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Abstract

Due to changing climate conditions, new geographic areas are being impacted by diurnal and
seasonal freezing and thawing conditions. Many geologic materials in far north latitude areas,

that had not undergone significant freeze and thaw previously, are now expected to experience

those conditions more often. The bedrock in these northern regions is often used as the

foundation for many buildings and other infrastructure, and so it is extremely important to
understand the integrity of this material with the changing conditions. Walder and Hallet created

a theoretical model to analyze the temperature of fine cracks within a rock when subjected to
freezing conditions, and the growth of fine cracks due to thermally-induced water migration

followed by freezing. More recently, Dr. Murton conducted multiple cyclic unidirectional and
bidirectional freeze-thaw experiments in the laboratory that simulated active layer rocks both

with and without permafrost below. These experiments measured temperature and pore pressure
of the rock, and monitored the formation and growth of macroscopic (i.e. observable) cracks.

Using Walder and Hallet's model as a starting point, I have created a numerical model to analyze
the cyclic fluctuating temperature conditions used by Murton in his experimental work, but is not
accounted for in the original Walder and Hallet model. I then compared his laboratory results

with the numerical model predictions of temperature and location of observable crack growth.
This required adjusting some model parameters used by Walder and Hallet to correspond with
the experimental conditions and geological materials used. I found that the model predicts the
correct location of maximum cracking, and the time of observable crack growth, for the

unidirectional experiments. However, it predicted nearly the opposite of the laboratory results for

the bidirectional experiments. To obtain these numerical results, I had to adjust parameters that

attempt to describe the flow resistance within a fine-grained freezing rock material; a difficult

and little understood phenomenon. Future work should focus on improving some of the original
model assumptions that do not apply to most experimental situations including those of Murton.

These include the angle of cracks, and the potential interaction between adjacent cracks. While
the results of this numerical model did not predict all the observed results of Murton's
experiments, it has shown what portions of the numerical model appear to work correctly, and

what assumptions from the original theoretical model by Walder and Hallet need to be adjusted
and improved.
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Chapter 1 Introduction
1.1 Introduction to Rock Fracture Due to Cyclic Freeze-Thaw Events

The foundation of many structures is bedrock. In the northern regions of the world, where
freezing temperatures are commonly seen throughout the winter, this bedrock can fracture due to

the freezing of water in the bedrock pores. Water freezing causes volumetric expansion inside
the rock pores, and allows more water to infiltrate, which further escalates the problem (Hall et

al. 2002). The different ways this can break down the rock are ice segregation, volumetric
expansion and hydrofracture (Matsuoka & Murton, 2008; Ballantyne, 2018). Ice segregation
involves the temperature-gradient induced suction of unfrozen water from capillaries and mineral

surfaces, into the freezing sites of the rocks cracks and pores. These freezing sites can contain ice
lenses, which are discrete areas of pure ice within the porous material. When more water is
added to them through this suction effect in the frozen ground, lens size can increase (Hallet et

al. 1991; Murton et al. 2000; Murton et al. 2001; Matsuoka, 2001). If ice segregation fractures
bedrock, ice lenses will grow in the wet porous rock at the active layer, or just slightly below it

due to the close to fluctuation of temperatures around the freezing point in this area (Taber,

1929; Cheng, 1983).

Both volumetric expansion and hydrofracture are other possible causes behind rock

fractures. Volumetric expansion is, as the name suggests, the effect of water freezing into ice,

which takes up a larger volume than the unfrozen water. The resulting increased pressure from
the ice can cause fracturing in the rock to create the space for the ice. Hydrofracture involves

fractures generated by internal fluid pressure. Overpressured hydrofractures can lead to high

crack tip tensile stresses, which can create large fracture systems (Philipp et al. 2013). These two
methods of rock fracturing are not investigated in this research, however they should be
recognized as other forms of fracturing for other situations.

There are a wide array of situations where cyclic freezing of porous materials has
engineering implications, which has warranted a large body of research in the area. Concrete

with fly ash mixture has been analyzed under freeze-thaw cycles using scanning electron
microscopy to determine microstructure cracks (Li et al. 2021). Brittleness itself can be analyzed

and indexed based on freeze-thaw cycles and their effects on sandstone (Yu et al. 2020). It is also
1

important to note how existing cracks will interact with the freeze-thaw cycles. Some uniaxial

experiments are done to determine strength, deformation, and other material factors under freeze

thaw cycles (Wang et al. 2021). Work has also been done on the effects of frost-weathering for
sand sized quartz grains, to determine the kinds of secondary microstructures produced by the
process (Woronko & Pisarska-Jamrozy, 2016)

There are also some theoretical models which try and predict various behaviors of rock

under freezing conditions. Gilpin (1980) created one of the first models for freezing soil, and

most notably the creation of ice lenses and heave rates. An empirical model of existing fractured
rock was made to study how the damaged material interacts with freeze-thaw effects and loading

(Chen et al. 2020). Some models are even made to focus on the internal ice pressure of the crack

itself (Huang et al. 2018). Other models try to analyze different shaped cracks, such as a
perfectly spherical crack, and the associated ice pressure and water movement (Vlahou &
Worster, 2010).

1.2 Focus of This Research

This thesis presents a model that looks to analyze ice segregation from a somewhat

different viewpoint. Walder and Hallet initially published this model in 1985, which focuses on
frost-induced degradation from the slow growth of ice in rock cracks. Walder and Hallet created

their model to showcase the effects of water migration in rocks at subfreezing temperatures,

which creates ice segregation. The amount of heave and fracture seen in rocks under these
freezing conditions is not solely due to the water inside already sealed cracks, freezing and

expanding. The role of water migration due to cryosuction is crucial to the fracturing process.

Walder and Hallet ran their model under either constant freezing temperatures, or freezing
temperatures that decreased at a linear rate. The model was focused on finding the ideal
temperature for maximum crack growth. Using Walder and Hallet's describing equations and

numerical modeling approach as a base, I worked to apply their methods to an experiment with

cyclic fluctuating temperatures. Professor Julian Murton of the University of Sussex conducted a
series of bidirectional and unidirectional freezing tests on different sandstone and limestone
rocks in a controlled laboratory environment. Detailed measurements were made recording the

fluctuating freezing and thawing temperatures as a function of time, depth of cracking within the
rock samples, pressure, and also magnitude of total heave.

2

This research uses the model framework created by Walder and Hallet, however modified

to account for the fluctuating temperature conditions of the experiment conducted by Murton.

Originally, Walder and Hallet's model only considered a single, non-varying subfreezing
temperature within a constant temperature gradient. In effect, this is an instantaneous snapshot in
time of a rock sample in a constant temperature gradient. The laboratory experiments were

continually cycling the upper (and sometimes lower) temperature boundaries, resulting in a
constantly changing temperature and temperature gradient within the rock. The research
presented here accounts for these constantly changing thermal conditions.

3
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Chapter 2 Methods
2.1 The Walder-Hallet Model

The Walder-Hallet model is originally used to estimate crack growth rate within freezing,
saturated rocks, either at a steady temperature, or continuously monotonically decreasing
temperature. The main cause of the crack growth in this study is the increasing internal ice

pressure within the preexisting cracks of the rock. They compared their model predictions for

two different rock types in their study Westerly granite, and St. Pons marble. Their overall

conclusion of this theoretical study was that the main cause of frost-induced degradation of these
rocks is growing cracks caused by internal ice pressure. The analysis was purely theoretical and
did not use any lab or field recorded data.

