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Abstract
The dissertation focuses on control problems for the wave and telegrapher's equations on metric graphs. In the first part, an algorithm is constructed to solve the exact control problems on finite intervals. The algorithm is implemented numerically to solve the exact control problems on finite intervals. Moreover, we developed numerical algorithms for the solution of control problems on metric graphs based on the recent boundary controllability results of wave equations on metric graphs. We presented numerical solutions to shape control problems on quantum graphs. Specifically, we presented the results of numerical experiments involving a three-star graph. Our second part deals with the forward and control problems for the telegrapher's equations on metric graphs. We consider the forward problem on general graphs and develop an algorithm that solves equations with variable resistance, conductance, constant inductance, and constant capacitance. An algorithm is developed to solve the voltage and current control problems on a finite interval for constant inductance and capacitance, and variable resistance and conductance. Numerical results are also presented for this case. Finally, we consider the control problems for the telegrapher's equations on metric graphs. The control problem is considered on tree graphs, i.e. graphs without cycles, with some restrictions on the coefficients. Specifically, we consider equations with constant coefficients that do not depend on the edge. We obtained the necessary and sufficient conditions of the exact controllability and indicate the minimal control time.
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Chapter 1: General Introduction
This thesis primarily aims to address a range of control problems for partial differential equations on metric graphs also known as differential equation networks (DENs), or quantum graphs. Quantum graphs were first studied by Linus Pauling as models of free electrons in organic molecules in the 1930s. By quantum graph, we mean to suggest differential operators on metric graphs or networks. These networks are shown as a geometric graph where the connected line segments are embedded in Rn . A system of partial differential equations is used for connecting the points of the system consistent with some matching conditions at each vertex.Network-like structures play a very important role in many scientific and engineering problems. These types of structures are used for a variety of purposes. A typical DEN arises from the study of the structural health monitoring system, specifically the stability, health, and oscillations of flexible structures that are made up of strings, beams, cables, and struts. The use of DENs can also be seen in the study of water, electricity, gas, and transportation systems. These models describe various ob jects of civil engineering such as bridges, space structures, antennas, transmission-line posts, and steel-grid reinforcements. In recent years the applications of DENs are becoming more prominent in the field of materials science. The use of hierarchical materials such as microfluidic foams, percolation networks, carbon and graphene nanotubes, and even graphene ribonics, are attracting a great deal of interest. DENs have also been observed in biology; for example, they have been used in signal propagation in dendritic trees, particle dispersion in respiratory systems, species persistence, and biochemical diffusion in delta river systems. DENs play a ma jor role in nanoelectronics and quantum computing. An example would be the study of quasi-one- dimensional mesoscopic structures such as quantum, molecular, and atomic wires, and the study of free-electron theory of conjugated molecules, conduction in quantum wires.Quantum graph theory gives rise to numerous challenging problems related to many areas 
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of mathematics, from combinatoric graph theory to partial differential equations(PDEs) and spectral theories. Quantum graph theory and its applications have developed an interdisciplinary character, and in-depth discussion on this topic opened the window of opportunities for collaboration among researchers in various fields of science, engineering, and mathematics.Since the 1930s, many papers focusing on differential and difference equations on graphs have surfaced in various fields of science and mathematics, and their number has been on a rapid rise over the last two decades. The analysis of DENs associated with wave, heat, or beam equations whose parameters describe the state of the structure was discussed by [Lagnese et al., 1994]. A famous example of DENs is the Saint-Venant system, which models hydraulic networks for water supply and irrigation, and was studied by [Gugat and Leugering , 2008]. Study of DENs include the telegrapher's equations for modeling electric networks, see, e.g., [A' et al., 2005], the isothermal Euler equations for describing gas flow through pipelines, see, e.g., [Bastin et al., 2008], and the Aw-Rascle equations for describing road traffic dynamics, see, e.g., [Colombo et al., 2009].The mesoscopic quasi-one-dimensional structures were studied in [Hurt, 2000], and in the collection of papers [Joachim and Roth, 1997; Kostrykin and Schrad er , 1999, 2000]. Models in nanoelectronics, high-temperature superconductors, quantum computing, and quantum chaos were described in [Kottos and Smi lansky , 1997, 1999; Melnikov and Pavlov, 1995]. Models that analyze hierarchical materials like ceramic and metallic foams, percolation networks, carbon and graphene nano-tubes, and graphene ribbons can be found in [Adam et al., 2007; Peres, 2009; Peres et al., 2009]. Signal propagation in dendritic trees, particle dispersal in respiratory systems, species persistence, and biochemical diffusion in delta river systems, complex problems involving ordinary and partial differential equations on graphs, can be found in [Avdonin and Bell, 2015; Bell and Craciun , 2005; Rall, 2011].It is imperative to note that DEN or quantum graph is a relatively new term (see survey [Kuchment, 2008]). The theory of PDEs on graphs was first studied by Lumer, von Below, 
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Ali Mehmeti, and Nicaise in pioneering papers; see, e.g. the books [Lagnese et al., 1994]; 
[Dager and Zuazua, 2006], the survey [Avdonin, 2008], and the references therein. Over the last thirty years, several books, surveys and collections of papers on quantum graphs were published, see e.g. the monograph [Berkolaiko and Kuchment, 2013] that contains a useful list of references. Gerasimenko and Pavlov developed a mathematically rigorous approach to differential operators on metric graphs [Gerasimenko and Pavlov, 1988]. A few papers have been written on star graphs, including [Exner and Seba, 1989], and [Adamyan, 1992], as well as [Kostrykin and Schrader, 1999, 2000], [Avdonin and Kurasov, 2008] for trees and [Kurasov and Stenberg, 2002] for more general models. Many authors have studied the spectral properties of differential operators; the complete reference list can be found in [Berkolaiko and Kuchment, 2013].The research presented in this thesis mainly focus on controllability problems and the results of revealing controllability. Controllability is the ability to drive a dynamic system with the use of control functions from an arbitrary initial state to a zero terminal state. For the wave equation, it is equivalent to the ability to drive a system from zero to an arbitrary terminal state due to time reversibility. Control problems for PDEs on graphs are very important in many practical applications. They constitute an important part of a rapidly developing area of applied mathematics - analysis on graphs. They are also related to inverse problems on graphs [Avdonin and Kurasov, 2008; Belishev, 2004; Belishev and Vakulenko, 2006] and harmonic analysis.In spite of their importance for many applications, these theories have not been sufficiently developed. Until recently, almost nothing was known about controllability of general DEN described by equations on graphs with cycles. Control problems for PDEs were studied only for trees, i.e. graphs without cycles see, e.g. the books [Lagnese et al., 1994; Dáger 
and Zuazua, 2006; Avdonin and Ivanov, 1995], the survey [Avdonin, 2008; Zuazua, 2013] and the papers [Al-Musallam et al., 2016; Avdonin and Zhao, 2021a; Alam et al., 2021], and references therein. To date there are relatively few results related to inverse problems 
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on graphs, also almost exclusively on trees, see for example [Avdonin and Kurasov , 2008; Avdonin et al., 2010a,b, 2011, 2015; Avdonin and Bell , 2015; Avdonin and Nicaise, 2015; Avdonin et al., 2017a,b; Avdonin and Zhao, 2021b; Avdonin and Edward , 2021].Though quantum graphs have been studied by many researchers, very little attention has been paid to consider the numerical solution. Numerically it is very difficult to solve the forward problems, see for example [Arioli and Benzi , 2017], where numerical solutions of forward problems for elliptic and parabolic equations on quantum graphs were presented. On the other hand, there is no efficient algorithms to solve the control problems on metric graphs, even for tree graphs.In this thesis, we develop a new numerical algorithm for solving the exact control problem for the wave equation on a finite interval, the control problems for the wave equation on graphs without cycles, an efficient algorithm to solve forward problems of telegrapher's equations on metric graphs, and control problems of telegrapher's equations on metric tree graphs. The thesis is divided into five chapters. The first chapter is the current chapter, the general introduction, second chapter is about the control problems for the wave equations, third and fourth chapters about the forward and the control problems for the telegrapher's equations respectively and the fifth chapter is the conclusions and plans for the future works.In the second chapter we develop an algorithm to solve the exact control problem on a finite interval. We implement this algorithm to solve numerically the exact control problem on a finite interval. We present solutions to the exact control problem with numerical verification of our solutions. We also used the results on the controllability of the wave equation on a tree [Avdonin et al., 2019] and [Avdonin and Zhao , 2021a] to develop a numerical algorithm to solve the control problems of wave equation on metric graphs. In particular, we consider the wave equation on a simple quantum graph, namely a three-star graph. We present solutions to the shape control problem with numerical verification of our solutions.In the third chapter we consider the telegrapher's equations on a general graph. In this chapter, we propose a technique to solve the telegrapher's equations in a finite interval for 
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variable resistance, conductance, inductance and capacitance. An efficient algorithm for solving the forward problem of the telegrapher's equations on a non-homogeneous network is developed.In the fourth chapter we consider the control problems for the telegrapher's equations. The control problem is considered on tree graphs, i.e. graphs without cycles, with some restrictions on the coefficients. In particular, we consider equations with constant coefficients which do not depend on the edge. We obtained the necessary and sufficient conditions of the exact controllability and indicate the minimal control time. Moreover an efficient algorithm to solve the control problems of both voltage and current on a finite interval is developed for variable resistance, conductance and constant inductance and capacitance. A numerical solution is presented with verification.The main results of the thesis were presented at the Colloquium, Department of Mathematics and Statistics, University of Alaska Fairbanks, Fall 2019 and in the International Conference (online) on Control and Analysis for PDEs in the Irkutsk State University (Russia) held in September 2020, and has been published [Alam et al., 2021] or accepted for publishing [Alam et al., 2022].
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Chapter 2: Control Problems for the Wave Equation on Metric Graphs
2.1 Introduction

Control problems on quantum graphs have been studied by many researchers. For example, see the books [Lagnese et al., 1994; Avdonin and Ivanov, 1995; Dager and Zuazua, 2006], reviews of [Avdonin, 2008; Zuazua, 2013] , the papers [Avdonin et al., 2019; Avdonin and 
Zhao, 2021a] and references therein. Control problems for partial differential equations on graphs have many important applications, details can be found in the introduction chapter. They are also related to inverse problems on graphs [Avdonin and Kurasov, 2008; Belishev, 2006; Belishev and Vakulenko, 2006] and to harmonic analysis [Avdonin and Ivanov, 1995, Ch. VIII]. Control problems on quantum graphs have been studied by many researchers, however the numerical solution has received very little attention. It is also worth noting that the numerical solutions to the forward problems on the quantum graphs also did not receive much attention. Numerical solutions to the forward problems for elliptic and parabolic equations on quantum graphs have been studied by [Arioli and Benzi, 2017]. In this chapter we developed an algorithm to solve the exact control problems for wave equation on a finite interval. We also developed numerical algorithms and solved the shape control problem on tree graphs based on new results and techniques presented in [Avdonin et al., 2019; Avdonin 
and Zhao, 2021a]. We presented numerical solutions to the control problem for the wave equation on a finite interval and on a particular tree graph, namely on a star graph.
2.2 Statement of the Problems

