300% and 5E-6%. Once Z* is more significant than 0.3 (red dash line), the deviation is less than 

10%. Thus, Z* does not seem to be a helpful metric for determining the correlation range. 

Comparing the deviation with the independent variable begin a ratio of axial location and 

hydrodynamic entrance length (Z/Lh) seems to present a better metric for determining a valid 

correlation range, as shown in Figure 5.12.

The hydrodynamic entrance length is determined using Eq. (5.35), which Ray and Das [41] 

developed.

The hydrodynamic entrance length correlation has a maximum and average deviation of 5.75% 

and 1.87%, respectively, valid for aspect ratio 0 ≤ α ≤ ∞ and Reynolds number 0.1 ≤ Re ≤ 1000.
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Using Z/Lh as the independent variable for Figure 5.12, it can be observed the deviation is less 

than 6% for Z/Lh greater than 0.05. Thus, correlation provides accurate results if Z* ≥ 0.05Lh+. The 

deviation for each aspect ratio is shown in Table 5.15.

Figure 5.12: Comparison of numerical results and correlation, Eq. (5.34) with respect to the ratio of axial 
location and hydrodynamic entrance length

Table 5.15:Deviation for Eq. (5.34) for each aspect ratio

Aspect Ratio Mean Deviation Max. Deviation R2
All 0.80% 5.93%
1.00 1.09% 5.53%
0.75 0.99% 5.93%
0.50 0.59% 3.73% 1.000
0.25 0.60% 5.15%
0.20 0.73% 5.92%
0.125 0.85% 5.17%

5.5.3 Apparent Friction Factor

With correlations developed for fully developed fRe Eq. (5.28a), K(∞) Eq. (5.32), and K(z) Eq.

(5.34), the apparent friction factor can be determined by rearranging Eq. (5.9) to Eq. (5.36).
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The using the correlations to determine apparent fRe showed good agreement with the numerical 

results. For Z* ≥ 0.05Lh+, all the correlations together have a maximum deviation less than 8.23%, 

with the aspect ratio 0.75 at Reynolds number of 0.2 producing the highest deviation. Figure 5.13 

shows the maximum deviation of apparent fRe for a given aspect ratio and Reynolds number. 

Excluding the aspect ratio of 0.75, the maximum deviation is less than 6% for the other aspect 

ratios. Overall, the proposed correlations provide reasonable results for determining the apparent 

friction factor for a rectangular duct.

Figure 5.13: Maximum deviation between correlations and numerical results for apparent fRe with Z* ≥ 
0.05Lh+

Two existing correlations have been proposed for apparent friction factor. One was developed by 

Shah [42] and the other one by Kandlikar et al. [43].

Shah [42] had developed an apparent friction factor correlation for circular, rectangular, equilateral 

triangular, and concentric ducts, as shown in Eq. (5.37). As with early research in laminar flow, 

Shah's proposed correlation is based on the premise of high Reynolds numbers (Re≥100). The 

correlation requires the fully developed incremental pressure drop number, friction factor, and a 

coefficient. These correlation parameters are summarized in Table 5.16 for a few aspect ratios.
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Table 5.16: Shah[42] correlation parameters

Aspect
Ratio K(∞) fRe C Deviation

1.00 1.43 14.227 0.00029 2.3%
0.50 1.28 15.548 0.00021 1.9%
0.20 0.931 19.071 0.000076 1.7%
0.00 0.674 24.000 0.000029 2.4%

Kandlikar et al. [43] developed a curve-fit equation, Eq. (5.38), the curve-fit constants are

presented in (5.38)

Table 5.17: Curve-fit constants for Eq. (5.38)

Aspect Ratio a b c d e f
1.0 141.97 -7.0603 2603 1431.70 14364 -220.77
0.5 142.05 -5.4166 1481 1067.80 13177 -108.52
0.2 142.10 -7.3374 376.69 800.92 14010 -33.894
0.1 286.65 25.7010 337.81 1091.50 26415 8.4098

Eq. (5.37) and Eq. (5.38) both were developed using the data derived from graphs provided by 

Curr et al. [30] numerical analysis of rectangular ducts. For brevity, a comparison will only be 

made with Shah's correlation, Eq. (5.37).