In the assumed thermal conditions of Walder and Hallet, none of the temperatures within
the rock ever went above freezing. This was done in their analysis because they did not expect

those conditions to cause any crack growth because water movement into the crack occurs at
sub-freezing temperatures. At sub-freezing temperatures, there is still an extremely thin (less

than 10 nm) liquid water layer between the ice and grains (Anderson & Morgenstern, 1973). This
film creates an attractive force on water in the pores of the rock, pulling more water into the film
as the crack expands. Figure 1 is an illustration provided by Walder and Hallet, which defines

some of the variables used in their model. One of the important ones to note is the frozen fringe
temperature Tf. In their model, they assumed a constant value of this frozen fringe temperature to

be -1 oC, due to the average depression of the freezing point caused by the crystalline or
sedimentary rock (Mellor, 1970). Another assumption made in this model is that the crack angle
θ, seen in Figure 1, is 0 degrees (i.e. horizontal, and perpendicular to the thermal gradient). This

horizontal cracking also means that the cracking seen will be in mode I (i.e. tension, not shear).

This is an important aspect for this model because solving for KI, the stress-intensity factor is

one of the key variables in the Walder and Hallet formulations.

5

Figure 1: Water movement across frozen fringe into existing cracks with ice lenses (Walder and
Hallet, 1985)

Walder and Hallet made a large number of simplifying assumptions in order to make the
model more tractable. As seen in Figure 1, the cracks in the Walder-Hallet model are assumed to
be penny-shape, with a diameter of 2c, and width of w. It is also assumed that all cracks are
spread out enough that any singular crack and its growth is not affecting any other crack. This

allows their model to effectively focus on a single crack, and its individual growth from the
frost-induced degradation. These assumptions allowed a proper application of equation (1), to

solve for KI, where pi is the internal ice pressure and c is the crack half-length.

Equation (1) is only applicable for these very thin slit-like cracks, where the crack radius is much

greater than the crack width. To solve for the internal ice pressure, equation (2) is implemented

(Sneddon & Lowengrub, 1969), where w is the crack width, v is Poisson's ratio and μ is the shear
modulus of the rock.

The next step in Walder & Hallet's analysis is to determine the crack growth rate. They
are using the assumption that the water and ice is pure, so that the potential impact of solutes can

be ignored. They have also assumed that most of the frost-cracking observed is on or near the

surface of the ground, therefore neglecting any potential impact of the overburden on deeper
6

rock. It is also assumed that the rocks material properties, v, μ, and Kc, (fracture toughness) do

not vary with temperature, so temperature does not explicitly appear in the mechanical equation
d.c

for crack growth rate. This results in the equation of crack growth rate, V = — to be a function

of the stress-intensity factor, K1.

Equation (4) specifies that crack growth should cease when the stress-intensity factor falls below
a certain threshold value of K*. This value, K*, is known as the stress-corrosion limit (Rice, 1978;

Segall, 1984). Currently, no direct measurements of this limit had been quantified and reported

from the laboratory. Therefore it has often been assumed that K*/Kc = 0.3 (Walder and Hallet,
1985). This ratio can range from 0.3 to 0.4, but 0.3 was the value used in their model. Also

appearing in equation (3) is Vc and γ, which are both material properties of the rock, with units of
velocity and dimensionless, respectively. Both of these can theoretically be found using a plot of
the crack-growth rate V versus KI2. Further explanation of the application of these variables is
seen in Chapter 2.3.

Additional assumptions must be made in the Walder-Hallet model to effectively apply
these formulas to the frost-cracking problem. First, the freezing must be applied unidirectionally

from the surface of the rock, as seen in Figure 1. Second, it is assumed that the unfrozen portion
of the rock is completely saturated (all of the empty pore space is filled with liquid water). Also,

it is assumed that there is an initial distribution of cracks that are larger than the estimated grain
size in the rock. These larger cracks would be difficult to model when accounting for a
temperature difference between the opposing crack tips, but since we are assuming they remain

completely horizontal, this complication can be ignored.

Another equation needed in the Walder-Hallet model is the function for crack width
growth rate. This is found by a combination of equations presented earlier, which focus on the
volume of ice added, and the change in mass of water. The final resulting formula is Equation (5)
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where

vs = specific volume of ice
vL = specific volume of water
g = gravitational constant

Rf = flow resistance from frozen fringe and crack walls

L = heat of fusion of ice
Ta = absolute temperature, taken as a constant of 273.15 K

PLf = water pressure at base of frozen fringe relative to atmospheric pressure.

Using the assumption that there are horizontal cracks only, we can substitute the cosine of θ seen

in equation (5) with a value of 1.0. Also, with the previous assumption that the rock experiencing
freezing is at or slightly below the surface, we can assume this is a relatively ‘open'

environment. This means that the atmospheric pressure outside is negligible compared to the

high pressure inside the crack itself.

One of the beliefs of the assumptions made in this model is that the water transport is the
rate-limiting process behind crack growth, and not heat flow. This allows solution of a fully
coupled heat and mass transfer problem. Walder and Hallet consider Tc to be either a fixed value

or having a set rate of change. Walder and Hallet noted that this assumption specifically could

create difficulties if Tf and Tc are very close in value. This would make their model not very

accurate as the crack wall temperature approaches the frozen fringe temperature. Using these
assumptions and equations, Walder and Hallet used a time-stepping numerical routine for both

the constant Tc situation, and the linear decrease in Tc value over time.
2.2 Murton's Laboratory Experimental Work

In Murton's study, five different rock types were analyzed, under two different situations.
The two different situations tested were bidirectional freezing and unidirectional freezing. For
the unidirectional freezing case, temperature fluctuated from the top of the rock (0 mm), and was
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done to mimic freezing seen in seasonally frozen ground, with no permafrost below it. The
bidirectional case has freezing temperatures applied from both the top and bottom of the rock, to

simulate freezing occurring, with permafrost below the rock. These two situations are important
to analyze, and to understand the difference in fracturing created between the two. The five

different rocks used in Murton's study are Red St. Bees Sandstone, Cove Red Sandstone,
Totternhoe Clunch, Monks Park Oolite, and Tuffeau. The two sandstones are Red St. Bees and

Cove Red, and the remaining three are limestones. This range in rocks provides a wide variety of
physical properties, allowing for analysis of which rocks create the most heave under the

different experimental setups (Murton, unpublished).

Figure 2: Illustrative diagram of experimental rock setup to provide sensor location (Murton,
unpublished)
The two different freezing regimes were set up with specific time cycles in mind. The
bidirectional experiments (B1 through B4), ran a total of 398 days, with 24 cycles of freezing
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and thawing. The bottom portion of freezing does not go above freezing during the thawing
periods, as this is meant to simulate permafrost. The Tuffeau block was not tested under
bidirectional freezing, as extensive laboratory results had already been created and studied
previously (Murton, Peterson, & Ozouf, 2006). The unidirectional experiments (U1 through U5),

ran a total of 392 days, with 30 cycles of freezing and thawing. The unidirectional experiments

had slightly shorter periods for each cycle. The experiment defined a freezing period as when the
air temperature was below 0oC, and a thawing period is when the air temperature is above 0oC. A

diagram of the experiment rock setup, including temperature probe locations, can be seen in
Figure 2.