Let Ω = {V, E} be a finite compact and connected metric tree graph, where V = {v1, v2, ... , vM} is a set of vertices and E = {e1, e2, ..., eN} is a set of edges.
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Figure 2.1: A metric tree graph
We recall that a graph is called a metric graph if every edge ek ∈ E , k = 1, . . . , N, is identified with an interval (0, lk ) of the real line with a positive length lk . We denote the boundary vertices (i.e. vertices of degree one) by Γ = {γ1 , γ2 , . . . , γm }, and the set of interior vertices (whose degree is at least 2) by VC = {v1, v2, . . . , vC }. For each vertex vj ∈ VC, we denote its degree by Υj. We write k ∈ J (v) if ek ∈ E(v), where E(v) is the set of edges incident to v. Let Γ be a union of two disjoint sets: Γ1 = {γ1, ..., γm1 }, Γ0 = {γmι+1,..., γm}, and Γ0 may be empty. The graph Ω determines naturally the Hilbert space of square integrable functions H := L2(Ω) = φkL2(ek). When convenient, we will denote the restriction of a function w on Ω to ek by wk. Along with H we introduce two Sobolev- type spaces: H1 is the space of continuous functions ϕ on Ω such that ϕk ∈ H 1(ek) ∀k and ϕ∣p = 0; H-1 is the space dual to H1. We consider a system described by the following initial boundary value problem (IBVP) for the wave equation on Ω with Kirchhoff's conditions at each internal vertex vj :
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This means that u(·, t) ∈ H, ut (·, t) ∈ H-1 for all t ∈ [0, T ], and both functions are continuous with respect to t in corresponding norms. In other words, the state of the dynamic system (2.1)-(2.6) (u(∙,t),ut(∙,t)) is a point of H × H-1, and the trajectory of the system is a continuous curve in the state space H × H-1. Such spaces of functions, continuous in t with values in some (usually Hilbert, e.g. Sobolev) space, are customary as spaces of solutions to IBVP arising in control theory.The main question of our interest is the exact controllability of the wave equation. Here we consider only the boundary controls. The exact controllability of the system (2.1)-(2.6) is defined as follows:
Definition 2.1. Let T > 0. We say that the system (2.1)-(2.6) is:

1. Exactly shape controllable in time T if for any ϕ ∈H, there exists f ∈ Fτ such that uf (∙,T ) = ϕ();

2. Exactly velocity controllable in time T if for any ψ ∈ H-1, there exists f ∈ Fτ such 
that utf(·, T) = ψ(·);

3. Exactly controllable in time T if for any ϕ ∈ H and ψ ∈ H-1, there exists f ∈ Fτ such 
that uf (∙,T) = ϕ(-) and uf (∙,T) = ψ(∙).

1Since Γ1 consists of m1 vertices, f can be naturally identified with a function acting from [0, T ] to Rm1 .

9

Here ∂uk(vj, t) is the derivative of uk at vj along ek in the direction away from vj. Let f = [f1, f2, ..., fm1]τ. The IBVP (2.1)-(2.6) has a classical solution if f ∈ C2([0, T];Rm1), f(0) = fz(0) = 01. In control theory for PDEs function f is called a boundary control and is taken from the space Fτ := L2([0, T]; Rm1). It can be proved (see for example [Avdonin and 
Ivanov, 1995; Belishev, 2006; Dáger and Zuazua, 2006; Lagnese et al., 1994; Mehmeti, 1986; 
Mehmeti and Meister, 1989; Mehmeti, 1994]) that the solution u, which will be denoted 
uf(x, t), satisfies the inclusion



Controllability on graphs also includes the notions of the spectral controllability and approximate controllability. The definitions can be found in [Avdonin , 2008].In this thesis we developed an algorithm to solve the exact control problem of the system (2.1)-(2.6) in a finite interval [0, l]. We implemented this algorithm to present the numerical solution. We also solved the shape control problems on metric tree graphs based on new results and methods developed by [Avdonin et al., 2019; Avdonin and Zhao, 2021a]. The numerical algorithm involve solving Volterra integral equations of 2nd kind in which the kernel is a discrete function. We used the trapezoidal method to solve the integral equations. As a verification of our results of the control problems we solved the forward problems with the obtained control functions. In the next section we will discuss the forward solution and the exact controllability of the wave equation on a finite interval [0, l].
2.3 The IBVP for the Wave Equation on a Finite Interval [0, l]

Figure 2.2: Wave equation on a finite interval [0, l] control acting at x = 0
Consider the IBVP (2.1)-(2.6) on a graph consisting of two vertices v1 and v2 and one edge e. The edge e is identified with a finite interval [0, l], the vertex v1 is identified as x = 0 and the vertex v2 is identified as x = l. If the control is applied at x = 0, then the system (2.1)-(2.6) takes the form
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We denote the solution of the system (2.1)-(2.6) by uf (x, t). The following proposition can be proved by direct substitution.
Proposition 2.2. When T ≤ l, q ∈ L1(0,l) and f ∈ L2(0,T) the IBVP (2.8)-(2.10) has aunique generalized solution uf-(x, t) given by 

where w(x, s) is a unique generalized solution to the Goursat problem

The solution of (2.11) can be found by standard iteration method (see, for example [Tikhonov and Samarskii, 2013] for smooth q and [Avdonin and Mikhaylov, 2010] for q ∈ 
L1(0, l). When T > l, extend the potential q(x) to the semi-axis x > 0 by the rule q(2nl±x) = 
q(x) for all n ∈ N. By direct substitution it can be shown that the solution of the system (2.8)-(2.10) is given by the following proposition.

Figure 2.3: Extension of q(x) to the semi-axis
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Proposition 2.3. If q ∈ L1(0, l) , f ∈ L2(0, T) then if0 ≤ t ≤ x, uf(x, t) = 0 and ift > x

Figure 2.4: Wave equation on a finite interval [0, l] control acting at x = l
If the control is applied at x = l, then the system (2.1)-(2.6) takes the form

12

represents a unique generalized solution uf ∈ C([0,T];L2(0,l)) to the IBVP (2.8)-(2.9), where 

w(x, t) is the unique solution of the Goursat problem (2.11) with extended potential (Avdonin, et 

al., 2019) and [-J is the floor function.

We denote the solution of the system (2.13)-(2.15) by uf (x,t). The following proposition can be proved by direct substitution.
Proposition 2.4. When T ≤ l, q ∈ L1(0, l) and f ∈ L2(0, T) the IBVP (2.13)-(2.15) has a unique generalized solution uf (x, t) given by



where

with p(x) = q(l — x) .
The system (2.16) can be solved by standard iteration method as the system (2.11). When T > l, extend p(x) to the semi-axis x > 0 by the rule p(2nl ± x) = p(x) for all n ∈ N. 

Proposition 2.5. If q ∈ L1(0, l) , f ∈ L2(0, T) then if 0 ≤ t ≤ l — x, uf(x, t) = 0 and if t > l x

represents a unique generalized solution uf ∈ C([0,T]; L2(0,l)) to the IBVP (2.8)-(2.9), where 

k(x, s) is the unique solution of the Goursat problem (2.16) with extended potential p(x) ([Avdonin 

and Zhao, 2021a]) and L∙] is the floor function.

Proposition 2.6. Let q ∈ L1(0, l) and T ≥ l.
1. For any function φ ∈ H, there exists a control f ∈ L2(0,T) such that uf (x,T) = φ(x). 

If T = l then f is unique.

2. For any function ψ ∈ H-1, there exists a control f ∈ L2(0, T) such that utf(x, T) = ψ(x) .

3. For any φ ∈ H and ψ ∈ H-1, there exists a control f ∈ L2(0, 2T) such that uf (x, 2T) = ϕ(x) and uft (x, 2T) = ψ(x).
Proof of Part 1 and 2 of Proposition 2.6 can be found in [Avdonin and Zhao, 2021a] and proof of Part 3 is a classical result in control theory proved in various ways. For example, 13



in [Avdonin and Edward , 2018, 2019] the exact controllability at T ≥ 2l is derived from the shape and velocity controllability at T ≥ l and the method of moments. In this thesis we have proved the exact controllability at T ≥ 2l with a new method which is efficient for numerical implementation. We know the system is exactly controllable in [0, 2l]. We decompose the control function f(t) into two components f1(t) and f2(t) having disjoint supports in ∈ [0, 2l]. The control function f1(t) acts on t ∈ [0, l] and the solution uf1(x, t), (x, t) ∈ [0, l] × [l, 2l] is the reflection at x = l of the wave generated by the control function f1(t), t ∈ [0, l]. On the other hand, f2(t) acts on (l, 2l] and the solution uf2(x, t), (x, t) ∈ [0, l] × (l, 2l] is the wave generated by the control function f2(t),t ∈ (l, 2l]. The requirements uf (x, 2l) = ϕ(χ) and utf(x, 2l) = ψ(x) give us a system of Volterra integral equations of f1(t) and f2(t). Solution to this system of Volterra integral equations gives the control function f(t).
Proof. 1. Let f(t), 0 ≤ t ≤ l be the unique solution to the Volterra integral equation of2nd kind

then define f(t) such that

solves the shape control problem.
2. Let g'(t) satisfies the Volterra integral equation

14



Then g(t) satisfies the requirement utg(x, l) = ψ(x). Define g(t) such that

The solution of the system (2.8)-(2.10), uf(x, t) in 0 ≤ x ≤ l, 0 ≤ t ≤ 2l can not be given by one single explicit formula. We need to subdivide the whole region into eight sub regions, namely Rj(j = 1, 2, . . . , 8). This regions are depicted in Figure 2.5 and the solution on each region is given by equation (2.23).

Figure 2.5: Different region of the solution uf(x, t).
15



where w (x, s) is the solution of the system (2.11) for 0 ≤ x ≤ 2l, 0 ≤ t ≤ 2l. If f(t), t ∈ [0,2l] solves the full control problem then,

This is equivalent to the system

Thus solving the exact control problem is equivalent to solve the system of Volterra11integral equations (2.24). We observe that the determinant —11 of the matrix of
the main coefficients (of f1(x) and f2(2l — x)) is not zero. Using this fact the above

16



system can be written as

with

Let f(t), 0 ≤ t ≤ 2l be the unique solution to the system Volterra integral equation(2.25). Define f (t) such that

17

Then f (t) solves the exact control problem.