Figure 5.14 compares the apparent friction factor determined from the present numerical results, 

proposed correlations, and Eq. (5.37) for square duct (α = 1) with a Reynolds number of 1000 and 

0.1 for a given nondimensional axial location. From Figure 5.14a, it can be seen Shah's equation 

accurately predicts the apparent friction factor with a Reynolds number of 1000, while the
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proposed correlations do as well but fail for Z* ≤ 0.05Lh+. Now examining Figure 5.14b for a 

Reynolds number of 0.1, it can be observed Shah's equation fails to determine the apparent friction 

factor. At the same time, the proposed correlations accurately determine the apparent friction factor 

for Z* ≥0.05Lh+. Shah's equation performed as expected, producing accurate results for high 

Reynolds number but inadequate at low Reynolds number, shown in Figure 5.15. Using Shah's 

equation, reasonable results (max deviation ≤ 7.5% & mean deviation ≤ 4%) are obtained for 

Reynolds number greater than 600; otherwise, the proposed correlations would provide better 

results.

Figure 5.14: Comparison of Shah's Eq. (5.37) and proposed correlations and numerical results for α = 1 and (a) 
Re = 1000, (b) Re = 0.1.

Figure 5.15: Maximum (a) and Mean (b) deviation of Eq. (5.37) for various Reynolds number
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5.5.4 Fully Developed Assumption

In the analysis, imploring a fully developed or “long pipe” assumption is valid to simplify the 

calculations in determining the apparent friction factor, such as using Eq. (5.39). But to the best of 

the author's knowledge, there is no general rule of thumb for determining what a “long pipe” is 

for laminar flow. One can assume entrance length effects are negligible in turbulent flow if the 

length is ten times greater than the hydraulic diameter.

The criterion was used in Figure 5.16 and showed the required length portion to the hydrodynamic 

entrance length. In Figure 5.16a, the presented correlations were used for Reynolds numbers 

greater than 10 would be an extrapolation from the correlations as the numerical models' length 

was not as great. Figure 5.16b used Shah's equation developed for Reynolds greater than 600 but 

was explored using the full Reynolds number range as a thought exercise. From Figure 5.16, it can 

be observed different lengths are needed for each aspect ratio and Reynolds number. An interesting 

observation is at a Reynolds number less than 3; the required length is less than the entrance length.

Both present correlation and Shah's equation show similar trends in the required length.
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Using the presented correlations and Shah's equation for determining apparent friction factor, a 

study was conducted to define a general rule for laminar flow when the entrance length effects are 

negligible for fluid dynamic purposes.

The criterion for the general rule is shown in Eq. (5.40).



Figure 5.16: (a) Used present correlations, (b) use Shah's equation

5.6 Conclusions

Extensive numerical simulations covering Reynolds numbers from 0.1 to 1000 and aspect ratios 

varying from 0.125 to 1 were conducted. New correlations were created for fully developed friction 

factor (fRe), fully developed incremental pressure drop number (K(∞)), and developing 

incremental pressure drop number (K(z)), which are summarized in Table 5.18. The fRe correlation 

covers aspect ratios ranging from 0 to ∞ and has an average deviation of less than 0.30% and a 

maximum deviation of 0.63%. The fully developed and developing incremental pressure drop 

number correlations are valid for Reynolds numbers from 0.1 to 1000 and aspect ratios from 0.125 

to 8. The K(∞) correlation produced an average and maximum deviation of 1.75% and 4.99%. The 

developing incremental pressure drop number correlations also show good agreement with an 

average and maximum deviation of 0.80% and 5.93%, respectively, for Z* ≥ 0.05Lh+. The local 

apparent friction factor can be determined using the correlations presented in Table 5.18, with a 

maximum deviation of 8.23% for Reynolds numbers from 0.1 to 1000 and aspect ratios covering 

the range from 0.125 to 8.
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Table 5.18: Friction factor correlation summary

5.7 Nomenclature
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Symbols Parameter Base Units
A, B, and C Correlation coefficients [--]

a Half of the channel width (short side) [μm]
Ac Cross-sectional area [m2]
b Half of the channel height (long side) [μm]
cp Specific heat [J∙kg-1∙K-1]
Dh Hydraulic diameter [m∣

f Fully developed fanny friction factor [--∣
fapp Apparent friction factor [--∣

K(z) Incremental pressure drop number [--∣
K(∞) Fully developed incremental pressure drop number [--∣