Each experiment ran in a metal tank inside of a set up cold room. The blocks rested on
plastic feet. At the bottom of the bidirectional freezing blocks, a layer of gravel was placed to

allow for heat conduction between the block and a cooling plate. The unidirectional experiments
did not need this, as no cooling was used from the bottom of the block. All of the blocks were

made completely saturated by being allowed to sit in a low water table prior to the start of

freezing. This allowed the blocks to become wet through capillary rise of the water. Water was
also added to the surface of each block during each thawing period to simulate rainfall.
2.3 Creation of Numerical Model

I used a time step analysis of formulas used in Walder and Hallet's work, and modified

them to match similar results to those of Murton (unpublished). I accomplished this using

MATLAB, and the temperature data collected by Murton during their experiments. Murton
collected temperature data using platinum resistors for all of their rock samples, at different

depths across the rock. Each rock was modelled individually, using material properties of the

rock, as well as other constants used. The rock material properties can be seen in Table 1.
In MATLAB, the bulk of the numerical model is made of two nested for loops. The first
for loop is for the different depths at which the temperature of the rock was taken, and the inner
for loop is for each time that temperature was collected. This allows me to do an Euler

integration on the temperature data with the formulas referenced. There are different situations

checked for inside depending on either the temperature values, or different variable values, but
inside of this, is where Equations (1) through (5) are used. Other equations are used with some
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changes, due to the change in conditions between the initial focus of the Walder & Hallet model,
and Murton's experimental data. These equations can be seen later in this section.
Since I am using the work done by Walder and Hallet to try and produce similar results to

those of Murton, I used all of the same assumptions that were used by Walder and Hallet. Some
of these assumptions do not work with the results seen in Murton's experiments, and so some

work had to be adjusted in the model to help match the old model to this experiment. The full
analysis of the impact of these assumptions can be found in the discussion section.

The model is run by solving multiple equations using the previous time step's values for

each. Using a set of initial conditions, and input temperature value Tc of the crack from Murton, I
am able to solve for the stress-intensity factor (Eq. 1), ice pressure (Eq. 2), crack radius growth

rate (Eq. 3), and crack width growth rate (Eq. 4). At the end of each step before continuing onto
the next iteration, I add the growth rate of the crack radius and width multiplied by the time step
to c and w respectively. Two of the variables seen in equation 4, Vc and γ, were relatively

unknown variables outside of this work, and required the results of the experiment for the crack
growth rate V, and stress-intensity factor KI. However, looking at the formulas, we can see that
these two variables do not dictate whether crack width growth will occur, but rather the speed at

which it occurs. Since, with all of these assumptions, I cannot directly create a comparison to

Murton's data, I want to try and recreate the time and location of the cracking seen. This means
that since I am not interested in the specific crack growth, just the relative crack growth to other

depths, I can assign a set value for Vc and γ for each rock. I assigned a value of 50 and 22 to Vc
and γ respectively for each of the rocks. These values were chosen as they were within the range

of Vc and γ values seen in Murton and Hallet's model.

The same initial conditions were applied to all of the experiments at every depth in the

model. An initial crack radius was assumed of 5mm. This is a slightly large initial crack radius,
but I found that when reducing the crack radius to have any smaller of an initial value, it caused
cracking results to vary, which can be seen in the results section. To try and best mimic the time

of cracking seen in Murton's experiments, I chose this initial crack size. In Murton's experiment
all of the models started with a positive temperature, or thawing period. This means that to

replicate this in the model, I took an initial crack width of 0, and internal ice pressure of 0.
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One of the variables seen so far that has not yet been discussed is the flow resistance
from the frozen fringe and crack walls. The formula for flow resistance can be seen in equation

6, where Ifc/G and 1/kc are the resistances offered by the frozen fringe and crack walls

respectively (Walder & Hallet, 1985). G is the temperature gradient across the frozen fringe, and
is considered constant in this model. While the temperature varies greatly in this experiment,
during the times that the temperature is used in calculations is only when it is less than the frozen

fringe temperature. Under these conditions, the temperature does not vary incredibly, which
means that keeping G as a constant value, similar to how Walder and Hallet did in both of their
experiments, should provide little change to the results.

Equation (6) is split up into equations (7) and (8), each solving for one part of the flow resistance

formula. Equation (7) solves for Ifc, which focuses mostly on the temperature at the frozen fringe,
and crack walls. The temperature at the frozen fringe set for Walder and Hallet is -1°C. It was

changed in this model to be -0.75°C. This is due to the fluctuating temperatures recorded by
Murton not being very cold. Since the experiment yielded cracking at such small negative
temperatures in the fluctuation, I had to slightly decrease the frozen fringe temperature to allow
analysis to occur over a larger time frame. One of the potential issues noted by Walder and

Hallet is when temperatures of the wall crack became too close to those of the frozen fringe. This
did cause some difficulties when modeling. However, the reduction of the frozen fringe

temperature helped alleviate this slightly. If the recorded temperature is not at least the frozen

fringe temperature, no crack growth will occur, and so slightly lowering the frozen fringe
temperature helped to allow more cracking to occur in the model, which lined up closer to the

experimental results. The other variable in equation (7) is k1, which is the hydraulic conductivity
of the frozen or partially frozen material. This was taken as a constant both in this model, and by

Walder and Hallet, basing their k1 value off of soil freezing experiments.
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Equation (8) examines the flow resistance caused by the crack walls itself, where
R = grain size radius

k2 = constant based on gravity, specific volume of water, and water viscosity

For this experiment I took an average grain size over a range of values for sandstone, and

limestone. The grain sizes used, along with the other material properties, can be seen in Table 1.
This equation is simplified with the use of the k2 variable. Since none of the variables used in

solving for k2 change throughout the experiment, or across any of the materials, I was able to

keep this as a constant throughout the models analysis.
One of the difficulties encountered when applying this model is the sensitivity to the flow

resistance value. When applying Murton's temperature data to the model, I found that the model
predicted unphysical behavior because the flow resistance values were too small. Due to the
empirical relationships used by Walder and Hallet, this would predict an extremely large crack

forming very quickly, with extreme results that are clearly unphysical. The resolution to this
difficulty I used to avoid this behavior will be fully addressed and explored later on in the

Results and Discussion chapters. In brief, inside the model, I assigned a minimum flow

resistance value when Equation 6 resulted in a value that was too small. This minimum flow
resistance value was adjusted for each of the simulations, and the applied minimum flow
resistance for each case can be seen in Table 3.
To better understand the adjustment of certain variables made within the model, I
conducted some extra analyses outside of the main model application. I applied a range of initial

crack size values, and minimum flow resistance values in this analysis. Subsequently, I was able
to create a table to analyze the crack length at a certain depth and time, with varying values for
initial crack size and minimum flow resistance. This helped elucidate how much of an impact

these variables had on the crack size over time. The explanation of these results is further

discussed in the Discussion and Results chapters.
The temperatures above the frozen fringe used in this model presented another difficulty
that was not encountered in the original analysis by Walder and Hallet. Their simulations all
assumed initial temperatures below the fringe temperature (i.e. below freezing), and either
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remained constant, or decreased in temperature. Since the Murton experiments have fluctuating
temperatures moving continuously between thawing and freezing, this raised another difficulty

that had to be addressed. The modification that ended up working best to match the experimental

results while still working under the assumed conditions of Walder and Hallet, is that if the
temperature measured at any depth was above the fringe temperature, then freezing was assumed

to not occur. During these times when the rock is unfrozen, the crack width would return to zero,

modeling the ice inside the rock completely melting, and the internal ice pressure also going

back to zero. The current crack length however, would remain the same (i.e. cracks, once
formed, do not heal). One of the drawbacks in this approach of modeling the thawing periods is
that it did not matter how much the temperature rose, once it rose past the fringe temperature.