2.4 Numerical Results on a Finite Interval [0, l]

In this section we present the numerical results of the control problems on the finite interval [0, l]. Three problems have been solved, namely the shape control problem, the velocity control problem, and the exact control problem. For the shape control problem we consider the interval 0 ≤ x ≤ 1, q(x) = x, final time T =1, and the desired shape ϕ(x) = x3. The solution to the control problem, that is, the graph of the obtained control f(t) in [0, 1] and the forward solution at T = 1 obtained by applying the control f(t) and the desired shape ϕ(τ) = x3 is given in Figure 2.6.

txControl f(t) Final shape and desired shapeFigure 2.6: Control f(t), final shape, and desired shape
For the velocity control problem we consider the interval 0 ≤ x ≤ 1, q(x) = x, final time 

T = 1, and the desired velocity ψ(x) = 0.5x2. The solution to the control problem, that is, the graph of the obtained control f(t) in [0, 1] and the forward solution at T = 1 obtained by applying the control f(t) and the desired velocity ψ(x) = 0.5x2 is given in Figure 2.7.

18



Figure 2.7: Control f (t), final velocity, and desired velocity.
For the exact control problem we consider the interval 0 ≤ x ≤ 0.5, q(x) = x, final time T =1, the target shape ϕ(x) = x3, and the target velocity ψ(x) = sin(16x). The solution to the control problem, that is, the graph of the obtained control f(t) in [0, 1], the forward solution at T =1 obtained by applying the control f (t), the target shape ϕ(x) = x3, and the target velocity ψ(x) = sin(16x) are given in Figure 2.8.

Figure 2.8: Control f(t), final shape, desired shape, final velocity, and desired velocity.
Our next section is dedicated to solve the control problems for the wave equation on metric graphs.
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2.5 Control Problems for the Wave Equation on Metric Graphs
In this section we consider solving control problems for the wave equation on metric graphs. We discuss the control problems on a simple tree graph, more specifically, on a three-star graph. The star graph is denoted by Ω = (V, E) where, V = {v,γ1,γ2,γ3}, E = {e1, e2, e3}, the set of boundary vertices Γ = {γ1, γ2, γ3}, the set of controlled boundary vertices Γ1 = {γ1, γ2}, and the set of uncontrolled boundary vertices Γ0 = {γ3}. The internal vertex v is identified as x = 0 for all edges and each edge ek is identified with an interval [0, lk], k = 1, 2, 3.

Figure 2.9: A three-star graph Ω
The IBVP of the wave equation on this star graph Ω = (V, E) takes the form

We will present the algorithm to solve the shape control problem on this graph. The al-
20



gorithm is based on the recent results of [Avdonin and Zhao, 2021a]. The shape control problem is defined as follows:
Definition 2.7. If given target shapes ϕ(Ω) = [ϕ1(e1), ϕ2(e2), ϕ3(e2)] and a final time T, the 
shape control problem is to find the boundary controls f = [f1(t), f2(t)] at γ1 and γ2 so that 
the corresponding solution uf(Ω,t) satisfies uf(Ω,T) = φ(Ω).

Figure 2.10: Shape control problem on a three-star graph
The solution to the control problem is based on the solution to the forward problem.So we will describe briefly the algorithm to solve the forward problem. Let us consider u(v, t) = g(t), t ∈ [0, T] and lmin = min{lj(j = 1, 2)}. Then

The solution on the 3-star graph is given by

and
fwhere, ujfj(x, t) and ujg(x, t)(j = 1, 2, 3) are obtained from equations (2.17) and (2.12). Since the boundary controls fj(j = 1, 2, 3) are known, it remains to find g(t) to solve the forward21



problem on the graph. Equations (2.17) and (2.12), the continuity condition (2.31) and theKirchhoff-Neumann condition (2.32) gives

If g'(s) for 0 ≤ s ≤ t - 2lmin is known, F(s) is known for 0 ≤ s ≤ t then g,(s) for s ∈ [t - 2lmin, t] can be obtained from the Volterra integral equation (2.37) [Avdonin and 
Zhao, 2021a] in steps. Let P = {l1 + 2m1l1 + 2m2l2 + 2m3l3, l2 + 2n1l1 + 2n2l2 + 2n3l3}, where m1, m2, m3, n1, n2, n3 are non-negative integers and Pi ,Pi+1(i = 1, 2, , 3 .. . ) be two points from P (P arranged in the increasing order), then the time steps can be found ∆i = Pi+1 - Pi(i = 1,2, 3,...). If 0 ≤ t < lmin, g'(t) = 0. If t ≥ Imin equation (2.37) can be solved in steps with a step ∆i(i = 1, 2, 3, . . . ). Since the initial value of g(t) is known as zero, g(t) is obtained by integrating g'(t).The solution to the shape control problem on a metric graph is based on three main ideas, for example, the existence of path union representation of a metric graph, controllability of the shape of a path, and the controllability of an internal vertex of a star-shape graph. In
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order to describe the algorithm to solve the control problem we define a path in a metric graph and a path union representation of a metric graph.
Definition 2.8. A path P (vi , a) between a vertex vi and any point a in the graph is analternating sequence of vertices and edges (vi , ei , vi-1 , ei-1 , . , v1 , e1 , a) with no repeated edgesor vertices. Here a is not necessarily a vertex, so e1 can be line segment joining v1 and a.

Figure 2.11: Two paths P1(γ1, γ3 ) and P2(γ2, v)
Definition 2.9. A path union representation of Ω consists of all disjoint (except for the end 
points) paths P(γ, a) such that Ω = ∪ P(γ,a).γ∈Γι,α∈ΩHere the starting point of each path must have an active boundary control.

Figure 2.12: A path union representation of Ω such that Ω = P1(γ1, γ3) ∪ P2(γ2,v)
The minimal guaranteed shape controllability time Ts for a graph Ω can be given by the following proposition. 23



Proposition 2.10. Let U be a path union representation of Ω and L be the length of the 
longest path in U, that is, L = max length P (γ, a) and Umin be the path union representation 
such that max length P (γ, a) = min L. The minimum time Ts that guarantees the shape 
for all tree graphs is

Figure 2.13: Illustration of two different union representations of Ω
In this two union representations U1 = P1(γ1, γ3) ∪ P2(γ2, v), L1 = max{l1 + l3, l2} and 

U2 = P1(γ1, v) ∪ P2(γ2, γ3), L2 = max{l2 + l3, l1}. Thus the minimum time that guarantees the controllability of this three star graph is Ts = min{L1, L2}. The algorithm to solve the control problem on this three-star graph is described below. Since there is no control acting at γ3, edge e3 must be controlled by u(v, t) = g(t). So we find g(t) such that ug(x, T) = ϕ3(x).

Figure 2.14: Controlling the shape on edge e3 by g(t) at v
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This is equivalent to solve

Here, g(t) is supported on [T — l3,T].

Figure 2.15: Controlling g(t) at v by f11(t) at γ1

Since g(t) can be controlled through fj(j = 1 or 2) (see for example [Avdonin and Zhao, 2021a]) find a control f11(t) at γ1 such that if f2(t) = 0, then

Figure 2.16: Forward solutions for t ≤ l1 and for l1 ≤ t < 2l1

Then the solution on the 3-star graph is
25



Applying Kirchoff-Neumann conditions we get an integral equation of f11(t).

Control f11 (t) is supported on [0,l3].

Figure 2.17: Controlling the shape on edge e1 by f12(t) at γ1

To control the target shape on e1 find a control f12 (t) such that

Both f11 (t) and g (t) are known, so we have

26

This gives a Volterra integral equation of 2nd kind



The boundary control f2(t) is supported on [l3,T]. Then f1(t) = f11(t) + f2(t) is the control acting at γ1. Now it remains to find the control at γ2 such that u2(x, T) = φ2(x).

Figure 2.18: Controlling the shape on edge e2 by f2 (t) at γ2

27

We find f2 (t) at γ2 such that

Both ϕ2(t) and g(t) are known, so we have

This gives us a Volterra integral equation of 2nd kind

Computed f2(t) is supported on [T — l2,T].If the potentials qj(x) = 0 on all of the edges, we can find the analytic solution of the control problem. We found the analytic solution for two cases, namely for equal lengths and for unequal lengths of the edges. In case of unequal edge lengths the control at v is obtained



The boundary control at γ1 is given by 

and the boundary control at γ2 is given by

If the lengths are equal then the control at v is obtained as:

The boundary control at γ1 is given by 

and the boundary control at γ2 is given by
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In the next section we present the numerical results of the control problems on the three-star graph for both zero and non-zero potentials.
2.6 Numerical Results on Three-star Graphs

In the numerical experiments we consider two graphs Ω1 : l1 = 0.75, l2 = 1.0, l3 = 1.25 and Ω2 : l1 = 1.0, l2 = 1.0, l3 = 1.0, and two cases for each graph, non-zero potentials q1 (x) = x,q2(x) = e2x,q3(x) = x2 and zero potentials.For graph Ω1, in the case of non zero potentials we consider the target shapes ϕ1(x) = xcos(4x), ϕ2(x) = x2 + sin(4x), and ϕ3(x) = sin(6x). Figure 2.19 and 2.20 show the results of the control problem for final time T = 2. On the other hand for zero potential case we consider the target shapes ϕ1(x) = x3, ϕ2(x) = x2 and ϕ3(x) = x. Figure 2.21 and 2.22 show the results of the control problem for final time T = 2.For graph Ω2, in the case of non zero potentials we consider the target shapes ϕ1(x) = xcos(4x), ϕ2(x) = x2 + sin(4x), and ϕ3(x) = sin(6x). Figure 2.23 and 2.24 show the results of the control problem for final time T = 2. On the other hand for zero potential case we consider the target shapes φ1(x) = x, φ2(x) = xcos(4x) and φ3(x) = x3. Figure 2.25 and 2.26 show the results of the control problem for final time T = 2.

Figure 2.19: Controls g(t),f1 (t), and f2(t) at v, γ1, and γ2 on Ω1.
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Figure 2.20: Solution uj∙(x, 2)(j = 1, 2, 3) and the target shapes on Ω1 for non-zero potentials.

Figure 2.21: Controls g(t),f1 (t), and f2(t) at v, γ1, and γ2 on Ω1.

Figure 2.22: Solution uj∙(x, 2)(j = 1, 2, 3) and the target shapes on Ω1 for zero potentials.
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Figure 2.23: Controls g(t),f1 (t), and f2(t) at v, γ1, and γ2 on Ω2.

