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Abstract

We introduce the audience to the mathematics of gauge theory. We begin by formalizing 

the intuitive concepts of smoothness, tangency, symmetry, constancy, and parallelism. 

Building up to a theory of parallel transport in associated fiber bundles, we study principal 

connections in principal bundles as well as the related notions of curvature and holonomy. 

In particular, we conclude with a non-abelian Stokes's theorem which recasts holonomy in 

terms of curvature.
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“If one wants to summarize our knowledge of physics in the briefest possible terms, 

there are three really fundamental observations:

1. Space-time is a pseudo-Riemannian manifold M, endowed with a metric tensor 

and governed by geometrical laws.

2. Over M is a vector bundle X with a nonabelian gauge group G.

3. Fermions are sections of (S + ® Vr) Φ (S- ® Vr). R and R are not isomorphic; their 

failure to be isomorphic explains why the light fermions are light and presumably 

has its origins in a representation difference ∆ in some underlying theory.

Allofthis mustbesupplementedwith the understanding that the geometric laws obeyed 

by the metric tensor, the gauge fields, and the fermions are to be interpreted in quantum 

mechanical terms.” [Witten, 1987]

— Professor Edward Witten, Physics and Geometry
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Chapter 1 

Introduction

Broadly, the aim of this thesis is to explore the “fundamental” science of values known as 

fields [Newton, 1687; Maxwell, 1865; Weyl, 1922] which continuously vary over space and 

time. The modern tradition originates in the studies of physics and differential geometry.

We present an exposition of a mathematical formalism known as “gauge theory” [Yang 

and Mills, 1954; Kobayashi and Nomizu, 1963; Baez and Muniain, 1994; Baez and Huerta, 2010] 

which describes fields as functions on a topological space subject to the continuous action 

of a topological group. We are physically motivated by the electromagnetic force field of 

photons, considered up to a change in phase, which resides over the topology of spacetime; 

ultimately, we aim to develop intuition for the mathematical context in which we write 

the dynamical laws of gravity and the Standard Model of particle physics. We study the 

observables and mainly kinematics of fields on topological spaces possessing invariances 

and additional symmetry-preserving structures.

Consider a surjection π : P → M, a group action P ×G → P, a continuously differentiable 
path γ : [0,1] → M, and a point p in π-1(γ(0)). We seek a "lift" γp : [0,1] → P starting 

at γp (0) = p which projects down to π ◦ γp = γ and whose tangent vectors γ(t) all lie in a 

designated "horizontal subspace" Γγ(t) of tangent vectors, where the horizontal space Γu 

varies smoothly with respect to u ∈ P. When everything above is properly defined, the lift 

will be unique and define an isomorphism from p to γp(1) called the parallel transport along 

γ since the path γp is "parallel" to γ in the sense that the motion was purely "horizontal". 

Even if γ is a loop based at γ(0) = γ(1), we generally find that γp(0) ≠ γp(1); instead, there 

will be a unique group element g in G solving γp (1) = γp(0)g which commutes with the 

action of G. We will require, for example, that the parallel transport along "equivalently" 

related paths γ ~ δ be equal γp(1) = δp(1) and thus induce the same g.

In Section 1.1, we cover prerequisites and fix notation for differentiability in multivari

able calculus. In Chapter 2, we define the key mathematical structure: an Ehresmannian 

connection Γ in a fiber G-bundle E over a (differentiable) manifold M whose typical fiber is 

subject to an action by a Lie group G. In Chapter 3, we introduce the concept of holonomy 

and relate it to the differential forms of connection and curvature.
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1.1 Background

We assume an understanding of topology [Munkres, 2000] as well as familiarity with algebra 

[Lang, 1993] and the real analysis of differential equations [Rota and Birkhoff , 1969].

Let R be the field of real numbers, n ∈ N be a natural number, Rn be the real vector 

space equipped with the Euclidean norm, and recall that this induces the standard metric 

topology. Let C = { f : U → V | open U, V ⊂ Rn } be the set of functions between open 

sets in Rn , C0 ⊂ C be the subset of continuous functions, Ck be the subset of continuous 

functions which have continuous rth derivatives for all 0 ≤ r ≤ k in N, and C∞ = ∩ Ck .
k≥0 

Membership in Ck is known as (continuously) k-differentiability or differentiability of class Ck , 

and differentiability of class C∞ is referred to as smoothness.
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Chapter 2 

Differential Topology

In this chapter, we provide a rapid exposition of the definitions, results, and proofs in 

Chapters 1-2 of Foundations Of Differential Geometry, Volume I by Kobayashi and Nomizu [1963] 

needed to state and prove a non-abelian Stokes's theorem in Theorem 8. We supplement 

details along the way as needed. We introduce the reader to smooth manifolds in Section 

2.1, fiber bundles in Section 2.2, and connections in Section 2.3. In Section 2.4, we develop 

the traditional theory of parallel transport and introduce curvature. Our strategy will 

be to construct parallel transport in a principal bundle and use that to construct parallel 

transport in an associated bundle.

We begin by reviewing the structure of continuously k-differentiable functions. As an 

example for k = 0, observe that the set Γ0(Rn) = {f ∈ C0 | f-1 ∈ C0} of homeomorphisms 

admits the following structure under composition.

Definition 2.0.1 (pseudogroup of transformations). A pseudogroup of transformations on a 

topological space S is a set Γ of homeomorphisms between open subsets satisfying the 

following conditions:

3

Examples include the differentiable functions with differentiable inverses.

Example 2.0.1 (pseudogroup Γk(Rn) of local transformations of Rn). For any k ∈ N ∪ {∞}, 

the pseudogroup Γk(Rn) oflocal transformations ofRn ofclass Ck is Γk(Rn) = { f ∈ Ck | f-1 ∈ Ck}. 

We call Γ∞(Rn) the pseudogroup of smooth local transformations.



A (real) k-di ff erentiable n-dimensional atlas of M is a collection of (real) n -dimensional charts 

{(Uα,φα)}α∈A covering Uα = M which is compatible with Γk(Rn) in the sense that all
α∈A

transition maps are in Γk(Rn).

To any k-differentiable n-dimensional atlas of M, we will associate another with the 

following property.

Definition 2.1.3 (k-differentiable atlas maximality). A k-differentiable n-dimensional atlas 

of M is maximal if it is not properly contained in any k-dimensional n-dimensional atlas.

Remark 2.1.1. By Zorn's Lemma, every k-differentiable n-dimensional atlas ofM is contained 

in a unique maximal k-differentiable n-dimensional atlas of M.

Our main objects of interest are differentiable manifolds which we define below.

Definition 2.1.4 (k-differentiable manifold). A (real) n-dimensional topological manifold is a

Hausdorff topological space equipped with a maximal 0-differentiable n-dimensional atlas.

4

2.1 Smooth Manifold

In this section, we develop the notionofadifferentiable structure on a topological space M 

which is “locally Euclidean” in the following sense.

Definition 2.1.1 (chart). A (real) n-dimensional chart (U, φ) in a topological space M is a 

homeomorphism1 * * 4 φ : U → V from an open set U in M onto an open set V in Rn; we call U a 

coordinate neighborhood since it is equipped with local coordinates {uj: U → R}n 1 = {πj ◦ φ}"=1 

given by the chart φ and the projection map πj(x1,..., xn) = xj.