This meant that the thawing periods were effectively treated as a flat line of temperature at some
point above the fringe temperature, until the next time it was noted to drop into the freezing

range again. Another potential issue with this design choice is that the rock and new crack must
remain fully saturated throughout the thawing period. Murton's experimental procedure made
sure that the rock remained saturated, so the saturation will not be an issue.

Another important assumption used in this analysis is the lack of impact that the different
depths have on each other. In other words, a crack forming at one depth does not affect the
conditions at any other location within the rock. The model treats each individual layer as

effectively isolated. Since different depths are not affecting each other in the model, and they all

started with the same initial crack length (or radius when accounting for the third dimension) in a
horizontal direction, the results could vary from those of physical experiments. If extreme
cracking is seen in one depth, this will normally cause disruption in the areas around it,

potentially causing more cracking, or increasing the cracking rate of other depths. This kind of

behavior can be seen in Murton's results shown in Figure 3, Figure 4, and Figure 5 of rocks U3,
U5, and B3, respectively.
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Table 1: Material properties used in numerical model analysis
Rock

Fracture

Poisson's Ratio

Toughness Kc

Shear Modulus

Grain Radius

(GPa)

(mm)

(MPa m1/2)
Red St. Bees

0.5a

0.2111b

12c

0.364b

0.48a

0.2111b

12c

0.364b

0.24a

0.22d

22e

0.426f

0.39a

0.22d

22e

0.426f

0.2a

0.22d

22e

0.426f

Sandstone(U1,
B2)
Cove Red

Sandstone (U2,
B1)

Totternhoe

Clunch (chalk)

(U3, B3)

Monks Park
Oolite

(limestone) (U4,
B4)
Tuffeau (chalk)

(U5)
a - (Murton, unpublished)
b - (Bell, 1978)
c - (Carcione & Gurevich, 2011)
d - (Gercek, 2007)
e - (Gegenhuber, 2015)
f - (Palchik, 2011)
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Chapter 3 Results
3.1 Murton's Qualitative Results

Figure 6 through Figure 11_show the clear crack growth observed in the numerical model

results for blocks U3, U5, and B3 at a range of depths. The results in these figures are for the two

Totternhoe Clunch blocks in unidirectional and bidirectional freezing, and the one Tuffeau block
under unidirectional freezing. Seen in Figure 12_and Figure 13_is the B4 numerical model results,

which experienced considerable crack growth in the numerical model, but not in Murton's
experiment. None of the other model simulations predicted significant crack growth using the
initial, default set of parameters. As can be seen in Murton's experimental results, blocks U3,

U5, and B3, were the only blocks that experienced large amounts of surface heave and internal
cracking. The unidirectional freezing blocks only experienced observable cracking in the top
portion of the blocks (from the surface to about 150 mm). The bidirectional freezing block of

Totternhoe Clunch experienced cracking initially at around 250 to 300 mm from the surface
around day 69, and later experienced smaller amounts of cracking at the surface down to about

100 mm depth. Figure 3, Figure 4, and Figure 5, show the cracking experienced by the physical
models B3, U3, and U5, respectively in Murton's experiment. Figure 3, Figure 4, and Figure 5
contain multiple photos taken throughout the bidirectional freezing experiment. The red lines in

Figure 3 indicated in photos F and G are for the finer cracks observed in the top portion of the
block. In Figure 4, the block U3's cracking can be seen to have started quickly in this

experiment, spreading rapidly in the top portion of the rock. The cracks reached 135 mm median

depth from the top surface. The median maximum depth of freezing was 170 mm. In Figure 5,
cracking can be seen starting from the first thawing period, and continuing throughout the

sequence of photos. The cracks reached 114.5 mm median depth measured from the top surface.

The median maximum depth of freezing experienced was 143.5 mm.
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Figure 3: Macrocrack network seen in block B3 (Totternhoe Clunch) (Murton, unpublished)
These photos were taken during the thawing periods 4(A), 6(B), 9(C), 10(D), 15(E), and 21(F).
Photo G was taken during the 25th freezing period, which was at the end of the experiment.
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Figure 4: Macrocrack network seen in block U3 (Totternhoe Clunch) (Murton, unpublished)

These photos were taken during the thawing periods 1(A), 2(B), 3(C), 4(D), 5(E), and 7(F). Two
photos were also taken during the freezing period 31, which are seen in photos G and H.
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Figure 5: Macrocrack network seen in block U5 (Tuffeau) (Murton, unpublished)

These photos were taken during the thawing periods 1(A), 2(B), 3(C), 4(D), 11(E), 25(F), and
27(G). The last photo, H, was taken during the 31st freezing period.
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3.2 Numerical Model Results

One of the most significant difficulties that had to be overcome when applying the

Walder-Hallet model to the laboratory experiments described above is properly adjusting the
value of the flow resistance. The flow resistance in this model is used to take into account the
resistance caused by the frozen fringe, and the liquid layer in the crack. The frozen fringe flow
resistance is caused by the flow going between grains and pore ice. The second portion of flow
resistance is caused by the thin membrane-like area of water surrounding the crack when frozen.

The flow resistance value resulting from the default set of parameters and assumptions of the

Walder and Hallet model is too small. This resulted in the model predicting extremely fast crack
growth, reaching values many orders of magnitude greater than what should be expected. This

model behavior could be due to a number of possible reasons. One of these could be the assumed
physical properties and their numerical values. Since the grain radius, Poisson's ratio, and shear

modulus are not accurately known for these specific rock samples, approximate values had to be
assumed based on the properties of other sandstone and limestone rock measurements from the

literature. Although inaccurate assumed physical properties are likely not the sole cause of the

unphysical flow resistance value, they probably do contribute to the error. Another potential

source of error can be seen in the thermal gradient value, G, of equation (6). This thermal
gradient across the frozen fringe is assumed to be 100oC/m, the same assumption used by Walder
and Hallet in their model. However, there is large uncertainty about the exact value of the

gradient at this point, as discussed in several other theoretical models of the frozen fringe

(Rempel 2007, Fowler and Krantz, 1994). Because the temperature of the rock is continually
fluctuating, the frozen fringe thermal gradient is clearly not remaining constant. This is yet

another likely contributing factor that may result in the low flow resistance values. There are
some other assumed constants or situations used by the Walder and Hallet model, such as the

value k1 seen in Equation (7), which is based on the hydraulic conductivity of frozen soils.