Figure 2.24: Solution uj∙ (x, 2)(j = 1, 2, 3) and the target shapes on Ω2 for non-zero potentials.

Figure 2.25: Controls g(t),f1 (t), and f2(t) at v, γ1, and γ2 on Ω2.
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Figure 2.26: Solution uj∙(x, 2)(j = 1, 2, 3) and the target shapes on Ω2 for zero potentials.
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Chapter 3: Forward Problems for the Telegrapher's Equations on Metric Graphs
3.1 Introduction

The telegrapher's equations, also known as transmission line equations, are coupled, linear first-order partial differential equations that describe the change of voltage and current on an electrical transmission line with distance and time. It first appeared in a paper by Kirchhoff [Kirchhoff , 1857], and subsequently, by Heaviside [Heaviside , 1876]. Telegraph equation attracted close attention when it was treated by Poincare [Poincaré, 1893]. It is widely used in the study of the propagation of electric signals in a cable transmission line as well as in wave phenomena. The transmission line is thought to be composed of millions of tiny little circuit elements, such as distributed resistance R per unit length, and distributed inductance L per unit length, the distributed capacitance between the conductors of shunt capacitance C per unit length. Meanwhile the leakage conductance of the dielectric material separating the two conductors is denoted by a conductance G per unit length. If the line voltage V (x, t) and the current I(x, t), where x is the displacement and t is the time, then the relationship between the voltage V (x,t) and the current I(x, t) along the transmission line can be described by the following coupled equations
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Networks of the telegrapher's equations have been recently used for modeling electrical circuits, see, e.g. [A' et al., 2005; Maffucci and Miano, 2006; Zhou and Kriegsmann, 2009], and arterial blood flows [Bressan, 2013; Bressan et al., 2014; Zong and Xu, 2014]. Though telegrapher's equations was studied by many researchers there is no efficient algorithm to solve the telegrapher's equations on metric graphs. In this chapter, we consider forward problems for the telegrapher's equation networks or, in other words, telegraph equations on



metric graphs. The problem is considered on a non-homogeneous network. If the network consists of a single edge, that is, a finite interval and we are looking for a solution for time t ≤ the length of the interval, we consider variable resistance, conductance, inductance, and capacitance. If the network consists of a single edge and we are looking for a solution for time t > the length of the interval, or if the network is any other type of graph, we consider variable resistance, conductance, constant inductance, and capacitance.
3.2 Preliminaries

We consider a system described by the following initial boundary value problem (IBVP) on the metric graph Ω defined in Chapter 2 with Kirchhoff's conditions at each internal vertex vj :

Here T is arbitrary positive number, κkj = 1 if vj coincides with 0 and κkj = -1 if vj coincides with lk in the representation of the edge ek = (0, lk), and fj ∈ L2(0, T) for all k and j. The coefficients Rk(x), Gk(x), Lk(x), Ck(x) represent distributed resistance, inductance, conductance and capacitance respectively on each edge ek. The function Ik(x, t) represents current and Vk(x, t) represents voltage on each edge ek; the vector function f = {fj} ∈ L2(0, T;Rm1) =: FT is referred to as boundary control. We assume that Rk(x), Gk(x) ∈ C[0, lk], and Lk, Ck ∈ R such that Lk, Ck > 0. If the graph Ω is a finite interval [0, l] we will 34



consider L(x), C(x) ∈ C1[0, l] such that L(x), C(x) > 0 in a specific case.The well-posedness of this system was studied e.g in [Nicaise, 2017] (see also [Avdonin 
and Nicaise, 2015]; it was proved that for any f ∈ Fτ, there exists a unique (generalized) solution of the IBVP (3.3)-(3.9) such that V, I ∈ C([0, T]; H). It means that V (·, t) and 
I(·, t) belong to H for any t ∈ [0, T] and continuously depend on t in H norm. We propose a new proof of this result together with a constructive way solving the problem.We start with the discussion of the solution of the system (3.3)-(3.9) on a finite interval, and on a star-shaped network.
3.3 Telegrapher's Equations on a Finite Interval [0, l]

In this section, we solved the forward problem for the telegrapher's equations on a finite interval [0, l]. The system (3.3)-(3.9) is transformed into a new system by a suitable transformation. An explicit formula is presented for solving the transformed system. The solution is based on the Goursat system. Furthermore, a solution method for the Goursat system is presented. Below is the solution for the forward problem.Consider the system (3.3)-(3.9) on a finite interval [0, l] and the control f(t) is applied 
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The following proposition gives the existence of the solution of the system (3.15)- (3.18).
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Proposition 3.12. 1. If Q ∈ C([0,l]; R2×2), then W(ξ,s) is a generalised solution to the

Goursat system (3.15)- (3.18) and W(ξ,s) ∈ C(Ωτ;R2), where Ωτ = {(Z,s)∣0 < Z < s < T = l}.

2. If Q ∈ C 1([0, l]; R2×2), then the solution to the Goursat system (3.15)-(3.18) is classical 
and all its first derivatives

are continuous.
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and
By setting Ϛ = s — ξ and η = s + ξ, and U(ζ,η) = V(η-ζ, n+z) the system (3.20)-(3.23) reduces to

The boundary value problem (3.24)-(3.28) is equivalent to the system of integral equations

The above system of integral equations can be solved by standard iteration method.
1. If Q ∈ C([0, l]; R2×2), then (3.29) and (3.30) imply that W(ξ, s) is a generalised solution to the Goursat system (3.15)- (3.18) and W(ξ, s) ∈ C(Ωτ; R2).
2. If Q ∈ C 1([0,l];R2×2), then the derivatives of (3.29) and (3.30) with respect to ζand η respectively and the derivatives in (3.24) and (3.25) implies that U(ζ, η) is a classical solution of the system (3.24)- (3.28). This implies that W(ξ, s) is a classical solution of the system (3.15)- (3.18). Moreover, the aforementioned derivatives imply
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Uζ(∙,η),Uη(∙,η),Uζ(Z, ·), and Uη(Z, ·) ∈ C([0,l]; R2), which eventually implies (3.19).
□

For the solution of scalar Goursat problem, see, e.g., [Tikhonov and Samarskii , 2013] for smooth q and [Avdonin and Mikhaylov, 2010] for q ∈ L1(0,l). To find the solution to the system (3.10)-(3.13) for T ≥ l we use the idea proposed in [Avdonin and Zhao, 2021a] for the wave equation. But the method does not work for the telegrapher's equations with variable L and C. As a result we consider L and C constant to find solution of the telegrapher's equations in finite intervals if T > l. In that case q12(x) and q21(x) vanishes. The formula (3.14) is valid for the solution if t ≤ l.To find the solution of (3.10)-(3.13) for t > l we extend Q(ξ) to the semi-axis ξ > 0 by the rule Q(2nl ± ξ) = Q(ξ) for all n ∈ N. The solution of the system (3.10)-(3.13) is given by the following proposition which can be proved by direct substitution.
Proposition 3.13. If Q ∈ C([0,l]; R2×2) and f ∈ L2(0,T) and t ≥ 0, then the sys
tem (3.10)-(3.13) has a unique generalized solution U ∈ C([0,T]; L2([0,l]; R2)) given by 

where [-] is the floor function.

Now we consider the case where the control function f(t) is applied at the right endpoint
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x = l: In this case the system (3.3)-(3.9) takes the form:

In order to solve the system (3.32)-(3.35) we construct Q(ξ) = Q(I — ξ). We use the notation ^u∙f+ (ξ,ί?
^yf+ (ξj)yξ = l. If t ≤ l the solution of the system (3.32)-(3.35) is given by the following proposition.

Uf+(ξ, t) = to represent the solution if the control is applied at the right end
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If t > l we extend Q to the semi-axis by letting Q(2nl ± ξ) = Q(ξ) for all n ∈ N. Let the vector kernel K satisfies the Goursat system (3.36)-(3.39) with extended Q(ξ). Then the solution of the system (3.32)-(3.35) is given by the following proposition which can be proved by direct substitution..

The next section is dedicated to the discussion of the forward problem on a star-shaped network.
3.4 Telegrapher's Equations on a Star-shaped Network

In this section we solved the forward problem for telegrapher's equations on a star graph Ω. The solution of telegrapher's equations on each edge of a star graph is based on the idea of finding the control function at the internal vertex and the principle of superposition. The solution of the forward problem is discussed below.Consider a star-shaped network Ω = {V, E} with V = {v, γ1, γ2,..., γm}, Γ = {γ1,..., γm}, Γ1 = {γ1} and Γ0 = {γ2,..., γm}. On Ω, the orientation of each edge ek of length lk is such that v is identified as x = 0 and γk is identified as x = lk.
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Figure 3.1: A m-star graph Ω(V, E)
The IBVP (3.3)-(3.9) on the m-star graph Ω = (V, E) is transformed to the following system:

Here, lk = ξ(lk),αk = √Lk-, and βk = √('k. The new m-star graph will be denoted byΩ, but we will use the same notation for the vertices. If we consider yk(v,t) = hk(t)(k = 1, 2, 3, . . . , m) at the central vertex v(ξ = 0). The following equations represent the solution of the system (3.41)-(3.46) on each edge ek of the the star graph Ω:

where Ukh k- (ξ , t) can be obtained from (3.31) and Ukf (ξ, t) from (3.40). On edge e1 at v(ξ = 0)
42



we have

and
Here, w11 is the first component of the solution of the system (3.15)- (3.18) with extended Q1 and k11 the first component of the solution of the system (3.36)- (3.39) with extended 
Q1. On ek(k = 2, 3,..., m) at v(ξ = 0) we have

and
Here, w1k is the first component of the solution of the system (3.15)- (3.18) with extendedQk and k1k the first component of the solution of the system (3.36)- (3.39) with extended
Qk. The vertex matching conditions (3.43) and (3.44) give us
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If in lieu of one boundary control f(t) at γ1, m1 boundary controls fj(t)(j = 1, 2, 3, ... , m1) are applied at the vertices γj(j = 1, 2, 3, . . . , m1) then the right hand side of (3.51) takes the form

The coefficients Lk, Ck > 0 for all k, so αk = √Lk > 0, βk = √Ck > 0 for all k. As a result the coefficient a1 in equation (3.51) is non zero(in fact it is positive). So (3.51) is a Volterra integral equation of 2nd kind of h1 whose RHS depends on h1 delayed by its argument.
Proposition 3.16. Suppose that fj(t) ∈ Ll2oc(0, ∞) for j = 1, 2,... ,m1 in the IBVP (3.41)(3.46), then h1 can be computed from (3.51), and h1 ∈ Ll2oc(0, ∞).
Proof. Let ∆ := min lk. In equation (3.51), the kernel G1(0,s) is known and the RHS, k=1,2,...,mF depends on f and h1 with arguments delayed by at least 2∆. Since f(s) is known for all s ≥ 0, if h1(s) is known for 0 ≤ s ≤ t — 2∆ then F(s) is known for 0 ≤ s ≤ t. That is, if h1 on [0, t — 2∆] is known then one can find h1 on [t — 2∆, t] in steps with a step size of 2∆. □