1Note that we cannot yet define a k-differentiable chart as we do not discuss differentiability of maps outside
of Rn until Definition 2.1.6. Until then, we leverage differentiability in Rn by pre-composing with functions
whose domains are in Rn and post-composing with functions whose codomains are in Rn .

A space M is “locally Euclidean” everywhere if it has an open cover comprised of 

coordinate neighborhoods.

Definition 2.1.2 (k-differentiable atlas of charts). The transition map of n-dimensional charts 

(Uα, φα) and (Цз, φβ) is the following homeomorphism in Γ0(Rn).



Similarly for any k in N∪{∞}, a paracompact topological manifold equipped with a maximal 

k-differentiable n-dimensional atlas is known as a (real) k-differentiable n-dimensional manifold 

or differentiable n-dimensional manifold of class Ck . An open set U in M inheriting the subspace 

topology is also an n-dimensional manifold with the same class of differentiability.

When the differentiability class is not specified, it is assumed to be k = ∞.

Definition 2.1.5 (smooth manifold). A (real) n-dimensional smooth manifold M is a differen

tiable n-dimensional manifold of class C∞ .

Every real finite-dimensional vector space is a smooth manifold, and much of the 

calculus on vector spaces can be generalized to smooth manifolds.

The maps between manifolds which preserve the structure of differentiability are de

fined below.

Definition 2.1.6 (differentiable map of class Ck). A continuous map f : M → M from a 

differentiable n-dimensional manifold M with atlas {(Uα, φα)}α∈A to another differentiable 

n'-dimensional manifold M' with atlas {(Vβ, ψβ)}β∈B is said to be (continuously) k-differentiable 

or differentiable of class Ck if the continuous composition ψj ◦ f ◦ φ-1 : φi(Ui) → ψj(Vj) is 

k-differentiable for every chart (Uα,φα) in M and (Vβ,ψβ) in M' such that f (Uα) ⊂ Vβ. In 

particular, the continuously once-differentiable maps are given by k = 1.

We are especially interested in “infinitely” differentiable maps.

Definition 2.1.7 (smooth map). A smooth map f : M → M' is a continuous map which is 

differentiable of class C∞.

Remark 2.1.2. There is a monoidal category Man∞ whose objects are smooth manifolds 

and whose morphisms are smooth maps [Lee, 2003]; the central concepts of categories and 

functors can be found in the textbook by Mac Lane [1971]. The isomorphisms and automor

phisms are called diffeomorphisms and (global) transformations, respectively. Given a smooth 

manifold M, there is a group Aut(M) ⊂ Man∞ whose elements are the transformations of 

M and whose binary operation is composition.

Examples of smooth maps include addition in Rn and many other topological group 

operations.
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Definition 2.1.8. A Lie group G is a smooth manifold that is a topological group whose 

multiplication map G × G → G and inversion map are smooth. For any a in G, there are 

smooth maps La , Ra , Ada : G → G defined by Lax = ax, Rax = xa, and Ada x = axa-1 for 

all x in G. A smooth map f : G' → G is a monomorphism if it is also an injective group 

homomorphism.

Let M be an n-dimensional smooth manifold, and consider the following set of maps. 

Definition 2.1.9 (smooth functions). A (scalar) smooth function is a smooth map f : U → R 

defined on an open set U in M. Let C∞(M) denote the set of all such smooth functions 

defined on some open set U in M. A germ at p ∈ M is an equivalence class of smooth 

functions, where f : U → R is related to g : V → R if and only if there is a neighborhood 

W ⊂ U ∩ V of p such that f ∣w = g∣w∙ Let F(p) = {[f] I f ∈ C∞(M),p ∈ dom(f)} be the set 

of all germs at p. Observe that it forms an algebra2 and that the value of [ f] ∈ F(p) is 

well-defined at p∙

Let p be a point in M∙ When dealing with “local” behavior at p, it usually suffices to 

consider germs at p, which one may regard as “infinitesimal” functions∙

Definition 2.1.10 (derivation). A derivation at p is a linear map Dp : F(p) → R satisfying the 

Leibniz (product) rule: Dp(fg) = (Dpf)g(p) +f(p)(Dpg) for allf,g ∈ F(p)∙

Examples arise when studying curves with the following property∙

Definition 2.1.11 (differentiable curve). A (parametrized) curve is a continuous map γ : 

[a, b] → M∙ A continuously k-differentiable curve in M is a (continuous) curve which is 

continuously k-differentiable∙

Such curves possess the following structure∙

Definition 2.1.12 (tangent vector). Ifx: [a,b] → M is a continuously once-differentiable 

curve and p = x(t0) for some t0 ∈ dom(x), then the tangent vector Xp : F(p) → R of x at p is 

the following derivation∙
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We write X(t0) = j-t [x(t)] f=fθ = Xp.

If [g] = [f ] in F(p), then there is an interval J ⊂ [a, b] containing t0 on which f J = g∣ j 

is a real-valued 1-differentiable function of a real variable. Thus, the derivative of [ f] at 

p = x(t0) is well-defined. For this reason, we will often write finplaceof[f] when sensible.

Below is an important class of tangent vectors.

Example 2.1.1 (basis tangent vectors). Let p be a point in M and (U, φ) be a neighborhood 

of p with local coordinates {uj}n=1. Define ∂j = (∂∂U^)p : F(p) → R as follows.

Define the tangent space TpM at p to be the real vector space of all derivations at p. This 

space is spanned by the basis {∂-∣n 1 defined above [Lee, 2003; Kobayashi and Nomizu, 1963]. 

This allows us to write any tangent vector Xp ∈ TpM as a linear combination:

We can “pushforward” tangent vectors along smooth maps as follows.

Definition 2.1.13 (differential). LetO: M → Nbeasmoothmap. The task of the differential 

dO shown in Figure 2.1 is to push tangent vectors in TM forward to TN. Given a tangent 

vector Xp ∈ TpM of x : [a,b] → M at p = x(t0), let Yq ∈ TqN be the tangent vector 

of the composite curve y = O ◦ x : [a,b] → N at q = y(t0) = O(p).3 The linear map

3Every tangent vector Xp of x in TpM arises as the tangent vector of the composition y = 1M ◦ x.

(dO)p : TpM 

dO : TM →

→ TO(p)N given by (dO)p(Xp) = Yq is called the differential at p and the map 

TN given by dO (p, Xp = q, Yq is called the differential. It is also called the

pushforward φ* = dφ. If dφ is everywhere injective, then we call φ an immersion. If an 

immersion is homeomorphic onto its image, then we call it a smooth embedding.

We often pushforward tangent vectors on product manifolds M×Nby using the fact that 

T(pq)(M × N) = TpM × TqN. Givenavector Z(p^) = (Xp, Yq)in T(p,q)(M × N) tangent to a curve 

z : Iε → M × N given by z(t) = (x(t), y(t)) at (p, q) = (x0, y0), let X(m), Y(pq ∈ Tm(M × N) be 

the vectors at (p, q) tangent to (x(t), q) and (p, y(t)), respectively.

We obtain familiar rules.