However, I believe the main cause of the low flow resistance to be the temperature of the crack
wall compared to that of the frozen fringe temperature. The two different situations analyzed by

Walder and Hallet (constant, and monotonically decreasing temperature) assumed temperatures
much colder than the frozen fringe temperature. This leads to a significantly large value of

Ifc seen in equation (7) (due to the increased temperature differential between the frozen fringe
and crack wall), which would increase the flow resistance. Walder and Hallet themselves have
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discussed the significant uncertainty with one of their assumptions when this temperature

difference is small or nonexistent. The small temperature difference could mean that the water
transportation could no longer be the limiting factor. It is not entirely clear at this time how this

change in rate limiting factor would affect their formula for flow resistance, whether it needs to

be slightly adjusted, or completely rewritten. A further investigation of this point warrants future
research.
At this point, it is important to stress the primary objective of this research is to determine

whether the Walder and Hallet model is capable of predicting the vertical location of maximum
cracking within the rock samples. It is not to predict the exact length of the horizontal crack as a

function of time. The flow resistance value has a strong effect on the instantaneous rate of crack

growth (and therefore length as a function of time), but it is the transient thermal conditions that

determine the location (vertically) of where cracks will grow or not. Therefore, the exact
quantitative value of the flow resistance was determined to be somewhat irrelevant for the

purposes of this research, and could therefore be adjusted in order to achieve the primary

research objective. The following paragraphs describe the approach I took.
In the initial attempt to apply the Walder and Hallet model, I focused on creating a

custom minimum flow resistance value (Rfmin) for each experiment. The appropriateness and

applicability of this approach is discussed later. The crack growth can be effected quite
significantly by a small change in Rfmin values, and so the exact crack length is not the focus at

this point. I applied the custom value of Rfmin to each case, and adjusted the value for it to create

small enough crack sizes that the relative growth of ones at different depths could be observed.
Since the application of Rfmin is the same across all the different depths in a single experiment, all

of the crack sizes would scale similarly with a different value of Rfmin. This means that some of
the key aspects of the results: (1) the time of crack initiation and growth, and (2) relative crack

growth between vertical layers, are not affected by the modification of this constant value. The
Rfmin values I have used for each of the experiments can be seen in Table 3. The original flow

resistance values calculated in the model vary slightly, but are normally around two orders of

magnitude lower than the custom Rfmin values applied. In the absence of adjusting Rfmin as just

described, crack length values became unphysically large almost instantaneously, and
numerically this situation was difficult for MATLAB to process (numerical overflow of
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MATLAB's double datatype). To try and evaluate the effect of varying the value of Rfmin in the

model, I created a separate program that ran through each experiment multiple times while
changing Rfmin values, and also varying the initial crack radius values. This allowed me to see the

impact these two variables had on the crack growth. Table 2 shows the crack half-length for U3

at 50 mm depth at day 50, with various Rfmin and initial crack radius values. It can be seen that
when Rfmin is assigned a value lower than the value of Rf solved for originally, no change in crack

growth occurs, and the extremely large crack sizes seen would be the outcome. To constrain the
model to both predict non-zero and non-infinite crack growth, I used the values from these types
of tables to estimate values of Rfmin. The definition of what is reasonable crack growth is simply

crack lengths that remain within the same approximate range as that of the lateral size of the
experimental block used by Murton. One other notable trend that is made evident from this
analysis is that larger initial crack size, c0, does not always create a larger crack without the

restrained Rfmin value. It can be seen on the left hand side of the table that even though the initial

crack size is increasing, the actual crack radius at 50 days is going down. This trend begins to
reverse as the Rfmin value begins to negate the impact of the low and varying Rfmin values. Similar
tables were made for each experiment to find appropriate Rfmin values, but only the results for U3

is shown here as an example. The use of a constant value of Rfmin for an entire experiment is not
perfect as the flow resistance value is something that is likely changing with time, and its impact

could play a more significant role that was elucidated here. However, within the confines of
using the formulation and setup from Walder and Hallet, this approach was the best work around
when applying their model to the new laboratory situation of unidirectional and bidirectional

freezing and thawing.
To interpret and evaluate the model result figures that highlight the cracking for each of
the different samples, and permit comparison to each other, it is important to note their

respective Rfmin values. For each experiment, the Rfmin value had to be adjusted to create realistic
cracking results. This makes the actual quantitative crack length values somewhat less

meaningful. Nevertheless, when comparing the cracking amounts between the different samples,

and also a comparison of their Rfmin values, it can be seen which samples underwent more
cracking. Using this approach combined with Murton's experimental results, permits comparison
of model predictions to the lab experiments that experienced large amounts of cracking and

heave.
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Table 2: Crack half-length for U3 at 50 days and at 50mm depth for various Rfmin (s) and c0 (m)
values
c0 (m)

Rfmin (s)
5.0 x 1010

5.0 x 1011

5.0 x 1012

5.0 x 1013

5.0 x 1014

5.0 x 1015

0.0110

1.33 x 10164

5.491 x 107

2.8684

0.0777

0.0116

0.0110

0.0210

8.359 x 1083

424.9527

3.0677

0.1034

0.0210

0.0210

0.0310

2.909 x 1055

190.0408

3.1956

0.1233

0.0310

0.0310

0.0410

7.716 x 1040

187.48

3.2956

0.1406

0.0410

0.0410

0.0510

1.065 x 1032

188.43

3.3803

0.1564

0.0510

0.0510

In this table, the bolded values on the left hand side are the different initial crack radii tested, and
the values along the top are the different Rfmin values. The crack sizes decreases as Rfmin increases
as expected.
The important model predictions that I want to highlight and compare to Murton's
experimental results are: (1) the time of cracking occurring, (2) areas of significant cracking seen

in the rock, and (3) which experiments produced the most overall cracking. In the model of
experiment U3, seen in Figure 6, cracking was first observed around day 20 at or very near the

surface layer. Crack growth continued in U3 for the surface level, and slightly increased for the
50 mm depth directly below it over the course of the experiment. The surface experienced the

largest degree of cracking, reaching a c value of about 0.54 m by the end of the experiment. With
an Rfmin value similar to the other unidirectional freezing experiments of 2.0 x 1014 seconds, this
means that the amount of cracking shown is affected by about the same amount as the other

unidirectional experiments. Figure 7 shows a snapshot of U3's crack half-lengths at day 300. A

later date was chosen for the snapshot of this model due to a lack of significant cracking early
on. In this figure, it is clearly evident that a large amount of cracking has already occurred on the

surface, with small amounts of cracking at 50 mm, and no cracking seen lower than this.

Murton's experimental results for U3 are shown in Figure 4. Specifically, picture H in this figure
indicates an incredibly wide amount of cracking on the top surface of the rock. Picture G in the

figure shows how deep the cracking went into the rock. Murton stated that the median depth to
the bottom crack in U3 was 135 mm. My model's results show extreme cracking in the surface
layer, but only minor cracking at 50 mm depth, and none at all any deeper than this. In this case,
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the model clearly does not do a good job predicting the location of cracking observed in the lab.

There are many possible reasons for this. For example, the Walder and Hallet model is premised
on individual, non-interacting cracks, and a fixed or monotonically decreasing temperature. This

could indicate that the cause of cracking at deeper vertical depths is caused by potential crack
interaction, unknown pre-existing cracks, or other unknowns not addressed in the assumptions

used in this model. My conjecture for the reason behind the deeper cracking is likely the impact
of the cracks on each other. In the pictures, the cracks can be seen to make a network pattern
between one another in Figure 4. This shows that they clearly impacted one another, and likely

increased the crack growth, and caused subsequent crack spreading.

Figure 6: Crack half-length throughout U3 Totternhoe Clunch over time at various depths (Rfmin
= 2.0 x 1014s)
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Figure 7: Crack half-length at various depths for U3 Totternhoe Clunch at 300 days (Rfmin = 2.0
x 1014 s)
The other unidirectional freezing experiment that experienced a large amount of heave is
the only Tuffeau sample, U5. Murton's experimental results for U5 can be seen in Figure 5.