Thus the control function at the internal vertex v along the edge e1 is obtained. The 44



We are now ready to solve the forward problem on the tree graph Ω. So we now turn our attention to solving the telegrapher's equations on Ω.
3.5 Telegrapher's Equations on Metric Graphs

In this section we solved the telegrapher's equations on metric graphs. The transformed telegrapher's equations with Kirchhoff ' s conditions at each internal vertex vj take the form:
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other controls hj at v along the edge ej(j = 2, 3,.. . ,m1) is obtained from the equation(3.50). The solution of the system (3.41)-(3.46) on the star graph is given by (3.47) and(3.48). Finally the solution of the system (3.3)-(3.9) on the star graph is given by

where αkj∙ = √Lk (vj∙), and βkj∙ = √Ck (vj∙). The new graph is denoted by Ω. Let Uk be the solution of the system (3.55) - (3.60) on the edge ek of Ω. If the values of yk (vj∙) are known for all k and j, one can use (3.31) and (3.40) and the principle of superposition to find the solution U on each edge ek of Ω. Since these values are known for boundary vertices, it remains to find them on V \ Γ. Consider an edge ek with vertices vi and vj oriented in a way such that the vertex vi is identified as ξ = 0 and the vertex vj∙ is identified as ξ = lk. Define



Here (Sk-f)(ξ, t) represents the solution on the edge ek applying the control f(t) at vi and similarly (Sk+ f)(ξ, t) represents the solution on the edge ek applying the control f(t) at vj. The operators OJ : C([0,T]; L2([0,lk]; R2)) → L2(0,T) are defined by

Thus we have four combinations of OJ and SJ on an edge ek:
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We introduce now vector h(t) with components hi(t), i = 1, . . . , M :

and put γkj∙ = αkjj∙/αkj∙, Now we define an N × M matrix operator U such that it has one row for each edge and one column for each vertex. The entries of U are defined by analogy to the entries of the incidence matrix of Ω : if there is an edge ek from vi to vj∙, then Uki = γkiS- and Ukj = γkjSk+. All other entries of U are zero. According to the matching conditions (3.57), the k-th entry of the vector Uh is Uk.Next we define an M × N matrix operator P such that it has one row for each vertex and one column for each edge. Its entries are defined by analogy to the entries of the transpose to the incidence matrix of Ω : if there is an edge ek from vertex vi to vj∙, then Pik = κkiβkiO^- and Pjk = κkjβkjOk+. All other entries of P are zero. Now PUh is a column vector with M entries. The i-th entry represents the LHS of equation (3.58). The M × M diagonal matrix 
D is defined to choose the interior vertices. That is, Dij = 1 if i = j and vi ∈ V \ Γ and 
Dij = 0 otherwise. Then the matching condition (3.58) can be represented by
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Since αkj,βkj > 0, ∀j(j = 1,2,...,|V \ Γ|) and k ∈ J(vj) we must have γkj > 0 as a result aj > 0. Equation (3.61) represents a system of |V \ Γ| Volterra integral equations of 2nd kind

Here we have put hi(t) := yk(vi, t) at the vertex vi on the edge ek such that k ∈ J(vj) (vi is a neighbouring vertex to vj on edge ek). Equation (3.62) is a system of Volterra integral equation where each equation is of the form

Proposition 3.17. Suppose that fj(t) ∈ Ll2oc(0, ∞) for j = 1, 2,... ,m1 in the IBVP (3.55)(3.60), then hj can be computed from (3.63), and hj ∈ Ll2oc(0, ∞).
Proof. In the system (3.62), the kernel G(0, s) is known and the RHS, F depends on h with arguments delayed by at least ∆, where ∆ is previously defined. If h(s) is known for 0 ≤ s ≤ t - ∆ then F(s) is known for 0 ≤ s ≤ t. That is, if h on [0, t - ∆] is known then 48



one can find h on [t — ∆, t] from (3.62). Moreover, since the boundary controls are known and h(t) = 0, t ∈ (0, ∆). We can solve for h(t), t ≥ ∆ in steps. □

Solving the system (3.61) we obtain hj at the internal vertex vj(j = 1,2,...,|V \ Γ|) along an edge ekj incident to vj, where kj = min{k ∈ J(vj)}, vj ∈ V \ Γ. The value of hk on the edge ek, k ∈ J(vj),k = kj∙, that is, uk(vj∙,t), k ∈ J(vj),k = kj∙ are obtained from the matching condition (3.57). Since the boundary controls are known one can find the solution on each edge ek with vertices vi and vj. The solution of the system (3.55)-(3.60) on each edge ek of the metric graph Ω is given by:

It should be noted that if vi or vj is a boundary vertex then hi or hj coincides with the given boundary controls. Finally the solution of the system (3.3)-(3.9) is given by (3.53) and (3.54).
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Chapter 4: Control Problems for the Telegrapher's Equations on Metric Graphs
4.1 Introduction

In this thesis, the main question of our interest is the exact controllability on quantum graphs. Here, we only consider the boundary controls. Control problems on quantum graphs have been studied by many researchers. For example, see the books [Lagnese et al., 1994; Av

donin and Ivanov, 1995; Dager and Zuazua, 2006], reviews of [Avdonin, 2008; Zuazua, 2013], the papers [Avdonin et al., 2019; Avdonin and Zhao, 2021a] and references therein. Control problems for partial differential equations on graphs have many important applications. They are also related to inverse problems on graphs [Avdonin and Kurasov, 2008; Belishev, 2006; Belishev and Vakulenko, 2006] and to harmonic analysis [Avdonin and Ivanov, 1995, Ch. VIII]. Very little is known about the controllability of the telegrapher's equation networks. Some results of this kind were obtained in [Zong and Xu, 2014] for star graphs of three edges. Exact controllability results for general tree graphs, i.e. graphs without cycles, of the telegraph equations were obtained by [Nicaise, 2017] without an estimate of the controllability time. On the other hand, controllability of the wave equation on trees is studied pretty well, see, e.g. monographs [Lagnese et al., 1994; Avdonin and Ivanov, 1995; Daager 
and Zuazua, 2006], surveys [Avdonin, 2008; Zuazua, 2013] and references therein. In this chapter we will discuss the controllability of the telegrapher's equations (3.3) -(3.9) on the metric graphs Ω defined in Chapter 2. We demonstrate that, for homogeneous networks, the telegraph equation's control problem can be reduced to a control problem for the wave equation of current. For the current equation, we obtain the Neumann control problem with non-standard, so-called delta-prime matching conditions. We study these problems using and developing the recently proposed method in [Avdonin and Zhao, 2021a]. We give constructive algorithms to solve the exact shape control problems on a tree graph Ω. We prove that the systems of current and telegraph equations are exactly controllable if and only if the control is supported at all or at all but one boundary vertices of the tree. We also obtain 
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a sharp estimate of the controllability time. Some of these results (without the detailed proofs) were presented in [Alam et al., 2021]. We also mention several other papers that discuss controllability of some special telegraph equation networks.If the coefficients of the equations (3.1)-(3.2) are constants, then eliminating V(x,t) in the system (3.1), (3.2) we obtain the second order equation for I :

The same equation is valid for V. If CL = 0, then using a simple change of variables this equation can be transformed to the wave equation with potential: 

with some constant q. Controllability of this equation on graphs (for q dependent on x) was studied in many papers, see e.g. [Dager and Zuazua, 2006; Zuazua, 2013] and references therein.If there is no inductance in the transmission line, i.e. L = 0, then equation (4.1) takes

This occurs in the case of transmission line of axons and dendrites of nerve cells. This is called the cable equation; it describes the dynamics of trans-membrane potential u(x, t). Control and inverse problems for this equation on tree graphs were studied in [Avdonin and Bell, 2013] and [Avdonin and Bell, 2015]. In the case of no resistance and leakage, equation (4.1) takes the form
which is the equation of wave motion with the phase speed of √=. On the other hand, when CLthe inductance is negligible compared with the resistance and there is no leakage, equation
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(4.1) takes the form 
which is the equation of diffusion with diffusivity k = Re. The control problems for equations (4.4) and (4.5) on graphs were considered in [Avdonin and Mikhaylov , 2008], for the case of variable coefficients.
4.2 Preliminaries

In Chapter 3 we have proved that for L2 boundary control, f ∈ Ft, the IBVP (3.3)(3.9) has a unique solution V, I ∈ C([0, T];H). In this chapter we study control problems for this system, and it will be convenient to use more smooth controls. More specifically, we consider the control space F1T := {f = {fk}, fk ∈ H1(0, T), fk(0) = 0, k = 1, ..., m1}. In this case, we can prove existence and uniqueness of a more regular solution. To describe these solutions we introduce the following Sobolev-type spaces of functions on Ω. Let H1 is the space of functions ϕ on Ω such that ϕk ∈ H 1(ek) ∀k. Let HV be a space of functions from H1 continuous on Ω and Hγc — a space of functions from H1 such that
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If f ∈ F1T, then following the scheme described in Chapter 3 one can construct the solution of the IBVP (3.3)-(3.9) such that V ∈ C([0, T];Hv1) and I ∈ C([0, T];Hc1).In order to discuss the exact controllability of the telegrapher's equations on metric graphs the exact (V, I) controllability, (V, Vt) controllability, and (I, It) controllability for the system (3.3)-(3.9) in this thesis are defined as follows:
Definition 4.18. The system (3.3)-(3.9) is called (V, I)-controllable in time T if, given 
arbitrary functions φ ∈ Hv1, ψ ∈ Hc1 one can find f ∈ F1T such that V(·, T) = φ and 
I(·, T) = ψ.



Definition 4.19. The system (3.3)-(3.9) is called exactly (V, Vt)-controllable in time T if, 
given arbitrary functions φ ∈ Hv1, ψ ∈ H one can find f ∈ FT, such that V(·, T) = φ and Vt(·, T) = ψ.
Definition 4.20. The system (3.3)-(3.9) is called (I, It)-controllable in time T if, given 
arbitrary functions ϕ ∈ H1, ψ ∈ H one can find f ∈ Fφ, such that I(∙,T) = ϕ and It(·, T) = ψ.

The following proposition proves that Definition 4.20 is equivalent to Definition 4.18:
Proposition 4.21. If the system (3.3)-(3.9) is exactly (I, It)-controllable in time T, it is 
exactly (V, I)-controllable in the same time interval.