7



Figure 2.1: The differential dφ : TM → TN at p ∈ M

Proposition 2.1.1 (derivation rules). Let M × N be a smooth manifold and Z(p,q) = (Xp , Yq ) in 

T(p,q)(M × N) be tangent to a curve z : Iε → M × N given by z(t) = (x(t), y(t)) at (p, q) = (x0 , y0).
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Proof. Let Z(p,q) = (Xp, Yq) be as above.

1. The chain rule follows from the chain rule in a Euclidean neighborhood diffeomorphic 

to a neighborhood of (p, q) as follows:

2. Recall that the product rule in differential calculus can be proven from the chain rule.



Adopting a similar approach at the outset, we obtain:

Thus, tangent vectors obey chain and product rules. □

It is a 2n-dimensional manifold equipped with a projection map π : TM → M defined by 

π(Xp ) = π (p, Xp ) = p, and it serves as the motivating example of the following structure.

Definition 2.1.14 (smooth fiber bundle). A smooth fiber bundle is a smooth manifold E 

admitting a smooth surjection π onto another smooth manifold M and a smooth manifold 

F equipped with a smooth local trivialization {(Uα, φα)}α∈A satisfying the following condition 

of local triviality: for any point x in M, there is an α ∈ A such that φα : π-1(U) → U × F is a 

diffeomorphism satisfying πα ◦ φ = π, where πα : Uα × F → Uα is projection onto the first 

factor. We say E is a fiber bundle over M with typical fiber F, and conveniently4 denote it by 

F → E -→π M. We call π the bundle projection and π-1(x) the fiber over x.

π
The total tangent space defined in Equation 2.1 forms a fiber bundle Rn → TM -→ M 

called the tangent bundle [Kobayashi and Nomizu, 1963]. Similarly, the total cotangent space 

TpM = dual(TpM) defines the cotangent bundle Rn → T*M → M, where T*M =U TxM and 
x∈M

π (ωx) = x [Kobayashi and Nomizu, 1963].

The tangent bundle, for example, admits a symmetry which motivates Definition 2.2.11 

in the following section.

4This is a notational convenience, but we do not actually define a distinguished map from F to E. Instead, 
what exists are isomorphisms between F and each fiber π-1(x0) ⊂ E.

9
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2.2 Fiber Bundle

In this section, we motivate the concept of a “vertical” tangent vector by studying integral 

curves arising from 1-parameter groups of transformations generated by vector fields on 

the manifolds E, M comprising a given smooth fiber bundle F → E -→π M.

Ingeneral,thereisnoglobalwell-definedsmoothleft-inverseσM : M → Eofπsatisfying 

σM ◦ π = 1E, so we study maps which accomplish something similar on a local scale.

Definition 2.2.1 (local section). Given a fiber bundle F → E →π M and an open set U in M, 

a local section ofE (over U) is a smooth right-inverse σU : U → E of π such that π ◦ σU = 1U.5 

A (global) section is a local section σM over M.

5In general, a global right-inverse is not also a global left-inverse.
6In algebra, a monoid is a set with an associative binary operation and an identity element. Our local family 

is like a monoid whose associative binary operation is only a partial function. It will become a local group in 
Definition 2.2.5 which is like a group that lacks totality.

This facilitates the following notion of a vector which smoothly varies over M. 

Definition 2.2.2 (vector field). AvectorfieldXon Misa global section of the tangent bundle 
TM → M, mapping C∞(M) -→X R by (Xf)(p) = Xp f; it is smooth if Xf : M → R is smooth 

for any smooth function f : M → R. Let X(M) denote the real vector space of all smooth 

vector fields on M. The Lie bracket [·,·] : X(M) × X(M) → X(M) assigns to (X,Y) the vector 

field [X,Y] ∈ X(M) defined by[X,Y]p(f) = Xp(Yp(f)) -Yp(Xp(f)).

The differential notion of vector fields have integral counterparts which are related via 

differential equations with initial conditions.

Definition 2.2.3 (initial value problem). Given a vector field X ∈ X(M) and a point p in M, 

the initial value problem of X on J through p at t0 ∈ J is defined below.

x(t) = Xx(t) subject to x(t0) = p. (2.2)

Definition 2.2.4 (integral curve). Given a vector field X ∈ X(M) and a point p in M, an 

integral curve ofX through p at t0 is a solution x : J → M to the initial value problem of X on J 

att0 through p shown in Equation (2.2). IfJ = Iε = (-ε,ε) forsomeε > 0,wesaytheintegral 

curve isa local solution through x(0). Alocal set oflocal solutions isa map f : Iε×U → M such 

that fu : Iε → M is a local solution through u in a neighborhood U of p. Then, it is a local 

family6 of local solutions if f (t + s, u) = f (t, f (s, u)) for all s, t ∈ Iε, u ∈ U with s + t in Iε and 

fs(u) ∈ U.

10



These integral curves in manifolds are akin to the solutions of initial value problems 

which are guaranteed by the following classical theorem, whose proofs can be found in 

any standard textbook on ordinary differential equations.

Proposition 2.2.1 (Peano's fundamental existence theorem for systems of ordinary differ

ential equations [Kobayashi and Nomizu, 1963]). Given an open set Y × S in Rn × Rm, if a set 

{ fj : (-ε, ε) × Y × S → R}nj=1 of functions is continuous in t ∈ (-ε, ε) and continuously once- 

differentiable in у ∈ Y, then there is a unique set {φj : (-δ,δ) × N × S'}n=1 of functions for some 

0 < δ < ε and open set N × S' in Y × S such that

We say y = φ(t, η, s) is the solution to the following system of differential equations 

parametrized by s.

Proof. The proposition is stated as in Appendix 1 of the textbook by Kobayashi and Nomizu 

[1963]. Proofs can be found by Peano [1886,1890] as well as Rota and Birkhoff [1969]. □

Below, we show the fundamental existence lemma of local families of local solutions to 

initial value problems of vector fields.

Lemma 2.2.1 (Existence Lemma). Given a smooth vector field X on a differentiable manifold M 

and a point p in M, there is a local family f : Iε × U → M of local solutions to the initial value 

problem in Equation (2.2) defined on a neighborhood U ofp.

Proof. Let M be a differentiable manifold, X be a smooth vector field on M, q be a point 

in M, and W be a neighborhood of q with local coordinates {uj : W → R}n=ι = {∏j ◦ φYn=1∙ 

We can assume φ(q) = 0 without loss of generality. There exist {ξj : W → R}n=1 satisfying

11



By Proposition 2.2.1, there exist ε, δ > 0 such that g : Iε × V → Rn solves the initial 

value problem, where V = Bδ(0). Let U = φ-1(V) ⊂ W. Since 0 ∈ V, it follows that 

q ∈ φ-1 ({0}) ⊂ U. Define f : Iε × U → Mby fp(t) = φ-1(gp(t)) and observe fu(0) = g(0, u) = u. 

The tangent vector Y fp(t0) : F( fp(t0)) → R to fp : Iε → M at time t = t0 maps h ∈ F( fp(t0)) as 

follows:

Since fp(t) = Xfp(t), we have obtained a local family f of solutions. If |t|, |s|, |t + s| < ε and 

u, φs(u) ∈ V, then any integral curve γ : Iε → M of X at γ(0) = fs(p) defined by γ(t) = ft+s(p) 

coincides with ft(fs(p)) = ft+s(p) on Iε. □

This leads to a more general algebraic structure.