These pictures indicate a significant amount of cracking developing as deep as 100 mm from the
surface. Some cracking can be seen on the surface in pictures G and F, but most of it appears to
be a large network of cracks spanning from 100 mm depth to the surface. The median crack

depth noted by Murton for U5 is 114.5 mm. My model produced the cracking results shown in
Figure 8, with an Rfmin value of 4.0 x 1014 seconds. The largest cracking was seen in the surface

layer, with some cracking seen at the 50 mm depth. Figure 9 is a snapshot of the crack half
lengths throughout U5 at day 50, which allows for a visual comparison of cracking seen at each
depth. It can be seen that some cracking occurs at 100 mm depth in the model, however less than

at 50 mm and the surface. The surface depth had some of the coldest temperatures recorded

during Murton's experiment compared to the other depths for U5. This is likely the cause for the

surface layer producing more significant cracking than the deeper depths. Comparing my model
to Murton's results for U5, it can be seen that cracking was observed in the same area of the
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rock, but to different degrees. Based on the photographs taken of the experiment, it seemed like a

large amount of the heave was caused by cracking all throughout the surface down to 100 mm
depth. However, my model indicates that a vast majority of the cracking is from the surface to 50

mm only. Murton's experimental observations and my model predictions both agree that
cracking was observed on or around day 21, at 50 mm. My model shows cracking occurring for

both the surface and 50 mm around this same time period.

Figure 8: Crack half-length throughout U5 Tuffeau over time for all depths (Rfmin = 4.0 x 1014 s)
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Figure 9: Crack half-length for U5 Tuffeau at 50 days (Rfmin = 4.0 x 1014 s)
The only bidirectional freezing experiment Murton recorded to have significant heave is

B3, Totternhoe Clunch. Photographs of the experimental results by Murton can be seen in Figure
3, which show some smaller cracks up to depths of 100 mm (as dashed red lines in the

photograph), and larger cracking seen around 250 mm to 300 mm depths. Murton notes that the

first macrocrack was observed around day 69 at 250 mm depth. This depth coincides with the
interface between the active layer and “permafrost” simulated in the experimental design.

Around day 322 was when Murton noted that the upper layer of cracking between 100 mm and

about 30 mm was first observed. My model's results can be seen in Figure 10_and Figure
11.These figures show overall cracking at each depth over the course of the experiment, and a

snapshot of crack half-length at day 50, respectively. In Figure 10, it can be seen that cracks

grew marginally around day 20, but there were significant crack length increases around day 70.
In contrast, the model predicts that the largest depths of cracking should have been from the

bottom of the rock all the way to 350 mm. Those three bottom layers had a large amount of

cracking, with all of the other layers experiencing minor cracking in comparison. This model
prediction makes sense based on the experimentally imposed temperature regime where colder
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temperatures are closer to the ‘permafrost' area at the bottom. Figure 11 provides a snapshot of

crack half-length at day 50 for sample B3, and this permits observation that the model predicted

significant cracking near the top and bottom layers, with less cracking seen at the center of the
rock. While there is discrepancy between model predictions and laboratory results for B3
concerning the location of cracking, it does help provide insight to what aspects are missing in

the Walder and Hallet model that need to be included for future modeling of similar situations.

Time (days)

Figure 10: Crack half-length throughout B3 Totternhoe Clunch over time (Rfmin = 8.0 x 1014s)
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Figure 11: Crack half-length for B3 Totternhoe Clunch at 50 days (Rfmin = 8.0 x 1014s)
The other bidirectional experiment for which the numerical model produced some

interesting results is the B4 experiment. According to Murton, little to no heave was noticed for
this sample, and no observable cracking was seen. The results of my numerical model for this

experiment can be seen in Figure 12 and Figure 13. In Figure 12, there is not significant crack
growth as was observed in B3, but a higher Rfmin value was also applied to B4 in the numerical
model. Cracking seemed to occur at almost all depth levels around days 50, 150, and 350. In
Figure 13, a snapshot of crack half-length across the entire model is shown at day 50, which is

during the first time of cracking. At this time, only the bottom of the model experienced any
cracking, but it can be seen in Figure 12 that multiple other layers quickly began cracking after

this time. The applied Rfmin values can be seen in Table 3. Overall, higher Rfmin values were used
for the bidirectional experiments, with the highest Rfmin value applied to B4, and the lowest

applied to U1 and U3.
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Figure 12: Crack half-length throughout B4 Monks Park Limestone over time (Rfmin = 3.0 x
1015s)

Figure 13: Crack half-length for B4 Monks Park Limestone at 50 days (Rfmin = 3.0 x 1015s)
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Table 3: Applied Rfmin (s) values to each respective model

Experimental Comparison

Rfmin (s)

U1

2.0 x 1014

U2

3.0 x 1014

U3

2.0 x 1014

U4

3.0 x 1014

U5

4.0 x 1014

B1

6.0 x 1014

B2

7.0 x 1014

B3

8.0 x 1014

B4

3.0 x 1015
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Chapter 4 Discussion
4.1 Interpretation of Numerical Models Results

The goal of this research is to assess how well the Walder-Hallet model can be applied to
the experimental conditions of the experiments of Murton. The results section of this paper has

shown that my model and Murton's experimental results are not in complete quantitative
agreement. However, using the qualitative results observed in the lab and the timeline of events

for each experiment, there is a generally decent comparison between the two. In particular, the

results have shown that the Walder-Hallet model can indicate which of the unidirectional models
will experience the most cracking, along with the time and depth of cracking, given the

temperature regime within the rock throughout the experiment as the forcing function. What it
does not do well is accurately quantify the amount of cracking, how it will spread throughout the

rock, the amount of heave, and impact of these cracks on the rock and its stability. The
unidirectional model results discussed above and also shown in the appendix can be best utilized

to analyze the time of cracking, relative cracking in comparison to the other unidirectional

models, and the other depths of cracking within the model itself.
While the results have shown some good agreement with Murton's work, I do not believe
that the Walder-Hallet model is a good fit for this experiment in its original form. Outside of the

difficulties encountered that led to the creation of Rfmin, I believe that too many of the
assumptions used in the Walder-Hallet model cannot be applied to the laboratory situation

analyzed here. One of the most significant of these assumptions is that the temperature does not

go very low throughout the entirety of this experiment, and instead fluctuates about 0oC. This
causes a lot of numerical issues that are also discussed in the Walder-Hallet paper itself,

including accurately quantifying the flow resistance, and the assumption that water transport is
the rate limiting factor. Since my model treats any temperature above Tf as above freezing
temperature, or in a completely unfrozen state of no ice and therefore crack growth, the higher

temperatures reached do not provide any change to the model. This means that over the course of

the entire model, the Tc and Tf variables stay very close in value. Since there is little temperature
difference in most of the time steps compared to the theoretical temperatures used by Walder and
Hallet, it likely means that the frozen fringe became substantially small. It should be noted that

water transport across this saturated, partially frozen rock, should be much easier. This means
33

that water transport is likely not the rate limiting factor, and there could be a different
phenomenon controlling the rate of crack propagation. Since we have such a small to potentially

negligible frozen fringe area, this will drastically change the flow resistance, as the value G for
the thermal gradient will be much different. The value for the flow resistance caused by the
frozen fringe, Ifc should be different, since I believe the gradient is small to nonexistent in this

temperature range. I believe the resistance from the liquid layer at the crack wall itself, 1/kc, will
not change as significantly, since it is based mostly on the grain radius and crack wall
temperature. Since it is based so heavily on average grain radius, it could also be significantly