Proof. Let us choose arbitrary functions ϕ ∈ HV,ψ ∈ H and prove that there exists a function f ∈ F1T such that

Keeping in mind equation (3.3), we define function ζ ∈ H by

Since the system (3.3)-(3.9) is exactly (I, It)-controllable in time T, there exists f ∈ Ff such that
Then, according to (4.7) and (3.3), ∂xV(x,T) = ϕ'(x). Taking into account boundary conditions (3.8) and (3.9), we obtain (4.6). □

It should be noted that (V, Vt) controllability does not imply (V, I) controllability, because the boundary condition on I(x, t) is not Dirichlet type, we can not determine I(x, T) uniquely from ∂xI(x,T) = ψ'(x) such that I(x,T) = ψ(x).54



Proposition 4.21 allows us to reduce the question about controllability of the telegraph equations on graphs to the corresponding question for the wave equation of current. If a graph Ω has cycles, the wave or telegraph equation is not exactly boundary controllable in any time. For the wave equation it was proved in [Avdonin and Ivanov, 1995, Ch. 7]; the same argument works also for the telegraph equation. We will consider the exact controllability question for trees, i.e. graphs without cycles. To reduce a control problem for the system (3.3)-(3.9) to the problem for the wave equation of current we need to impose some constraints on the coefficients of our equations. We assume that all Ck, Lk, Rk, and Gk are constant, i.e. independent of x. It allows to eliminate Vk from the telegraph equations and rewrite them in the form (4.1) or (4.2). To eliminate Vk from the matching conditions (3.6) we assume additionally that the coefficients are independent of k. We denote them by C,L,R, and G. Then the system (3.3)-(3.9) can be transformed to the IBVP for uk(x,t) := Ik(x∕√CL, t) exp{t(R∕2L + G/2C)} :

Here q = RG — ∣ (R + G)2 , 4 = √CLlk and ∂ui(vj, ·) is derivative of u at the vertex vj∙ along the edge ei in the direction outward the vertex. For simplicity we keep the same notations for the vertices of the new graph and its vertices and edges: Ω = (V, E). We notice that the lengths of the edges of the new graph are equal to √CL lk, k = 1,..., N. The functions gj∙ are connected with fj∙ by the equalities gj∙(t) = —Cfj(t) — Gfj(t), and therefore, a new set of control functions g := {gj} belongs to the space FT if f ∈ F1T. The matching 
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conditions (4.11), (4.12) are nonstandard matching conditions, and we have not found results on controllability of such systems in the literature. We will prove the controllability of the system (4.9)-(4.14) after splitting the system into some simple problems. The solution and controllability results on a tree graph are based on the solution and controllability results on an edge and star shaped network. So we will discuss the solution and controllability results on an interval and on a star shaped network first. We discuss the controllability of telegrapher's equations on a finite interval in two methods, one as a system and another one via Proposition 4.21.
4.3 Control Problems on a Finite Interval [0, l]

In this section, we solve the control problems for the telegrapher's equations on a finite interval [0, l]. We consider two control problems, namely the V or I control problem and the (V, I) control problem. In the first problem, all of the line parameters are considered variable. We proved that the system is either V or I controllable in time T = ξ(l), where ξ(x) is previously defined. We know the telegrapher's equation system (3.3)-(3.9) of I and V in finite interval [0, l] is equivalent to a system (3.10)-(3.13) of U and y in [0, ξ(l)]. The requirements If(x, T) = φ(x) or Vf(x, T) = ψ(x) gives a decoupled system of Volterra integral equations of 2nd kind in 0 ≤ t ≤ ξ(l). Only one of them is solvable in time T = ξ(l). The results concerning the V or I controllability can be given by following proposition.
Proposition 4.22. Let Q ∈ C([0,l];R2×2) and T ≥ ξ(l).

1. For any function φ ∈ H, there exists a control f ∈ L2(0, T) such that Vf(x, T) = φ(x).

2. For any function ψ ∈ H, there exists a control f ∈ L2(0, T) such that If(x, T) = ψ(x).

Proof. 1. From Proposition 3.11 we see that 
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This is a decoupled system of Volterra integral equations of 2nd kind. If we write them component-wise then

The kernel w1 (ξ, s) is a continuous function and therefore equation (4.15) is uniquely solvable. So the system (3.10)-(3.13) is u controllable in time T = ξ(l). Using the fact that the system (3.3)-(3.9) and (3.10)-(3.13) equivalent we conclude that the system (3.3)-(3.9) is I controllable in time T = ξ(l). A similar equation to (2.19) gives the control for time T ≥ ξ(l).
2. Using the same argument for equation (4.16) we conclude that the system (3.3)-(3.9) is V controllable in time T ≥ ξ(l).From 1 and 2 it is clear that we can control either V or I in time T = ξ(l). □
For the (V, I) control problem we adopt a similar approach used to prove Proposition 2.6 Part 3. For T > l the solution to the forward problem involves reflection of the boundary control. So in the light of discussion in Section 3.3 we consider the transmission line
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parameters R and G variable while L and C constant. We proved that the system is (V, I ) controllable in time 2ξ(l). The equivalence of the telegrapher's equation system (3.3)-(3.9) of I and V in finite interval [0,l] and the system (3.10)-(3.13) of u and y in [0,ξ(l)], and the requirements If (x,T) = ϕ(χ) or Vf (x,T) = ψ(x) give a system of Volterra integral equations of 2nd kind in 0 ≤ t ≤ 2ξ(l). The results concerning the (V, I) control problem can be given by following proposition.
Proposition 4.23. Let Q ∈ C([0,l]; R2×2) and T ≥ 2ξ(l). For any ϕ ∈ H and ψ ∈ H, there 
exists a control f ∈ L2(0,T) such that Vf (x,T) = ϕ(χ) and If (x,T) = ψ(x).
Proof. Let us consider f(t) in [0, 2ξ(l)] in the following form:

If L and C are constant and t ≤ 2ξ(l) then from Proposition 3.13 it can be found that

Since the components f1(t) and f2(t) of f(t) has two disjoint supports in t ∈ [0, 2ξ(l)] the require

ments If (x,T) = φ(x) and Vf (x,T) = ψ(x) implies that
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The system (4.19) is similar to the system (2.24). We observe that the determinant 
of the matrix of the main coefficients is not zero. It can be solved by the same 

11-1 -1 echniquewe applied to solve the system (2.24). Solving this system of Volterra integral equation we find the control function f(t) that solves (V, I) controllability of the system (3.3)-(3.9) at T = 2ξ(l). A similar equation to (2.28) gives the control for time T ≥ 2ξ(l).
□

We present the numerical results of the control problems in the following section.
4.4 Numerical Results of Control Problems on Finite Intervals

In this section we present the numerical solutions to two control problems on finite intervals, namely the V or I control problem and the (V, I) control problem. For the numerical experiment of V or I control problem we consider an interval [0, 2] and the line parameters as

Here the control time is T = ξ(2) = 1.5926 × 10-8. The desired current at time T = ξ(2) is ϕ(x) = sin(4x) + sin(8x) and the desired voltage is ψ(x) = sin(2x) + sin(4x). Figure 4.1 shows the control function, the desired current, and obtained current at time T = ξ(l) and Figure 4.2 shows the control function, the desired voltage, and obtained voltage at time T = ξ(l).
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Figure 4.1: Control f(t), t ∈ [0, ξ(l)], desired current, and obtained current at time T = ξ(l).

Figure 4.2: Control f(t), t ∈ [0, ξ(l)], desired voltage, and obtained voltage at time T = ξ(l).
For the (V, I) control problem we consider an interval [0, 1] and the line parameters as
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Here the control time is T = 2ξ(l) = 2.2528× 10-8. The desired current at time T = 2ξ(l) is ϕ(x) = sin(4x) + sin(8x) and the desired voltage is ψ(x) = sin(8x) + sin(16x). Figure 4.3 shows the control function, the desired current, obtained current, desired voltage, and obtained voltage at time T = 2ξ(l).

Figure 4.3: Control f(t), t ∈ [0, 2ξ(l)], desired and obtained current and velocity at T = 2ξ(l)
In the next section we discuss the exact controllability of the wave equation of current on a finite interval [0,l].

4.5 Wave Equation of Current on a Finite Interval [0,1]

Consider the system (4.9)-(4.14) where Ω is a single interval [0,l] and we consider the Neumann boundary control g at x = 0, then the system on Ω is given by

The controllability of current (u) and the controllability of the time derivative of the current (ut) is proved through a dynamic approach, while the exact controllability (u, ut) is proved via method of moments. The solution to control problems is based on the forward problem.
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We will therefore discuss the forward solution to the initial boundary value problems on a finite interval where control is applied respectively to the left and right ends. The solution of the system (4.20) - (4.23) is given by the following proposition.
Proposition 4.24. If q ∈ L1 (0, l) and g ∈ L2[0, T] and t ≥ 0 then there exists a unique 
generalized solution ug to the initial-boundary value problem (4.20) - (4.23) such that ug ∈ 
C([0,T]; H 1(0,l)) and ug ∈ C([0,T]; L2(0,l)) given by ug(x,t) = 0 if t ≤ x and for t > x 

where h(t) = JQt g(s)ds and the integral kernel w (2nl ± x,t) is the unique solution of the

Goursat problem 

with q(2nl ± x) = q(x).
Please note that q is constant, but the result is also valid for variable q. By direct substitution one can prove this proposition. If we consider the Neumann boundary control 

g at x = l, then the system on Ω is given by
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The solution of the system (4.27)-(4.30) is given by the following proposition.
Proposition 4.25. If q ∈ L1(0,l) and g ∈ L2[0,T] and t ≥ 0, then the system (4.27) - (4.30) has a unique generalized solution u9 such that u9 ∈ C([0,T]; H 1(0,l)) and ug ∈ C([0, T]; L2(0, l)) when 0 ≤ t ≤ I — x, u9(x, t) = 0 when t > I — x 

where the integral kernel k (2nl ± x, t) is the unique solution of the Goursat problem 

with p(2nl ± x) = p(x) and p(x) = q(l — x).
Please note that p is constant, but the result is also valid for variable p. By direct substitution one can prove the proposition. The exact ( u, ut ) controllability of the system (4.20)-(4.23) is given by the following proposition.