Definition 2.2.5 (1-parameter group of transformations). A local 1-parameter set of local 

transformations is a smooth map φ : Iε × U → M such that φt = φ(t, ·) : U → φ(t, U) is a 

diffeomorphism given on an open set U in M in terms of one parameter t in Iε = (-ε, ε) 

for some ε > 0. A local 1-parameter group of local transformations is a local 1-parameter set 

φ : Iε × U → M of local transformations with φ0 = 1U which is closed under the following 

form of composition: (φt о φs)(p) = φt+s (p) for all t, s ∈ Iε and p ∈ U such that t + s ∈ Iε and 

φs(p) ∈ U. It is a local 1-parameter group of (global) transformations if U = M. We say 

ψ : R×M → M is a (global) 1-parameter group of (global) transformations ifthe restriction 

ψ∣I : Iε × M → M is a local 1-parameter group of (global) transformations for any ε > 0. We 

12



say it generates the vector field X ∈ X(M) which assigns to any p ∈ M the vector Xp = Xφ0(p) 

tangent to the curve x(t) = φt(p) at p = φ0(p).

Vector fields generate local transformations as follows.

Theorem 1 (Existence Theorem). Given a vector field X on amanifoldMandpointpin M, there 

is a local 1-parameter group of local transformations φ : Iε × U → M of a neighborhood U of p 

which generates X.

Proof. Let X ∈ X(M) and p ∈ M. By Lemma 2.2.1, there is a local family f : Iδ × V → M 

of local solutions to the initial value problem of X at p. Then, there is an 0 < ε < δ 

and a neighborhood U ⊂ V of p such that the restriction φ : Iε × U → M given by 

φt(u) = ft(u) satisfies φ(Iε,U) ⊂ V. By closure ofthe family under composition, we obtain 

φ-t(φt(u)) = φt(φ-t(u)) = φ0(u) = u. We have thus exhibited the existence of a local 

1-parameter group φ of local transformations. □

If X generates a global 1-parameter group of global transformations, then we say it is 

complete.

The following suffices.

Theorem 2 (Uniqueness Theorem). IfX generates a local 1-parameter group ofglobal transfor

mations φ : Iε × M → M, then it is complete.

Proof. We show that the domain of a local 1-parameter group of global transformations 

φ : Iε × M → M generated bya vector field X ∈ X(M) is not boundedabove without loss of 

generality by defining a continuation on a neighborhood of (ε, p) for any p ∈ M. Pick s > 0 

such that 0 < ε - s ≪ 1 and observe that g = φt(φs(p)) : Iε → M solves the initial value 

problem of X through φs(p) at 0:

This condition is easy to verify on compact manifolds, such as the circle U(1) and the 

torus.
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By uniqueness, we obtain gt∣(0,ε-s) = ^t+s∣(0,ε)-s∙ Since φ^,ε) = gt-s|(0,e-s), we can define a 

continuation φ : (-ε, ε + s) × M → M by ^t∣(s ε+s) = gt-s∣(0 ε) without loss of generality. □



Corollary 2.2.1. Vector fields on compact manifolds are complete.

Proof. Let X be a vector field on a compact manifold M. For any p ∈ M, there is a local 

1-parameter group φp : Iε(p) × Up of local transformations of a neighborhood Up of p. Since 

the Up form an open cover of M, there is a finite open subcover {Upi }pn=1 which allows us to 

define ε = min ε(pi). The map φ : Iε × M → M is well-defined by uniqueness. It follows 
1≤i≤n

from the Uniqueness Theorem that the vector field X is complete. □

We see that 1-parameter groups of transformations behave well with other transforma

tions.

Lemma2.2.2. Given a transformation ψ ∈ Aut(M) and a global 1-parameter group φ : R×U → M 

of local transformations generated by a vector field X ∈ X(M), the pushforward ψ*X generates 

another global 1-parameter group ψ ◦ φt ◦ ψ-1 : R × ψ-1(U) → M oflocal transformations.

Proof. Let ψ ∈ Aut(M) be a transformation and let X ∈ X(M) be a vector field. By the 

Existence Theorem, there is a local 1-parameter group φ : Iε × U → M of local transforma

tions which generates X. Since Aut(M) is a group under composition, it is clear that each 

φ ◦ φt ◦ φ-1 is a local transformation and that they are closed under composition:
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Let p ∈ M and q = ψ-1(p). Then, Xq is tangent to φt(q) at φ0(q) = q so (ψ*X)p = ψ*(Xq) is 

tangent at p = (ψ ◦ φ0)(q) = ψ ◦ φ0 ◦ ψ-1(p) to (ψ ◦ φt)(q) = ψ ◦ φt ◦ ψ-1(p). Thus, the vector 

field ψ*X generates ψ ◦ φt ◦ ψ-1. □

One can “differentiate” local 1-parameter groups of transformations as follows.

Lemma 2.2.3. For any function f : Iε × M → R satisfying f(0, ·) = 0, there is a corresponding 

function g : Iε × M → R satisfying f (t, p) = t · g(t, p) and g(0, ·) = ∣ ⅛f∣. ,√

Proof. Let f,f' = df be as above. Consider the function g : Iε × M → R defined below:



Lemma 2.2.4. Let X ∈ X(M) generate a 1-parameter group φt of transformations. For any function 

f : M → R, there is a function g : Iε × M → R such that gt : M → R satisfies f ◦ φt = f + t · gt 

and g0 = X f on M.

Proof. Forany ε > 0, define F : Iε × M → R by F(t, p) = f ◦ φt (p) - f(p). By Lemma 2.2.3, there 

is a function g : Iε ×M → R such that f ◦ φt(p) - f (p) = F(t, p) = t ·g(t, p)and g(0, p) = F'(0,p). 

We evaluate the derivatve of f in the direction of X below:

Thus, g0 = X f on M. □

We use this to relate two notions of Y flowing along X.

Lemma 2.2.5. The Lie bracket ofvector fields X, Y ∈ X(M) can be expressed

where φ is a local 1-parameter group oflocal transformations generated by X.

Proof. Given any point p in M and function f ∈ C∞(M), we aim to show the following:
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By Lemma 2.2.4, there is a function g : Iε × M → R such that f ◦ φt = f + t · gt and g0 = Xf. 

Let ψ : R → M be given by ψ(t) = ^-1(p). Then, we compute the pushforward of Y below:

This is particularly interesting in the context of a Lie group G.

We denote differentials of L, R, Ad by la = dLa, ra = dRa, and ad(a) = dAda.

Definition 2.2.6 (left-invariance). AvectorfieldXonaLiegroupGissaidtobeleft-invariant 

if XLa(p) = la(Xp) for all a, p ∈ G.

The set of left-invariant vector fields form an algebra.

Definition 2.2.7 (Lie algebra). A real (non-associative) algebra V is a real vector space V 

equipped with a product[·,·] : V×V → Vwhichisbilinearbutnotnecessarilyassociative. 