L Channel Length [mm∣
Lh Hydraulic Entrance Length [m∣

L+h Dimensionless Hydraulic Entrance Length [--∣

p Wetted Perimeter [m∣
Po = fRe Poiseuille Number [--∣

Re Reynolds Number [--∣
U Velocity [m∙s-1]

U* = U /U
max m Velocity ratio [--∣

u, v, w Velocity components [m∙s-1]
V Volumetric flow rate [m3∙s-1]

χ, y, z Cartesian coordinates [m∣
Z* Dimensionless axial position

Greek Symbols
[--∣

a= a/ b Aspect Ratio [--∣
ΔP Pressure Drop [pa]



ΔT Temperature rise [K]
ε Roughness [μm]
μ Dynamic viscosity [Pa∙s]
P Density [kg∙m-3]
τ Wall shear

Subscript
[Pa]

fd Fully Developed
m Mean

max Maximum
z Local axial position
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CHAPTER 6:CONCLUSION
The following conclusions are drawn from the preceding chapters:

6.1 Conclusions for Comparative Performance of Air Coils with Nanofluids

• A detailed analytical study was performed for an air coil with three different nanoparticles, 

Al2O3, CuO, and SiO2, dispersed in the base fluid, EG/W 60:40 by mass. Realistic 

operational parameter ranges were selected for the inlet temperatures, air, and coolant 

Reynolds number. The computational scheme is based on the well-known ε-NTU method 

encoded in MATLAB.

• Nanofluids were observed to have superior thermal and fluid performance at 1% 

volumetric concentration, high inlet temperature, and low Reynolds number from the 

analysis.

• Al2O3 - 1% nanofluid could reduce the pumping power by 35.3% or reduce the air coil 

length by 7.4% using the most optimal operation conditions.

• The CuO - 1% nanofluid performed similar to Al2O3 nanofluid, with a 29.34% and 6.86% 

reduction for pumping power or air coil length.

• The SiO2 nanofluid had the least performance gain of the three nanofluids but could reduce 

the pumping power and air coil length by 22.91% or 5.13%.

• Nanofluids' superior thermal and fluid performance could promise to save energy or 

material cost of air coils.
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6.2 Conclusions for Thermal and Fluid Dynamic Performance Comparison of Three 

Nanofluids in Microchannels Using Analytical and Computational Models

• The analytical model agreed with the computational model for pressure drop and Nusselt 

number having a difference of less than 4.5%.

• Nanofluids can generate higher heat transfer coefficients than the base fluid for equal 

friction power per unit surface area.

• Al2O3 - 1% and CuO - 1% can reduce the pumping power by approximately 23.0 and 

22.2%, respectively, while maintaining the maximum heatsink surface temperature at 315K 

compared to the base fluid.

• Two of the nanofluids examined generated less entropy than the base fluid, as shown in 

Figure 3.12. Al2O3 - 1% and CuO - 1% nanofluids decreased entropy generation by 24% 

compared to the base fluid with maintaining the same maximum heatsink surface 

temperature.

• While maintaining an equal thermal performance to the base fluid, nanofluids can reduce 

the pumping power requirements and contribute to a more thermodynamically efficient 

heat exchange process.

• In electronic cooling applications where microchannel heatsinks are used, nanofluids seem 

promising for lowering critical components' operating temperatures and contribute to 

increased life and system reliability.

6.3 Conclusions for Numerical Investigation to Derive Correlations for Hydrodynamic 

Entrance Length in Very Low Reynolds Number Regime in Rectangular Microchannels

• An investigation into the fully developed condition was conducted examining two criteria: 

velocity and fRe.
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• New hydrodynamic entrance length correlations were developed for both the velocity and 

fRe criteria.

• The velocity criterion correlation (Eq. (4.22) and Table 4.11) has a mean relative error less 

than 5% and a maximum relative error of 10.28%.

• The fRe criterion correlation was made more versatile by expanding it to be a function of 

aspect ratios using Eq. (4.22) - (4.25). The correlation's valid range is extended to 0.1 ≤ Re 

≤ 1000 & 0 ≤ α ≤ ∞ while limiting the mean relative error to less than 2% and a maximum 

relative error to 5.75%.