Proposition 4.26. If q ∈ L1 (0, l) and

1. For any T > I and any function φ ∈ H 1(0,l), there exists a control g ∈ L2(0,T) such 
that ug(x, T) = φ(x).

2. For any T ≥ I and any function ψ ∈ L2(0,l), there exists a control g ∈ L2(0,T) such 
that utg(x, T) = ψ(x).

3. For any T > I, any φ ∈ H 1(0,l) and ψ ∈ L2(0, I) there exists a control g ∈ L2(0, 2T) 
such that ug(x, 2T) = φ(x) and utg(x, 2T) = ψ(x).
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Proof. 1. Let Ts = l + e where e is an arbitrary small positive number and if 0 ≤ x ≤I — e, 0 < t ≤ Ts, then

and if I — e ≤ x ≤ l,l<t ≤ Ts, then

If we set ug(x, Ts) = ϕ(x), then (4.34) gives a Volterra integral equation of h(l + e — x) which can be solved uniquely. So now h(l + e — x) is known. Applying the same requirements in (4.35) gives a Volterra integral equation of h(x — I+e) which is uniquely solvable. Then define g(t) such that

Let g(t), 0 ≤ t ≤ I be the unique solution to the Volterra integral equation of 2nd kind

Then g(t) defined in (4.36) with Ts = l solves the control problem ug(x,T) = ψ(x).
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solves the control problem ug(x, T) = φ(x).
2. If T ≤ I,



3. We apply the Fourier method and thus look for the solution in the form

Here ϕk are the eigenfunctions of the operator H = — dX2 + q with the domain H2 = {y : y ∈ H2(0,l) and H0(0,l)}, where H0 and H2 are standard Sobolev space. Suppose λk is the eigenvalues corresponding to the eigenvector φk. The coefficients ck are obtainedas
Let the final state at time t = T is given by (φ(∙),ψ(∙)) ∈ H1 (0,l) × L2(0,l) where the functions (φ(·), ψ(·)) have the expansions

for some ak and bk such that {ak}∞1 ∈ I2 and ∣ √'λ ∣ ∈ I2, k ∈ N. Then the ucontrollability in time T is equivalent to solvability of the moment problem

and the ut controllability in time T is equivalent to solvability of the moment problem

Let us denote f-(t) the odd extension of f(t) from [0, T] to [—T, T] and g+(t) the even extension of g(t) from [0, T] to [—T, T]. Then
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solves both moment problems

and
Therefore, the IBVP (4.27) - (4.30) is exactly controllable in time interval [—T, T]. Since the system is linear with time independent coefficients, it is also exactly controllable in the time interval [0, 2T]. Hence for any φ ∈ H 1(0,l) and ψ ∈ L2(0,l) there exists a control g ∈ L2(0, 2T) such that ug(x, 2T) = φ(x) and utg(x, 2T) = ψ(x). □

Based on the idea of proving the controllability of wave equation of current on a finite interval we prove the controllability of the wave equation of current on a star-shaped network in the following section.
4.6 Wave Equation of Current on a Star-shaped Network

Let us consider the system (4.9)-(4.14) where Ω is a star shaped graph defined in section3.4. The transformed IBVP is:
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We start by solving the forward problem. The effect of the Neumann controls after time t = min{lk }(k = 1, 2,...,m1) produces artificial Numann controls gk (t)(k = 1,2,...,m) at v on edges ek such that ∂xuk (v,t) = gk (t)(k = 1,2,...,m). Let hk (t) = J0t gk (s)ds(k = 1, 2,...,m1) and hk (t) = J0t gk (s)ds(k = 1, 2,...,m). The solution on these m edges are given by 

where ugk (x,t) and uflk (x,t) can be obtained from (4.31) and (4.24) respectively. TheKirchhoff condition (4.41) gives 

where F(t) is given by

The matching condition (4.40) implies
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Differentiating (4.46) with respect to t and considering gk = g, k = 1,2,... m we obtain 

where F(t) is given by

This is a 2nd kind Volterra integral equation of g(t). Proposition 3.16 is valid for the solvability of equation (4.49). Hence we can calculate g in steps. Finally, the solution of the system is found by solving (4.44) and (4.45). The controllability of gk(t) at v is given by the following proposition. A similar Proposition is derived in [Avdonin and Zhao, 2021a] for Dirichlet boundary controls and standard Kichhoff condition at the internal vertex.
Proposition 4.27. Let one but all boundary controls gj ∈ L2(0, ∞) at γj, (j = 1, 2, . . . , i -1, i + 1,..., m) of the IBVP (4.38)-(4.43) are known. Then for any g(t) ∈ L2(li, T) there 
exists a unique boundary control gi ∈ L2 (0,T - li) at γi such that ∂uj(v,t) = g(t),t ∈ [li,T ] (j = 1, 2,...,m).
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Proof. From (4.49) and (4.50) we can derive,

Equation (4.51) is a delayed Volterra integral equation of gi(t). For any time t*, the right hand side of (4.51) depends on g, gk(k = i) and on gi for 0 ≤ t ≤ t* - 2li. Since g and gk(k = i) are known so if gi for 0 ≤ t ≤ t - 2li is known before hand gi can be calculated for t ∈ [t* - 2li, t*]. Hence we can solve this Volterra integral equation in steps ∆t = 2li to find gi. That is, we can control g(t) through gi(t). □
The u controllability of the star shaped network is given by the following proposition.

Proposition 4.28. Let us consider all but one boundary controls gj ∈ Ll2oc(0, ∞) at γj, j =1, 2,...,i - 1,i + 1,..., m of the IBVP (4.38)-(4.43) are known. For given ϕi(x) ∈ H1 and g(t) ∈ L2 (0, T ), one can find a unique gi ∈ L2 (0, T ) at γi such that ui(x, T) = φi(x) and duj(v,t) = g(t}, t ∈ [T - li,τ](j = 1, 2, 3,---,m).
Proof. If all but one boundary controls gj ∈ Ll2oc(0, ∞) at γj, j = 1, 2, . . . , i - 1, i + 1, . . . , m of the IBVP (4.38)-(4.43) are known. Then by Proposition 4.27 we can find a control gi1(t), t ∈ (0, T - li] at γi such that ∂uj∙(v, t) = g(t), t ∈ [li,T] (j = 1, 2,..., m). The control gi1(t) can be found from equation (4.51). Again by Proposition 4.26 Part 1 there exists a 
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control g2(t), t ∈ [T - li, T] at γi such that

The function gi1(t),t ∈ (0,T - li] at γi controls g, the functions g2(t),t ∈ [T - li,T] and g(t),t ∈ [li,T] controls ui on the edge ei. Then we must have

Equation (4.52) is a Volterra integral equation. Solution of (4.52) gives g2(t),t ∈ [T - li,T]. Since the two functions gi1(t) and gi2(t) are supported on disjoint intervals and each is uniquely determined on its support, the function gi(t) = gi1(t) + gi2(t), t ∈ [0, T] is the unique function that controls u on the edge ei and g(t),t ∈ (T-li,T] at v satisfying the matching conditions (4.40) and (4.41). □

The ut controllability of the system is given by the following proposition.
Proposition 4.29. Let us consider all but one boundary controls gj ∈ Ll2oc(0, ∞) at γj, j = 1, 2,...,i - 1,i + 1,...,m of the IBVP (4.38)-(4.43) are known. For given ψi(x) ∈ H and g(t) ∈ L2 (0,T), one can find a unique gi ∈ L2 (0,T) at γi such that ∂tui(x,T) = ψi(x) and 
∂uj(v,t) = g(i), t ∈ [T - li,T ](j = 1, 2, 3,...,m).
Proof. If all but one boundary controls gj ∈ Ll2oc(0, ∞) at γj, j = 1, 2, . . . , i - 1, i + 1, . . . , m of the IBVP (4.38)-(4.43) are known. Then by Proposition 4.27 we can find a control gi1(t), t ∈ (0, T - li] at γi such that ∂uj∙(v, t) = g(t), t ∈ [li, T] (j = 1, 2,..., m). The control gi1(t) can be found from equation (4.51). Again by Proposition 4.26 Part 2 there exists a 
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control g2(t), t ∈ [T — li, T] at γi such that

Equation (4.53) is a Volterra integral equation. Solution of (4.53) gives gi(t),t ∈ [T — li,T]. Since the two functions gi1(t) and gi2(t) are supported on disjoint intervals and each is uniquely determined on its support, the function gi(t) = gi1(t) + gi2(t), t ∈ [0, T] is the unique function that controls the ut on the edge ei and g(t),t ∈ (T — li,T] at v satisfying the matching conditions (4.40) and (4.41). □
Now we move to solve the system (4.9)-(4.14) on Ω.

4.7 Wave Equation of Current on a Metric Graph
We begin by discussing the forward problem on Ω, and then we will proceed to the control problem. We introduce the vector g(t) with components gi(t), i = 1, .. . , M :

Then the solution of the system (3.3)-(3.9) on each edge ek with two end vertices vi and vj∙ of the metric graph Ω is given by the following equation:
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The function g1(t),t ∈ (0,T — li] at γi controls g, the functions g2(t),t ∈ [T — li,T] and 
g(t),t ∈ [li,T] controls ∂tui on the edge ei. Then we must have



To solve the forward problem we apply the same approach described in Section 3.5 and obtain a system of |VC| Volterra integral equations of the form (3.61) where each of the equation has the form 

where Fj(t) is given by

From equation (4.55) one can obtain the control function gj at any vertex vj ∈ V \ Γ. Since the boundary controls are known one can find the solution on each edge ek with vertices vi and vj from (4.54).Next we discuss the control problem on (4.9)-(4.14).
Definition 4.30. Let P1(v1,v2) and P2(v3,a) be two paths in the union representation of Ω 
such that P1(v1,v2)∩P2(v3,a) = {v2} and v2 = a, then P1(v1,v2) is called a tributary of 
the path P2(v3, a).
Definition 4.31. A path P(γ, a) is called a mainstream or a level-1 path if it is not a 
tributary of another path.

Definition 4.32. The union of path P(γ, a) its tributaries, and tributaries of tributaries is 
called the watershed of path P(γ, a). We denote it by W(P(γ, a)).72



The following Lemma proves the shape controllability of a path in a tree graph:
Lemma 4.33. Let P(vn, a) be a path in Ω with the alternative sequence of vertices and edges vn, en, vn-1, en-1, . . . , v1, e1, a where vn coincides with a boundary vertex, say γn ∈ Γ1 and 
a ∈ Ω. Let li be the length of ei for each i and lP = ∑*=1 g.. If all vertices of Γ \ {vn} are 
such that ∂u(∙,t) = 0, then for any φ ∈ HC(P), there exists a unique control g ∈ L2(0,Tp) 
such that ug (∙,Tp) ∣p = φ(∙)∣p, where Tp(> lP) is the minimum time to control the path P.