A Lie algebra V is a non-associative algebra whose product is alternating and satisfies the 

Jacobi identity: [A, [B, C]] + [B, [C, A]] + [C, [A, B]] = o.

Corresponding to a Lie group G is the set g of all its left-invariant vector fields, which 

forms a Lie algebra under the Lie bracket of X(G) [Kobayashi and Nomizu, 1963]. We verify 

only the Jacobi identity below:

[X,[Y,Z]]+ [Y, [Z, X]] + [Z, [X, Y]] = X(Y(Z)) - X(Z(Y)) - Y(Z(X)) + Z(Y(X))

+ Y(Z(X)) - Y(X(Z)) - Z(X(Y)) + X(Z(Y)) 

+ Z(X(Y)) - Z(Y(X)) - X(Y(Z)) + Y(X(Z))

= o .
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We construct a homomorphism from g to G as follows.

Lemma 2.2.6. AnyA ∈ ggeneratesaglobal1-parametergroupφ : R×G → G oftransformations. 

Proof. Let A ∈ g. By the Existence Theorem, there is a local 1-parameter group ψ : Iε × U of 

local transformations of a neighborhood U of a0 = e such that the map a : Iε → G defined 

by at = ψt(e) is an integral curve solving the following initial value problem:

(O)at = latAe subject to ao = e.

It now suffices by the Uniqueness Theorem to show that we obtain a local 1-parameter 

group φ : Iε × G → G of global transformations from φt(g) = Lat (g) . If|t|,|s|,|t+s| ∈ Iε and 

g ∈ G, then we obtain:

◦ φs^ = (Lat ◦ Las)(g) = Latas (g) by definition of φ
= Lat+s (g) since |t|,|s|,|t +s| ∈ Ie

= φs+t(g) by definition ofφ.

Since there is a global 1-parameter group φ : R×G → G of global transformations, there is 

a unique global integral curve at : R → G defined by at = φt(e). □

We use this to map g to G as follows.

Definition 2.2.8 (exponential). The exponential map exp : g → G is the map which assigns 

exp(A) = a1, where at is the integral curve through a0 = e. The tangent space TeG at the 

identity admits a product [·,·] : (TeG)2 → TeG defined by [Xe, Ye] = ad(at)Ye, where a0 = X 

is in terms of the vector field Xg = Lg(Xe).

The tangent space TeG is isomorphic to g.

Remark 2.2.1 (Lie algebra equivalence). The assignment g → TeG given by X → Xe is a Lie 

algebra isomorphism.

The proof can be found in the textbook by Kobayashi and Nomizu [1963].

Lie groups act on smooth manifolds as follows.

Definition 2.2.9 (smooth action). A smooth right action of G on M is a continuous group 

right actionR : M× G → G whichis smooth. We write xa = Rax = R(x,a) and callMa right 
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G-manifold. We say the action is effective ifRa = 1M implies a = e. An effective action is free 

if the existence of a fixed point of Ra implies a = e. Smooth left actions are defined similarly.

We define a fundamental vector field on M arising from the action of G below.

Definition 2.2.10 (fundamental vector field). Given a G-manifold M, the fundamental vector 

field corresponding to A ∈ g is the vector field A* ∈ X(M) which maps p ∈ M to the vector 

tangent to the curve x(t) = p exp(tA). If we define σp(g) = pg, then (A*)p = (σp)∙(A).

We call the map σ : g → X(M) defined by σ(A) = A* fundamental for the following reason. 

Theorem 3. Let M be a G-manifold. Then, σ : g → X(M) is a Lie algebra homomorphism. If the 

action R is effective, then σ is an isomorphism. If R is free and A ≠ 0, then (A*)x ≠ 0 for any x in 

M.

Proof. Let A, B ∈ g, x ∈ M, at = exp tA, and define σx : G → M by σx(a) = xa = Ra(x). Recall 

from the definition that (σA)x = (σx)*Ae. Linearity of σ follows from linearity of (σx)*.

Observe Rat ◦ σxa-1(g) = xat-1gat = σx ◦ Ad(at-1)g. The right pushforward of B* is 

then given by ((Rat)∙B*)x = (ratB*)x = (σx)∙(ad(at-ι)Be). Observe that Rat is a 1-parameter 

group of transformations generated by σ(A). We use this fact to compute the Lie bracket of 

fundamental vector fields:

If (σA)x = 0 for all x ∈ M, then the global 1-parameter group φ : R × M → M of trans

formations defined by φt(a) = Rat(x) = σx(at) is given by the identity transformation 

Rat(x) = x = σx(at) = 1M(x) for all t. If R is effective then σ is an isomorphism since 

σ(A) = 0 implies Rat = 1M, at = e = exp(tA) for all t, and thus A = 0. If (σA)x = 0 for some x, 

then Rat = x for all t, at = 0 for all t, and thus A = 0. □
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If the action R on a G-manifold is effective, then σ identifies the Lie algebra of G with the 

fundamental vector fields of M. We will soon apply this theorem to smooth fiber bundles 

possessing the following symmetry.

Definition 2.2.11 (fiber G-bundle). Given a smooth fiber bundle F → E → M with an 

effective smooth left action L : G×F → F, a G-atlas is a smooth local trivialization {(Uα, φα)} 

such that any transition function φβ ◦φ-1 : π-1(Uα × Цз) → U×F has an associated transition 

function gβα : Uα ∩Uβ → G satisfying φβ ◦ φα-1(x, f) = (x,gβα(x)f). We call G the structure 

group and say E is a fiber G-bunJle over M with typical fiber F.

7This resembles the definition of an effective group representation of G on V as an injective group homo
morphism ρ : G → GL(V ) since GL(V) = Aut(V ). In this way, the smooth action is like a non-linear group 
representation.

An equivalent definition of a left action7 is as a group homomorphism L' : G → Aut(F) 

defined by L'g : f → L(g, f), so we often regard automorphisms of the fiber as elements of 

the structure group.

We are interested in fiber G-bundles with an additional right action on the total space 

P = E which coheres with the fibers.

Definition2.2.12 (principal G-bundle). A(smooth)principalG-bunJlePoverMwithstructure 

group G is a smooth fiber bundle G → P → M with a free, smooth, right action R : P×G → P

and a local trivialization {Uα, (πl _1(U vφα)} satisfying R∙φα = φα ◦ R· for each α. For any 
π- (Uα)

x = π(u), we call π-1(x) the fiber through u over x. Note π-1(x) = G non-canonically.

The strcture-preserving maps are defined below.

Definition 2.2.13 (principal bundle homomorphism). A principal bundle homomorphism 

f of G' → P' → M' into G → P → M is a pair (fP, fG) : (P' × G') → (P × G) shown in 

Figure 2.2a such that fp(u'g') = fp(u')fG(g') as shown in Figure 2.2b. This induces a third 

map fM : M' → M. The map f is an injection if fP is a smooth embedding and fG is a 

monomorphism, from which it follows that fM is also a smooth embedding.

This allows us to define subbundles below.

Definition 2.2.14 (reduced bundle). If f is an injective principal bundle homomorphism 

from G' → P' → M' to G → P → M, then we say its domain is a subbundle of its codomain.
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(a) Principal bundle homomorphism f (b) Equivariance of f

Figure 2.2: Principal bundle homomorphism

If M' = M and fM = 1m, then we call f a reduction of the structure group G to G' and say its 

domain is a reduced bundle of the codomain.