6.4 Conclusions for Numerical Investigation of Developing and Fully Developed Laminar 

Flows in Rectangular Microchannels to Develop New Friction Factor Correlations

• New correlations were created for fully developed friction factor (fRe), fully developed 

incremental pressure drop number (K(∞)), and developing incremental pressure drop 

number (K(z)).

• The fRe correlation covers aspect ratios ranging from 0 to ∞ and has an average deviation 

of less than 0.30% and a maximum deviation of 0.63%.

• The fully developed and developing incremental pressure drop number correlations are 

valid for Reynolds numbers from 0.1 to 1000 and aspect ratios from 0.125 to 8. The K(∞) 

correlation produced an average and maximum deviation of 1.75% and 4.99%. The 

developing incremental pressure drop number correlations also show good agreement with 

an average and maximum deviation of 0.80% and 5.93%, respectively, for Z* ≥ 0.05Lh+.

• The local apparent friction factor can be determined using fRe, K(∞), and K(z) and has a 

maximum deviation of 8.23% for Reynolds numbers from 0.1 to 1000, aspect ratios 

covering the range from 0.125 to 8 and Z* ≥ 0.05Lh+.
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6.5 Recommendations for Future Research

• Nanofluids have been shown to provide superior performance in various heat exchangers. 

But a question remains in how nanofluids would perform over time. A long-term heat 

exchanger experimental study exploring agglomeration, erosion/build-up, and the 

nanofluid's thermal and fluid dynamic performance over time would provide valuable 

knowledge in determining nanofluid applications.

• Develop a two-phase CFD model for nanofluids to explore nanoparticles' effects on 

hydrodynamic entrance length and apparent friction factor.

• Nanofluids have been shown to provide superior performance at 1% but could be better at 

a low concentration. Develop or expand current thermophysical property correlations for 

concentrations less than 1%.

• Account for radiation heat transfer in previous thermal conductivity [1, 2] and heat transfer 

coefficient measurements [3] for nanofluids.

• Explore thermal developing region and response time for nanofluids using a two-phase 

fluid model in CFD.

• Explore using nanofluids in liquid droplet radiator (LDR) [4] for thermal management of 

space station or spacecraft. This future research proposes that instead of liquid oil droplets, 

use nanofluids (high emissive nanoparticle) droplets. The nanofluid droplets will reject the 

heat to outer space by radiation while flowing in a stream in a transparent heat exchanger 

passage on the space station's surface.
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APPENDIX
During my Ph.D. research in the past seven years, in addition to the four chapters presented 

in the main body of the dissertation, I worked on several research projects with fellow graduate 

students of the UAF Nanofluids group.

Several journal publications were produced from those studies where I participated and did 

a portion of the research. The abstracts of those papers are presented in this Appendix.
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Microchannel Cooling Performance Evaluation of Al2O3, SiO2 and CuO Nanofluids Using 
CFD*

* Strandberg, R., Ray, D., and Das, D. K., 2020, "Microchannel Cooling Performance Evaluation of Al2O3, SiO2 and 
CuO Nanofluids Using CFD," Heat and Mass Transfer Research Journal, 4(1), p. 24.

Abstract

In this study, the performance of a microchannel heat sink (MCHS) filled with various nanofluids 

and the corresponding base fluid without nanoparticles are examined using a three-dimensional 

conjugate heat transfer and fluid dynamic finite-volume model over a range of conditions. The 

model incorporates a fixed heat flux of 1,000,000 W/m2 at the base of the solid domain. The 

thermophysical properties of the fluids are based on empirically obtained correlations and vary 

with temperature. Nanofluids considered include 60% Ethylene Glycol/40% Water solutions with 

CuO, SiO2, and Al2O3 nanoparticles dispersed in volumetric concentrations ranging from 1 to 3%. 