Proof. Using the U controllability results in an interval and on a star-shaped network, we prove the U controllability ofa path. We denote U∣ei(x, t) = Ui(x, t), φ∣ei(x) = φi(x), ∂U1(a, t) = go(t) and ∂Ui(vi, t) = gi(t)(i = 1, 2, . . . , n). The control problem on the path P(vn, a) is to find a control function gn(t) so that the matching conditions (4.11) and (4.12) are satisfied at each vertex vi, ∂Ui(vi, t) = gi(t) and

Let Ti be the optimal control time of an edge ei of length li. The minimum time for u controllability of the path P(vn, a) = TP. Thus we need sUpp(gn) = [0, TP] and sUpp(gi) = ( jn=i+1 Tj, TP] for i = 0, 1, . . . , n — 1. As a result go(t) = 0. By Proposition 4.26 Part 1, 
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Figure 4.4: Controlling a path P(vn, a) of Ω



Since v1 is an internal vertex, we cannot put the control g1 (t) directly at v1 . Let us consider the neighboring vertices of v1 other than a and v2, Nω(v1) \ {v2, v1, a} are {a1, a2,..., ak}, set gj(t) = ∂uj(αj∙,t). For j = 1, 2,..., k pick γj∙ ∈ Γ such that αj∙ ∈ P(γj,v1) and denote Wj the watershed of P(γj, v1). For each of the watershed Wj, the vertex v1 is the only vertex with active control, and all other vertices have zero Neumann controls. So gj∙ (t) = duWj(aj∙,t). Now on Nq(v1) all the control functions g0,g1,gj(j = 1, 2,..., k) are known then by Proposition 4.28 there is a square integrable function g2(t) ∈ L2( jn=3 Tj, TP) at v2 such that ∂u1(v1, t) = g1(t), the matching conditions (4.11) and (4.12) are satisfied at v1 and

That is,
From the construction process gn is uniquely determined. □

The ut controllability is given by the following corollary.
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there exists a unique control g1(t) : supp(g1) = ( jn=2 Tj, TP] such that

Similarly, at v3, we find g3(t) ∈ L2( jn=4 Tj, TP ) such that

We repeat this procedure until g = gn(t) ∈ L2(0, TP ) is found such that



Corollary 4.34. Let P be a path in ω as defined in Lemma 4.33. Then for any ψ ∈ H (P), 
there exists a function g ∈ L2(0,Ip) such that ug(∙,lp) = ψ(∙)∣p.
Proof. Proving the ut controllability of a path P(vn, a) can be done in the same way as proving u controllability. The only difference is that in this case Tp = lP and one has to use the ut controllability result of Proposition 4.26 Part 2 and the ut controllability Proposition 4.29 of the star- shaped network. □

Now we apply the Lemma 4.33 and the Corollary 4.34 to prove the controllability of the current equation on the tree graph.
Theorem 4.35. Let Ω be a tree graph where ∣Γ11 ≥ |Γ| — 1. Let U be a path union repre

sentation of Ω

where Ui(i = 1,2,...) are the union representations of ω and the minimum is take

over all the union representations.

4. Let 7' is the minimum time for velocity controllability, then
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Proof. 1. We first control the shape on mainstreams, then on higher level paths successively. Let the set of mainstreams in the union U be {Pi }, where i = 1, 2, 3, . . . , m for each i. Let lPi = length(Pi(γi, ai)), TPi be the minimum control time of path Pi, and denote the watersheds of Pi(γi, ai) as Wi. All Wi's are disjoint except for the end point of the mainstreams and ∪m=1Wi = Ω. Then by Lemma 4.33 for each i = 1,2,... m, we can find a unique control gi ∈ L2 (T - TPi, T) such that
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Since the time for the wave generated by gi to propagate to ai is lPi, ∂ui(ai,T) = 0, and gi has no impact on watersheds different form Wi. That is,

So, the shape control on level-1 paths Pi(γi, ai) is obtained through gi for i = 1, 2, . . . , m. Then we control the level-2 paths. If Pj(γj, aj) is a tributary of a mainstream Pi(γi, ai) then Wj (Pj (γj∙, aj∙)) ⊂ Wi(Pi(γi, ai)). We apply Lemma 4.33 to find gj∙ ∈ L2 (T — TPj ,T) such that
Here gj∙ has no impact on Ω \ Wj(P(γj∙, αj∙)). Since there are a finite number of paths in the union U, repeat this process; we have the final target shape on all level paths in time T.

2. The proof of velocity controllability for the current equation is similar to the proof of the shape controllability in Part 1 except TPi = lp.. Using Corollary 4.34 we first obtain the velocity of mainstreams, then on higher level paths successively.



3. Let Umin be the path union representation of Ω such that

By part 1 we can find control functions such that the system is shape controllable in time T >T . If T ≤ 7' then one can find example of graphs which are not shape controllable in time T. This is well known in the case of one interval of length I, since u(T, T) = 0 for T ≤ I. Therefore T > Ti guarantees the minimal shape controllability time for all trees.
4. By part 2 we can find control functions such that the system is velocity controllable in time T = Ti. If T < Ti then one can find example of graphs which are not velocity controllable at time T. Therefore T = Ti guarantees the minimal velocity controllability time for all trees. □
Similar result was proved in [Avdonin and Zhao, 2021a] for the wave equation with Dirichlet boundary controls and standard matching conditions.We note that our result is valid for x-dependent potential q∣ek ∈ C[0, lk].Now we will prove that the u (shape) and ut (velocity) controllability imply the (u, ut)- controllability.

Theorem 4.36. Suppose that the system (4∙9)-(4∙14) is both shape and velocity controllable 
in time T. Then the system is exactly controllable in time 2T.

Proof. We consider the following eigenvalue problem on the graph Ω:
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It is known that the spectrum {ωn }n∈N of this problem is purely discrete and the eigenfunctions {φn}n∈N form an orthonormal basis in H. The solution u(∙,t) of (4.9)-(4.14) can be represented in a form of a series with respect to {φn} (see, for example, [Avdonin and Ivanov , 1995; Avdonin and Nicaise, 2015]). Control problems are reduced to moment problems using the Fourier method. The shape controllability is equivalent to the solvability of the moment problem [Avdonin and Ivanov , 1995, Ch. 3]

Denote by f-(t) the odd extension with respect to T of f(t) from [0, T] to [0, 2T] and by g+(t) the even extension of g(t). We observe that the function
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Solvability means that for any {an} ∈ l2, there exists f ∈ FT satisfying (4.57). For simplicity we assume here that ωn = 0 ∀n. If ωn = 0 for some n, we use t to replace ω-1 sinωn(T — t) in the corresponding moment equality. The velocity controllability in time T is equivalent to the solvability of the moment problem



solves both moment problems

where F2T := L2(0, 2T;Rm1). It means that the moment problem (4.59) is solvable for any sequences {an}, {bn} ∈ l2. Therefore, the family {sn, cn} forms a Riesz sequence in F2T [Avdonin and Ivanov, 1995, Ch. 1]. It implies that both families

also form Riesz sequences in F 2T and by Theorem III.3.10 of [Avdonin and Ivanov, 1995]the system (4.9)-(4.14) is exactly controllable in time 2T. □

So we proved that if Ω is a tree and control functions gj∙ act at all or at all but one of the boundary vertices, the system (4.9)-(4.14) is exactly controllable in any time T greater than 2T*. This controllability time estimate is sharp, i.e. it guarantees controllability of any tree and, generally, it cannot be improved.Taking into account equivalence between the (u, ut) and (V, I) controllability, we can now formulate the main result of the thesis.
Theorem 4.37. If Ω is a tree, control functions act at all or at all but one boundary vertices, 
and the coefficients Ck, Lk, Rk, Gk are independent of k, the system (3.3)-(3.9) is exactly (V, I)-controllable in time T greater than 2T*√CL.

We note that 7' is given by (4.56) defined for the original graph Ω, where the system (3.3)-(3.9) is defined, not for the graph Ω corresponding to the transformed system (4.9)(4.14).
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Chapter 5: Conclusions
In this study we investigated control problems for the wave and telegrapher's equations on metric graphs. We developed a novel algorithm to address the exact control problem for the wave equation on a finite interval. To solve the shape control problem for the wave equation on metric tree graphs, a numerical algorithm is formulated. Numerical results for the exact control problem on finite intervals and the shape control problems on metric tree graphs are also presented. An efficient algorithm is developed to solve the forward problems for the telegrapher's equations on general metric graphs. On a finite interval, an algorithm is developed to solve control problems arising from telegrapher's equations. Numerical results of the control problems are presented. In addition, we studied the control problems for the telegrapher's equations on metric tree graphs using the wave equation of current.A basic introduction to quantum graphs and applications to quantum graphs are presented in the first chapter of the thesis. In addition, it includes a literature review.In the second chapter, we developed an algorithm to solve the exact control problems on finite intervals. We implemented this algorithm to solve numerically the exact control problems on finite intervals. We presented solutions to the exact control problems with verification of our results. We used the results on the shape controllability of the wave equation on a tree [Avdonin et al., 2019] and [Avdonin and Zhao, 2021a] to develop a numerical algorithm to solve the control problems for the wave equation on metric graphs.The third chapter examined the telegrapher's equations on a general graph. In this chapter a novel method is developed for solving the forward problem of the telegrapher's equation on a non-homogeneous network.In the fourth chapter, we considered the control problem of the telegrapher's equations. On a finite interval, an algorithm is developed to solve control problems arising from the telegrapher's equations. The control problems of voltage and current are solved for a variable resistance, conductance, constant inductance, and capacitance by proposing an efficient al
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gorithm. The numerical solution is presented with verification. Moreover, control problems for the telegrapher's equations are investigated on tree graphs, i.e. graphs without cycles, with some restrictions on the coefficients. In particular, we consider equations with constant coefficients which do not depend on the edge. We obtained the necessary and sufficient conditions for the exact controllability and indicated the minimal control time.Kernels of the integral equations that appear in this study are the solutions to the Goursat problems. For the Goursat problems, we only have numerical solutions. This fact motivates us to use the trapezoidal method to solve the integral equations. It is known that the trapezoidal method is only second-order accurate. The author intends to conduct further research on a higher-order accurate method of solving the integral equations involved in the numerical implementation of Boundary Control Method.A natural question is to extend the control problems for the telegrapher's equations on metric graphs with cycle. Our future work involves the application of the telegrapher's equations in the power grid network. In spite of the fact that the power grid system is generally a network, all existing mathematical models of power grid are considered as a two port network, for example, see [Grainger , 1999; Glover et al., 2012]. We propose a network model of the entire power grid, not just as a two port network. Our proposed work formulates the problem as a control problem for the whole power grid network.Additionally, the numerical experiments carried out in this thesis may be extended in the future to the numerical solution of forward problems, velocity control problems, and inverse problems arising from the wave equation on metric graphs and forward problems, and the control problems arising from the telegrapher's equations on tree graphs.
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