Associated to any principal bundle is the following fiber G-bundle.

Proposition 2.2.2 (associated fiber bundle construction [Sharpe, 2000]). Given principal bun

dle G → P → M and effective left action L : G × F → F, the right action R : G × (P × F) → (P × F)

(p, f)g = (pg,g-1f)

defines a smooth manifold E = P ×G F = (P × F)/RG which forms an associated fiber G-bundle 

F → E →πR M under πR([p, f]) = π(p).

We typically begin with a fiber bundle and extract an associated principal bundle.

Proposition 2.2.3 (associated fiber bundle reconstruction [Sharpe, 2000]). Given a smooth 

fiber G-bundle E with typical fiber F, there is a smooth principal G-bundle whose associated fiber 

bundle is E.

Many of our principal G-bundles of interest come from a particular class of fiber G- 

bundles.

Definition 2.2.15 (vector bundle). Given a finite-dimensional vector space V and a Lie 

group G ⊂ GL(V), a vector G-bundle is a fiber G-bundle V → E →π M with typical fiber V 

where π-1(∙) = V.
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Any vector bundle admits a left-action by the general linear group which gives rise to 

the following principal G-bundle.

Definition 2.2.16 (frame bundle). A frame of a finite-dimensional vector space V is an 

ordered set (ej)dj=im1 V of vectors which span V, and can be viewed as a linear isomorphism 
e : Rdimv → V. Let Fx be the set of all frames of Vx = π-1(x). Then, LM(V) = ∣ ∣ Fx 

x∈M 
forms a principal GL(dim V)-bundle with bundle projection π ((x, e)) = x and right action 

R : LM(V) × GL(dim V) → LM(V) given by eg = e ◦ g.

We often prove a result for principal G-bundles before porting it to fiber G-bundles.

Let P be a principal G-bundle over M, and note the characterization of its tangent space.

Lemma 2.2.7. ForanypointpinaprincipalG-bundleP,thereisalinearisomorphismσp : g → TuP 

given by the fundamental tangent vector σp(A) = (A*)p at p.

Proof. Let P be a principal G-bundle, and observe that the free right action of G on P 

is effective. It follows from Theorem 3 that σ is an isomorphism and thus that σp is an 

isomorphism. □

Conjugation behaves well under σ.

Lemma 2.2.8. Given a ∈ G and A ∈ g, the fundamental vector field of (ad(a-1))A ∈ g is ra (A*).

Proof. Let a ∈ G and A ∈ g. The 1-parameter group of transformations generated by 

ad(a-1) A ∈ g is φt = Ra-1ata. By Lemma 2.2.2, the vector field ra(A*) generates the 1- 

parameter group of transformations Ra ◦ Rat ◦ Ra-1 = φt. □

This will allow for a certain characterization of TP by way of a distribution, defined 

below.

Definition 2.2.17 (distribution). An r-dimensional distribution S assigns to each p ∈ M an 

r-dimensional subspace Sp = S(p) of TpM. It is smooth at p if Sp admits a local basis of 

smooth vector fields. It is involutive if[X,Y] ∈ S for any X,Y ∈ S. An integral manifold for S 

is an r-dimensional submanifold N ⊂ M whose tangent spaces are given by T,N = S∙, and 

we say S is integrable if each point in M is contained in an integral manifold.
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Proposition 2.2.4 (global Frobenius theorem [Chevalley, 1946]). A distribution S of TE is 

integrable ifit is involutive. IfS is integrable and p ∈ E, then p lies in a unique maximal connected 

integral manifold for S.

Proof. The proof can be found in the book by Chevalley [1946]. □

Unless otherwise stated, we assume all distributions to be smooth.

We use distributions to implement a notion of “verticality”.
π

Definition 2.2.18 (vertical subspace). Let E -→ M be a fiber G-bundle and u be a point in E. 

We define the vertical subspace Gu at u to be the kernel ker ((dπ)u) of the differential shown 

inFigure 2.3. Givena tangentvectorXu ∈ TuE of a curve γ : (-ε,ε) → Eatγ(0) = u, we say 

Xu is vertical if Xu ∈ Gu since (dπ)u(Xu) = 0 implies its integral curve π ◦ γ is constant on a 

neighborhood Iδ = [-δ, δ] in (-ε, ε) of 0 and thus that γlr is a vertical curve traveling along
Iδ

the fiber π-1 γ(0) over γ(0).

Figure 2.3: Vertical subspace

Given a principal G-bundle, it is worth noting that the vertical subspace is canonical 

and isomorphic to TeG. One may seek an analogous “horizontal subspace at p” related to 

Tπ(p)M, but there is no such canonical distribution; instead, there is a choice involved.

2.3 Principal Connection

GivenanyfiberG-bundleF → E → Mandapointu ∈ E,wesayavectorsubspaceQu ⊂ TuE 

is a horizontal subspace if it satisfies the following condition of complementarity:

TuE = Gu ® Qu

where Φ denotes the direct sum. We seek such a horziontal subspace at every point in E.
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Definition 2.3.1 (Ehresmannian connection). An Ehresmannian connection Γ is a smooth 

distribution in a smooth fiber bundle E which assigns to each u ∈ E a horizontal subspace 

Qu. By complementarity, there are maps v : TuE → Gu and h : TuE → Qu such that any 

tangent vector Xu ∈ TuE is given by Xu = vXu + hXu.

Principal bundles have analogous distributions which are also compatible with the 

group action on the total space.

Definition 2.3.2 (principal connection). A (principal) connection Γ in a smooth principal G- 

bundle P is an Ehresmannian connection satisfying the condition of G-equivariance below.

Qpa = ra(Qp)

This says that the pushforward of a horizontal vector along the group action remains 

horizontal. Horizontal subspaces are also preserved by principal bundle homomorphisms.

Lemma 2.3.1 (reduction). If f isa principal bundle homomorphism from a principal bundle P' to 

P such that fM : M' → M is a diffeomorphism and Γ' is a connection in P', then there is a unique 

connection Γ in P such that f maps Γ'u into Γu.

Proof. This result is stated as Proposition 6.1 and proven by Kobayashi and Nomizu [1963] in 

Section 6 of Chapter II. □

If f is a reduction, then we say Γ is reducible to Γ'.

The connection provides a notion of horizontality by way of a vector-valued differential 

1-form.

Definition 2.3.3 (vector-valued differential 1-form). A covector at p is a map ωp : TpM → R. 

The set of all covectors at p forms a real vector space TpM which is dual to the tangent 

space TpM. A differential 1-form is a covector field, i.e. a section of TM → M, which maps 

any p ∈ M to a covector ωp ∈ TpM. Let Д1 (M) be the set of all differential 1-forms on M. 

Given a vector space V, a V-valued differential 1-form on M is a section of (V ® T*M) → M. 

More broadly, define the set (M) of V-valued differential forms on M to be the sections 

of ∕∖(V ® T*M) → M, where Д (E) denotes the free exterior algebra of E; specifically, define 

V-valued differential k-forms to be the vectors of rank k.
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We say ω corresponds to a connection Γ if ω(Xp) = A whenever vX = (A*)p.