affected by use of a different grain radius for the same rock type, as is often found in other

scientific sources. Without an accurate estimate of the grain radius of each of the materials
(which is difficult to quantify due to the inconsistency of most rocks), this variable will have a
considerable amount of uncertainty in most all cases.
My model's bidirectional results compared much more poorly to the results of Murton's

experiment. The relative location of maximum cracking in B3, which was the experiment that

experienced the largest amount of cracking, was almost the complete opposite of the

experimental results. One possible conclusion from this result is that there is something inherent
in the original Walder and Hallet formulation that makes it inapplicable to the bidirectional
freezing situation. The difference between the unidirectional and bidirectional experimental

setups is that the bottom of the bidirectional experiments were kept frozen to simulate the

presence of permafrost. In B3, the largest amount of cracking seen by Murton was around 250
mm to 300 mm depth, which is right above the freezing area from the permafrost, and was the

area expected to have the least cracking based on the models results. This appears to indicate that
the Walder and Hallet model is not applicable to this upward freezing front for some reason;
perhaps the temperature regime of that depth was not the primary cause of the cracking. The

cracking could have been caused by the temperature gradient between the cold area and the
fluctuating temperature occurring at the top, creating some kind of pressure in that area due to
water migration. It also could have simply had an abnormally large internal crack at that area

from the start that was undetected, which grew extremely fast under the pressure. Other

significant shortcomings of the original Walder and Hallet formulation are neglecting the impact
of phenomena at one depth on another, and the assumption that cracks are independent and will
not interact with each other. The experimental results of B3 show that the temperature at the
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crack wall, and the specific rock material properties are not the only factors leading to crack
growth due to the freeze/thaw cycle. The experimental results seen across Figure 3, Figure 4, and
Figure 5 show that the cracks also interacted with each other at different depths, and that they did
not remain fully horizontal. The vertical growth in some of the cracks clearly indicates that the

assumption made in the Walder-Hallet model that the cracks remain completely horizontal is
incorrect. When the cracks are more vertical, there can be a temperature difference between the
two crack tips, and this would require a modification to Equation (5). This possibility was not
accounted for when θ is not equal to zero. With the addition of accounting for vertical cracking,

then the rock fracture will not just be type I, which will lead to additional changes to be needed

in the equations used.
When attempting to model situations with more than one potential crack, as likely occurs

in any large sample over a long period of time, I believe that a modified theoretical model should
be used that accounts for both the crack interactions and vertical crack growth. There are many
potential causes for the discrepancies seen within the numerical model, and these issues can help
highlight future avenues for research; either in modifying the model framework and/or its

application. When modeling situations similar to those here, I believe that an improved model
should focus on describing the proper rate limiting factor for conditions of fluctuating
temperatures close to the frozen fringe temperature. It should also account for multiple crack
interactions, and angled crack growth. I believe the Walder and Hallet model makes an improper

assumption that water transport is the rate-limiting factor for flow resistance when the
temperature at the crack is so close to the frozen fringe temperature. This assumption led to the

errors seen in the model, which are potentially due to the change in the frozen fringe zone. These
were the most consistent errors seen across each of the model simulations, and were not

addressed in either my model or the unmodified original Walder-Hallet model. This is clearly
one aspect of the model that would need to be addressed and improved in order for it to apply to

the more complicated thermal conditions of these laboratory experiments.

There was some small success in regards to the agreement between my model and the
experimental results when it came to the unidirectional tests. This indicates that this model does

have some applicability to this situation. This is likely due to the fact that the unidirectional

experiments have a more simple thermal regime. The application of a single freezing boundary
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condition on the rock allowing for less uncertainty in other variables that impact the crack
propagation. I think that when applied to either of the experimental conditions described here

(particularly unidirectional freeze/thaw cycles), at least a portion of the Walder-Hallet model
should be retained as a foundation. Specifically, if the horizontal crack assumption is still being

used, combined with the main force for crack propagation being internal ice pressure, then
Equations 1 and 2 could still be applied.

4.2 Directions for Future Work
I believe that the application of a numerical model based on the Walder-Hallet

formulation still has some potential use; albeit in limited and prescribed thermal situations.

Therefore, the first direction I would take the model next would be to analyze a similar situation
to that of Murton, but with colder temperatures during the freezing periods. This would be

helpful in determining whether the difficulties encountered with the flow resistance value would

be resolved when the majority of the freezing period is further away from the frozen fringe
temperature. I think that the issue seen in the bidirectional application is a different problem from

the temperature difference however, and I believe that a different model needs to be used for

those situations. The difference in results between the bidirectional experiment and numerical

model should be the largest area of focus for future work. The difficulty with determining the
cause of the difference between the two situations is that there are many model aspects and

assumptions to consider. One of the causes could be the low temperature difference, leading to
the incorrect assumption that water transport is the rate-limiting factor. There also could be

significant and relatively unseen interaction with interior microcracking in the rock. Also, the
impact of two different cold temperature gradients from the top and bottom of the rock created

cracking in this middle area at the ‘active layer' to relieve pressure. If the original Walder-Hallet

model, or the modified numerical model presented here continues to be used for further
applications, each of these issues should be addressed one at a time in order to determine the

correct cause for each difference observed.
Some of the numerical models referenced in Chapter 1 could prove useful in at least

partial application to an improved numerical model. Specifically, the model that focuses on
angled cracks (Huang et al., 2018). Since it can be seen in Figure 3, Figure 4, and Figure 5, that
the cracks are not staying perfectly horizontal, finding a way to handle the angled cracks that
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grew in the rock would help eliminate this problem. Finding a way to address theoretically the
angled cracks meeting each other and interacting to create the entire fracture network would be

the next step in this process. One of the largest gaps between the numerical model and the
physical reality of the rock fractures observed by Murton, is how they interact with each other. If

the angles and interaction of the cracks could be properly understood and solved for, the

remaining issue is a better analysis of the temperatures closer to the frozen fringe. This would

hopefully explain the differences seen between the numerical models results and Murton's

experimental results for the bidirectional experiments.
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Chapter 5 Conclusions
The overarching purpose of this research was to determine if the Walder-Hallet

theoretical model could be applied to uni- and bi-directional freeze-thaw cycles of limestone and
sandstone. To make the model work under these new conditions of fluctuating temperature, some

parameters were adjusted to fit new conditions. These included the frozen fringe temperature, the

behavior of the model under positive temperature conditions, and the difficulties encountered
with the flow resistance due to the small temperature difference between the frozen fringe and

crack wall. Overall, the results of the numerical model do not match up with the quantitative
experimental results found by Murton in his work. The time of initial cracking was accurate, and

the depth of maximum cracking for unidirectional experiments were comparable. However, the
bidirectional theoretical results agreed poorly to Murton's results. This leads me to believe that

the Walder-Hallet model is not well suited to describe this scenario, and that a different modeling
approach should be considered in the future. The largest areas to focus on will be finding a

model that is able to handle temperature conditions that do not get extremely cold. This could be
done by a model that does not rely on the water transport rate being the rate limiting factor in the

crack growth. Other areas that need to be addressed in future theoretical models are cracks that
are not horizontal, and cracks interacting with each other throughout the rock. Although this

model was not successful in clearly and consistently describing the laboratory results, it did help
elucidate what assumptions were incorrect to apply, and what should be investigated in future

iterations of this work.
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Appendix