The flow conditions analyzed are in the laminar range (50≤Re≤300) and consider multiple inlet 

temperatures. The analyses predict that when compared on an equal Reynolds number basis, the 

60% EG/3% CuO nanofluid exhibits the highest heat transfer coefficient, and the largest reduction 

in average base temperature. At an inlet Reynolds number of 300, and an inlet temperature of 308K 

the nanofluid is predicted to have an average heat transfer coefficient that is 30% higher than that 

of the base fluid, while the average temperature on the base of the heat exchanger is 1K lower than 

that of the base fluid. In contrast, the inlet pressure required for these entering conditions is 192% 

higher than that for the base fluid, while the required hydraulic power to drive the flow is 366% 

higher than that of the base fluid.
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Freeze-Thaw Characteristics of Water-Based Copper Oxide Nanofluid

Abstract

This research examined the freeze-thaw characteristics of a water-based copper oxide (CuO) 

nanofluid for its successful application in cold regions, where freezing of heat transfer fluids can 

occur. The enhanced thermal conductivity (k) of nanofluid makes it valuable as a heat transfer 

fluid, but k diminishes as the average particle size (APS) of the dispersed nanoparticles grows. 

Therefore, experiments were conducted to determine the effect of freezing on the APS of nanofluid 

suspensions due to agglomeration. Additionally, it was studied, if the freezing point of the 

nanofluid was elevated or depressed as the volumetric concentration of nanoparticles in the 

suspension was increased from 1 % to 5%. Another objective of this experimental study was to 

compare the time required for precooling, freezing and subcooling of different concentrations of 

nanofluids and the base fluid. The results showed that the APS grew by as much as 51.2% larger 

due to the phenomenon of freezing, which would reduce the heat transfer performance. The 

addition of nanoparticles did not affect the freezing point of the nanofluids, tested for two particle 

volumetric concentrations of 1 and 5 %. It was observed that the precooling time of 5% CuO 

concentration was the longest. For the complete solidification process, the water and 1% CuO had 

comparable freezing times, while the 5% nanofluid had the shortest freezing time. The subcooling 

time was increased with particle volumetric concentration.
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Investigation of the Thermal Conductivity of Propylene Glycol Nanofluids and Comparison 
with Correlations*

* Satti, J. R., Das, D. K., and Ray, D., 2017, "Investigation of the Thermal Conductivity of Propylene Glycol 
Nanofluids and Comparison with Correlations," International Journal of Heat and Mass Transfer, 107, pp. 871-881.

Abstract

Experimental study has been carried out to determine the thermal conductivity of five different 

nanofluids containing aluminum oxide, copper oxide, zinc oxide, silicon dioxide and titanium 

dioxide nanoparticles dispersed in a base fluid of 60:40 (by mass) propylene glycol and water 

mixture. The effect of particle volumetric concentration up to 6% was studied with temperatures 

ranging from -30° to 90°C. Experiments showed an increase in thermal conductivity of nanofluids 

with increasing concentration and temperature. The thermal conductivity of nanofluids showed a 

strong dependence on particle volumetric concentration, particle size, properties of particles and 

the base fluid and temperature. Several existing theoretical models for thermal conductivity of 

nanofluids were compared with the experimental data, but they all showed disagreement. From 

comparisons, the most agreeable model was selected, and a curve-fit constant was derived to match 

the data of propylene glycol nanofluids. This model expresses the thermal conductivity of 

nanofluids as a function of Brownian motion, Biot number, fluid temperature, 

particle volumetric concentration, and the properties of the nanoparticles and the base fluid. This 

model provided good agreement with 600 experimental data points obtained from five different 

nanofluids with an average absolute deviation of 1.79 percent. Because of the enhanced thermal 

conductivity with increasing temperature, nanofluids should be more beneficial at higher 

temperature applications.
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Measurements of Densities of Propylene Glycol Based Nanofluids and Comparison with 
Theory*

* Satti, J. R., Das, D. K., and Ray, D. R., 2016, "Measurements of Densities of Propylene Glycol-Based Nanofluids 
and Comparison with Theory," Journal of Thermal Science and Engineering Applications, 8(2), pp. 021021-021021.