Such connection forms arise from connections.

Lemma 2.3.2 (connection form construction). Given a principal connection Γ in a principal 

bundle G → P → M, there is a compatible connection 1-form ω ∈ 1(P; g) given by ω(Xu) = 

σ-1(vXu), where σ(A) = A*.

Proof. Let Γ be a principal connection in a principal G-bundle P over M, u be a point in P, 

and Xu be a tangent vector in TuP. The connection uniquely determines a vertical vector 

vXu ∈ Gu and a horizontal vector hXu ∈ Qu such that Xu = vXu + hXu. By Lemma 2.2.7, 

the vertical component vXu is the fundamental tangent vector at u of a unique element 

A = σ-1(vXu) in g. Let ω ∈ 1(P;g) be the fundamental form given by ω(X) = A. In order

to show that ω is a connection 1-form compatible with Γ, we consider the cases that X is 

strictly vertical or horizontal. If Xu = Zu is horizontal, then vZu = 0 yields:
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We are particularly interested in the vector space underlying the Lie algebra g.

Definition 2.3.4 (Lie algebra-valued differential 1-form). A g-valued differential 1-form on 

M is a differential form with values in g, i.e. a linear map ω : TM → g. Let 1(M; g) denote 

the set of all g-valued 1-forms on M.

We are interested in the Lie algebra-valued differential 1-forms which are compatible 

with the group action on a principal bundle.

Definition 2.3.5 (connection form). Afundamentalformω ∈ 1 (P; g) is a g-valued differential

1-form on P which reproduces Lie algebra generators of fundamental vector fields, i.e. 

ω((A*)p) = A for any A ∈ g and p ∈ P. A connection form is a fundamental form satisfying 

the following compatibility condition:



for any a in G. We have thus shown that ω is a connection 1-form compatible with Γ. □

Next, we show that connection 1-forms induce connections.

Lemma 2.3.3 (connection reconstruction). Given a connection 1-form ω ∈ 1(P; g), there is a

principal connection Γ in G → P →π M whose connection 1 -form is ω.

Proof. Let ω be a connection 1-form on a principal G-bundle P over M, and let Γ = ker(ω) 

be the distribution which maps u ∈ P to the following tangent vector subspace:
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Let u be a point in P, and recall that there is a neighborhood U ⊂ M of π(u) with a 

diffeomorphism (^ι,^2) : π-1(U) → G × U =. Since dim(Gu) + dim(Qu) = dim(Tpι(u)G) + 

dim(T<p2(u)M) = dim(TuP) and ωu(Gu \ {0}) ∩ α⅛(Qu) = σ-1(Gu \ {0}) ∩ {0} = 0, it follows that 

Gu + Qu = TuP. Smoothness of Γ follows from smoothness of σ. We show ra(Qu) ⊂ Qua 

below:

Since it's clear from this that Qua ⊂ ra(Qu), we have thus shown that Γ is a connection. □

We summarize this section in the following theorem.

Theorem 4 (connection equivalence). Given a smooth principal bundle G → P → M, there is a 

constructive one-to-one correspondence between the connections on P and connection forms on P.

Proof. The result follows from Lemmas 2.3.2 and 2.3.3; it only remains to show that, given 

a connection Γ, the connection corresponding to its connection 1-form is Γ. □



In the next section, we aim to produce paths with the following property.

Definition 2.3.6 (horizontal lift). Given a connection Γ, a horizontal curve p : [a, b] → P is a 

piecewise continuously differentiable path such that pt ∈ Γ(pt) for any t ∈ dom(p). Given 

a piecewise continuously differentiable curve x : [a,b] → M and a point p0 ∈ π-1 ({a}), a 

horizontal lift of x through p0 is a horizontal curve x∙ : [a, b] → P such that π ◦ x∙ = x and 

p(a) = p0.

2.4 Parallel Transport

The purpose of a connection is to provide us with the following object.

Definition 2.4.1 (parallel transport). Given a fiber G-bundle E →π M, a parallel transport along 

a curve γ : I → M is map from s, t ∈ I to a transformation T(γ)ts : π-1 ({γ(s)}) → π-1 ({γ(t)})∙ 

A parallel transporter T assigns such a map to any such curve.

In order to obtain parallel transport in an arbitrary fiber G-bundle, we first obtain 

parallel transport from a connection Γ in a principal G-bundle G → P →π M.

Lemma 2.4.1. Given a Lie group G and a consinuous curve Ys : [0, 1] → TeG, shere is a unique 

consinuously differensiable solusion as : [0, 1] → G so she inisial value problem:

Proof. Let G be a Lie group and consider the continuous curve Y : [0, 1] → TeG. We extend 

the domain to all of R by defining Y∣(-∞0) = Y0 and Y∣<∙1 ∞) = Yχ. Define a vector field 

X ∈ X(G × R) by Xa,t = (Yta, (dz )t) and consider the initial value problem of (at, zt)

By the Existence Theorem, there is a local 1-parameter group φ : Iε × (U × Iδs) → G × R 

of local transformations for any s ∈ R, where U is a neighborhood of the identity and

Iδs = (s - δ, s + δ). Define (at, zt) := φs(t,e, 0) on Iε and observe zt = t follows from projection 

of Equation (2.6) onto the second factor. Since {e}× Iδs s R is an open cover of {e}× [0,1], 

we can choose S = {s0,sk | s0 = 0,sk = 1}∪{sj | sj-1 < sj < sj + δ1}kj=1 such that {e}× Iδs s S 

is an open cover of {e}× [0,1]. Given the solution bu : [0, sk - sk-1] → G to bu = Ysk_ 1 +u bu
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We now show uniqueness of lifts.

Lemma 2.4.2. Given a continuously differentiable curve x : I → M and a point u0 ∈ π-1({x0 }) 

in a principal bundle G → P → M with connection Γ, there is a unique horizontal lift x* : I → P 

through u0 at 0 with π ◦ x* = x.

Proof. Let ω be the connection form of a connection Γ in a principal bundle G → P →π M, 

x : I → M be continuously differentiable loop, and u0 ∈ π-1(x0). By the local trivialization 

of P, there is a trivializing neighborhood U of xo with a diffeomorphism φ : π-1(U) → U× G.

Then, there is a curve v : I → P with v0 = u0 and π ◦ v = x. Define Y : I → g by Yt = ω(vt). 

By Lemma 2.4.1, there is a solution a : I → G to the initial value problem below:
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Define u : I → P by ut = vtat and observe the Leibniz rule ut = vtat + vtat yields:

Thus, we have shown that u is a horizontal lift of x. □

We use this map to transport fibers.

8The flow defined on [0, 1] is in fact global, since the same compactness argument can be used on any [l, r].

for any k > 0, define a : [sk-1, sk] → G by at = bt-sk-1ask-1. Thus, we have defined a solution 

at : [0,1] → G to the initial value problem in Equation (2.5). 8 □

This solution goes by the following name.



Definition 2.4.3 (parallel transport of a connection). Let x : I → M be a smooth path. Let 

τx : π-1(x0) → π-1(x1) map u0 to the target u1 of the unique lift u of x through u0. We call 

τx = ptx the parallel transport along x.

It remains to show that τx satisfies the definition.