Figure 14A: Crack half-length throughout U1 St. Bees Sandstone over time (Rfmin = 2.0 x 1014s)

Figure 15A: Crack half-length for U1 St. Bees Sandstone at 50 days (Rfmin = 2.0 x 1014s)
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Figure 16A: Crack half-length throughout U2 Cove Red Sandstone over time (Rfmin = 3.0 x
1014s)

Figure 17A: Crack half-length for U2 Cove Red Sandstone at 50 days (Rfmin = 3.0 x 1014s)
44

Figure 18A: Crack half-length throughout U4 Monks Park Limestone over time (Rfmin = 3.0 x
1014s)

Figure 19A: Crack half-length for U4 Monks Park Limestone at 50 days (Rfmin = 3.0 x 1014s)
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Figure 20A: Crack half-length throughout B1 Cove Red Sandstone over time (Rfmin = 6.0 x 1014s)

Figure 21A: Crack half-length for B1 Cove Red Sandstone at 50 days (Rfmin = 6.0 x 1014s)
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Figure 22A: Crack half-length throughout B2 St. Bees Sandstone over time (Rfmin = 7.0 x 1014s)

Figure 23A: Crack half-length for B2 St. Bees Sandstone at 50 days (Rfmin = 7.0 x 1014s)
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Table 4A: Crack half-length for B1 at 50 days and 50 mm depth for various Rfmin (s) and c0 (m)
values
c0 (m)

Rfmin (s)
5.0 x 1010

5.0 x 1011

5.0 x 1012

5.0 x 1013

5.0 x 1014

5.0 x 1015

0.0110

9.57 x 1018

7.769

3.233

0.2314

0.0144

0.0110

0.0210

7.85 x 107

8.042

3.0677

0.2490

0.0236

0.0210

0.0310

9.15 x 103

8.126

3.1956

0.2622

0.0321

0.0310

0.0410

88.49

8.350

3.2956

0.2736

0.0410

0.0410

0.0510

15.76

8.433

3.3803

0.2843

0.0510

0.0510

Table 5A: Crack half-length for B2 at 50 days and 50 mm depth for various Rfmin (s) and c0 (m)
values
c0 (m)

Rfmin (s)
5.0 x 1010

5.0 x 1011

5.0 x 1012

5.0 x 1013

5.0 x 1014

5.0 x 1015

0.0110

7.4951 x 1013

8.7561

4.0316

0.2592

0.0165

0.0110

0.0210

1.6615 x 105

8.9438

4.2089

0.2854

0.0266

0.0210

0.0310

141.2815

9.2809

4.3223

0.3057

0.0357

0.0310

0.0410

18.3785

9.4255

4.4109

0.3236

0.0443

0.0410

0.0510

12.5239

9.5056

4.4857

0.3399

0.0527

0.0510

Table 6A: Crack half-length for B3 at 50 days and 50 mm depth for various Rfmin (s) and c0 (m)
values
c0 (m)

Rfmin (s)
5.0 x 1010

5.0 x 1011

5.0 x 1012

5.0 x 1013

5.0 x 1014

5.0 x 1015

0.0110

4.201 x 10160

9.889 x 107

28.8315

1.5434

0.0499

0.0110

0.0210

1.22 68 x 1082

325.2313

29.2438

1.6118

0.0631

0.0210

0.0310

1.666 x 1054

138.9385

29.5124

1.6620

0.0739

0.0310

0.0410

8.8776 x 1039

137.3200

29.7225

1.7039

0.0836

0.0410

0.0510

1.8720 x 1031

140.8452

29.9002

1.7407

0.0926

0.0510
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Table 7A: Crack half-length for B4 at 50 days and 50 mm depth for various Rfmin (s) and c0 (m)
values
c0 (m)

Rfmin (s)
5.0 x 1010

5.0 x 1011

5.0 x 1012

5.0 x 1013

5.0 x 1014

5.0 x 1015

0.0110

6.6851 x 1053

56.5025

14.3121

0.8077

0.0292

0.0110

0.0210

1.4024 x 1026

44.9078

14.6505

0.8580

0.0401

0.0210

0.0310

2.1162 x 1016

44.7867

14.8516

0.8950

0.493

0.0310

0.0410

1.9730 x 1011

44.9148

15.0049

0.9260

0.0584

0.0410

0.0510

1.7275 x 108

44.8266

15.1394

0.9534

0.0678

0.0510

Table 8A: Crack half-length for U1 at 50 days and 50 mm depth for various Rfmin (s) and c0 (m)
values
c0 (m)

Rfmin (s)
5.0 x 1010

5.0 x 1011

5.0 x 1012

5.0 x 1013

5.0 x 1014

5.0 x 1015

0.0110

7.4747 x 1016

22.5669

0.6476

0.0231

0.0110

0.0110

0.0210

6.1845 x 106

22.9396

0.7458

0.0382

0.0210

0.0210

0.0310

1.6358 x 103

23.1138

0.8052

0.0510

0.0310

0.0310

0.0410

65.7183

23.1940

0.8506

0.0625

0.0410

0.0410

0.0510

42.4098

23.2405

0.8885

0.0733

0.0510

0.0510

Table 9A: Crack half-length for U2 at 50 days and 50 mm depth for various Rfmin (s) and c0 (m)
values
c0 (m)

Rfmin (s)
5.0 x 1010

5.0 x 1011

5.0 x 1012

5.0 x 1013

5.0 x 1014

5.0 x 1015

0.0110

3.5808 x 1018

32.9344

1.6097

0.0462

0.0110

0.0110

0.0210

4.6936 x 107

34.0690

1.7959

0.0692

0.0210

0.0210

0.0310

6.4564 x 103

34.7679

1.9059

0.0869

0.0310

0.0310

0.0410

164.1507

35.1826

1.9895

0.1023

0.0410

0.0410

0.0510

66.8683

35.4935

2.0589

0.1164

0.0510

0.0510
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Table 10A: Crack half-length for U4 at 50 days and 50 mm depth for various Rfmin (s) and c0 (m)
values
c0 (m)

Rfmin (s)
5.0 x 1010

5.0 x 1011

5.0 x 1012

5.0 x 1013

5.0 x 1014

5.0 x 1015

0.0110

8.5799 x 1055

61.5911

0.4712

0.0179

0.0110

0.0110

0.0210

1.783 x 1027

44.9848

0.6306

0.0345

0.0210

0.0210

0.0310

1.185 x 1017

44.7030

0.7090

0.0480

0.0310

0.0310

0.0410

7.257 x 1011

45.4360

0.7653

0.0601

0.0410

0.0410

0.0510

4.922 x 108

45.7452

0.8108

0.0715

0.0510

0.0510

Table 11A: Crack half-length for U5 at 50 days and 50 mm depth for various Rfmin (s) and c0 (m)
values
c0 (m)

Rfmin (s)
5.0 x 1010

5.0 x 1011

5.0 x 1012

5.0 x 1013

5.0 x 1014

5.0 x 1015

0.0110

2.5 60 x 10213

1.026 x 1015

15.0199

0.3214

0.0202

0.0110

0.0210

5.470 x 10109

6.543 x 105

15.3161

0.3666

0.0315

0.0210

0.0310

8.949 x 1072

1.102 x 103

15.5236

0.4005

0.0415

0.0310

0.0410

1.288 x 1054

435.2196

15.6923

0.4292

0.510

0.0410

0.0510

4.542 x 1042

403.6102

15.8346

0.4548

0.0600

0.0510
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