Abstract

Density measurements were performed on several nanofluids containing nanoscale particles of 

aluminum oxide (Al2O3), zinc oxide (ZnO), copper oxide (CuO), titanium oxide (TiO2), and silicon 

dioxide (SiO2). These particles were individually dispersed in a base fluid of 60:40 propylene 

glycol and water (PG/W) by volume. Additionally, carbon nanotubes (CNTs) dispersed in de

ionized water (DI) was also tested. Initially, a benchmark test was performed on the density of the 

base fluid in the temperature range of 0-90°C. The measured data agreed within a maximum error 

of 1.6% with the values presented in the handbook of American Society of Heating, Refrigerating, 

and Air Conditioning Engineers (ASHRAE). After this validation run, the density measurements 

of various nanofluids with nanoparticle volumetric concentrations from 0 to 6% and nanoparticle 

sizes ranging from 10 to 76 nm were performed. The temperature range of the measurements was 

from 0 to 90°C. These results were compared with the values predicted by a currently acceptable 

theoretical equation for nanofluids. The experimental results showed good agreement with the 

theoretical equation with a maximum deviation of -3.8% for copper oxide nanofluid and average 

deviation of -0.1% for all the nanofluids tested.
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Specific Heat Measurements of Five Different Propylene Glycol Based Nanofluids and 
Development of a New Correlation*

* Satti, J. R., Das, D. K., and Ray, D., 2016, "Specific Heat Measurements of Five Different Propylene Glycol Based 
Nanofluids and Development of a New Correlation," International Journal of Heat and Mass Transfer, 94, pp. 343
353.

Abstract

This paper presents the specific heat measurements of five different nanofluids containing 

aluminum oxide (Al2O3), zinc oxide (ZnO), copper oxide (CuO), titanium oxide (TiO2) and silicon 

dioxide (SiO2) nanoparticles dispersed in a base fluid of 60% propylene glycol and 40% water by 

mass (60:40 PG/W). The measurements were carried out over a temperature range of -30 to 90°C, 

for nanoparticle volumetric concentrations of 0.5% to 6% and for average particle sizes ranging 

from 15 to 76 nm to evaluate their effects on the specific heat. From comparison, it was found that 

the existing specific heat correlations were not able to predict the measured experimental values. 

Therefore, a new correlation was developed to predict the specific heat of measured nanofluids.

This new correlation is in good agreement with 610 experimental data points of the five nanofluids 

with a maximum deviation of -5% exhibited by the Al2O3 nanofluid and an average deviation of - 

0.094%, considering all five nanofluids.
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Development of New Correlations for the Nusselt Number and the Friction Factor under 
Turbulent Flow of Nanofluids in Flat Tubes*

* Vajjha, R. S., Das, D. K., and Ray, D. R., 2015, "Development of New Correlations for the Nusselt Number and 
the Friction Factor under Turbulent Flow of Nanofluids in Flat Tubes," International Journal of Heat and Mass 
Transfer, 80(0), pp. 353-367.

Abstract

A three-dimensional turbulent flow and heat transfer of two different nanofluids, containing 

aluminum oxide (Al2O3) and copper oxide (CuO) nanoparticles, dispersed in ethylene glycol and 

water mixture (EG/ W) in the flat tubes of an automotive radiator have been numerically studied 

to evaluate their performance. Computations have been carried out for nanoparticles volumetric 

concentrations up to 6% and over a Reynolds number range typically encountered in automobile 

radiators. Appropriate correlations for density, viscosity, specific heat and thermal conductivity of 

nanofluids as a function of particle volume concentration and temperature, developed from 

experiments have been used in this study. Numerical results have been first validated for the flow 

of single phase liquids, such as water and EG/W by comparing the computed values of Nusselt 

number and friction factor with those given by accurate correlations available in the literature. 

Inside the flat tube continuous reductions in the local heat transfer coefficient and wall shear stress 

are observed around the periphery of the flat tube, starting from the mid-point of the flat-wall and 

proceeding to the center of the curved wall. For the same Reynolds number, computations with 

nanofluids show an increase of friction factor and heat transfer coefficient with an increase in the 

particle volume concentration. The study reveals that under the basis of equal pumping power, 

Al2O3 and CuO nanofluids up to 3% and 2% particle volumetric concentrations respectively 

provide higher heat transfer coefficients than that of the base fluid. From the present study, several 

new correlations to determine the Nusselt number and friction factor for the nanofluids flowing in 
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the flat tubes of a radiator have been proposed for the entrance as well as the fully developed 

regions.
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