Theorem 5. Connections are parallel transporters, and the parallel transport is G-equivariant.

Proof. Let Γ be a connection in G → P → M, pick s = 0 and t = 1 without loss of generality, 

and let ptx : π-1(x0) → π-1(x1) be the parallel transport of x. In order to show ptx is an 

isomorphism, let a ∈ G and consider a horizontal curve u : I → P through some p = u(0). 

Then, we show its translation is also horizontal:

Let vt be the horizontal lift of x through v0 = pa ending at v1 = ptx(pa), and observe that 

wt = vta-1 is a horizontal lift through w0 = v0a-1 = paa-1 = p which is equal to ut by 

uniqueness of horizontal lifts. It follows that w1 = v1a-1 = ptx(pa)a-1 isequaltou1 = ptx(p), 

i.e. that ptx(pa) = ptx(p)a. That is, the G-equivariance ptx ◦Ra = Ra ◦ ptx of ptx follows 

from uniqueness of horizontal lifts. Thus, the automorphism ptx of the fiber F0 = π-1 ({x0}) 

determines a group element g whose action on f = pa in F0 is Rg( f) = Ra ◦ ptx ◦Ra-1 ( f).

In fact, these isomorphisms are composable in the sense that ptδ ◦ ptγ = ptγδ. □

Observe that the parallel transport of a fiber along γ induces an automorphism of the 

fiber over the loop basepoint and an element in the structure group g ∈ G. We call g the 

path-ordered exponential P exp ω . Note that this object goes by the same name as in 

Definition 2.4.2 but applies directly to paths in M instead ofg.

We use this isomorphism to induce parallel transport in a principal bundle's associated 

bundle.

Theorem 6. Parallel transport in a principal G-bundle P induces parallel transport in its associated 

bundle E.

Proof. Let G → P -→π M be a principal bundle with associated fiber G-bundle F → E →πR M 

where E = P ×G F, and fix x : I → M. Pick any v0 = [p0, f0] in π-R1(x0). By hypothesis,

28



there is a horizontal lift p : I → P through po ∈ π-1(xo). Then, there is a horizontal lift 

v : I → E starting at vo defined by v(t) = [p(t), fo]. The map vo → v(1) is a well-defined 

isomorphism. □

Next, we study how parallel transport is affected by curvature.

2.4.1 Curvature Form

In any fiber G-bundle, any vector-valued differential 1-form has an associated vector-valued 

differential 2-form.

Definition 2.4.4 (exterior derivative). Given a vector space V, the exterior derivative of a 

V-valued 1-form ω ∈ 1(E;V) is a 2-formdω(X,Y) = X(ω(Y)) - Y(ω(X)) - ω ([X, Y]).

9The right-hand side of this equation can be written as dω + [ω ∧ ω], where [∧] is a product defined on Lie 
algebra-valued 1-forms.

LetΓbea principal connection in a principal G-bundle P. Recall the connection provides 

a decompositionXp = vXp+hXp,wherehXp isthe underlying horizontal component of Xp. 

We combine this with the exterior derivative as follows.

Definition 2.4.5 (exterior covariant derivative). The exterior covariant derivative of a V- 

valued 1-formφ on P is the V-valued 2-formDφ = (dφ)h given below.

(dφ)h(X1,X2) = dφ(hX1,hX2)

Let ω be the connection 1-form corresponding to Γ. We are particularly interested in 

the exterior covariant derivative of ω.

Definition 2.4.6 (curvature). The curvature of a connection Γ is the exterior covariant 

derivative Dω of its connection 1-form.

Curvature also has the following structure.

Proposition 2.4.1 (structure equation). If ω ∈ 1(P; g) is a connection 1-form with curvature 

Ω = Dω, then the curvature satisfies the following equation.9

Ω(X, Y) = dω(X, Y) + ω(X)ω(Y) - ω(Y)ω(X)
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Proof. This theorem was stated as Theorem 5.2 and proven by Kobayashi and Nomizu [1963] 

in Section 5 of Chapter II. □

We will use this as an equivalent definition in the following chapter on holonomy.

30



Chapter 3

Holonomy

In this chapter, we define holonomy, construct it in Section 3.1, and relate it to curvature in 

Section 3.2. In Section 3.3, we close with a whirlwind tour of applications.

Holonomy refers to a certain path-dependent group-valued difference at the source and 

target of a loop in ΩpM = {γ : I → M ∈ C∞ | γ(0) = γ(1) = p} which is invariant for paths 

related via a generalization of reparametrization.

Remark 3.0.1. Consider a smooth homotopy Σ : I2 → M between smooth paths in a smooth 

manifold M and its differential dΣ as shown in Figure 3.1. Recall that the differential at 

(s,t) ∈ I×I is a linear transformation (dΣ)(s,t) : T(s,t)(I×I) → TΣ(s,t)M to a vector space TΣ(s,t)M 

from a vector space T(s,t)(I×I) of dimension dim(I × I) = 2,so the rank (dΣ)(s,t) is 0,1,or 2. 

If the rank of the differential at each point is full, then the homotopy Σ itself can be viewed 

as being “full rank”; otherwise, the area spanned by Σ can be seen as “degenerate”.

Definition3.0.1 (thin homotopy). A smooth homotopy Σ is thin if the rank of the differential 

(dΣ)(s,t) : T(s,t)I2 → TΣ(s,t)M is strictly less than 2for all(s,t) ∈ I×I. We saya smooth path γ 

is related to another smooth path δ under the thin smooth homotopy relation if there is a 

thin smooth homotopy from γ to δ.

Figure 3.1: Homotopy

We want holonomy to behave well with path concatenation, but it is unfortunately the 

case that smoothness is not preserved by path concatenation, so we restrict our attention to 

smooth paths with the following property.

Definition 3.0.2 (path laziness). A lazy path is a smooth path γ : [0, 1] → M which is 

constant in a neighborhood of t = 0 and t = 1. The composite γδ : [0, 1] → M of smooth 
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paths γ, δ is given by path concatenation 

and is lazy if γ and δ are.

While lazy paths are a subset of the smooth paths, they are representative in the fol

lowing sense.

Remark 3.0.2. Any smooth path is thinly homotopic to a lazy path.

Since the lazy paths are better behaved, we choose to study the structure of lazy paths.

Definition 3.0.3 (groupoid). A groupoid is a category [Mac Lane, 1971] whose class of mor

phisms is closed under inversion, and a group is a groupoid with a single object. A 

set-theoretic group can be seen as a group whose morphisms are the elements and whose 

composition is given by the operation.

The definition above is used, e.g. in Definition 3.0.5, in order to define the “structure

preserving” group-valued maps F : C → G defined on a category C which is not a group; 

when C is a group, however, this reduces to the set-theoretic definition of a group homo

morphism. An important example of a groupoid follows.

Definition 3.0.4 (path groupoid). LetMbeasmoothmanifold. We define the path groupoid 

P1(M) to be the category whose objects are points in M, morphisms are thin homotopy 

classes [γ] of lazy paths γ in M, composition given by path concatenation [γ][δ] = [γδ], 

where the identity morphism of x ∈ M is the thin homotopy class of the constant path [1x] 

at x. The inverse is given by[γ]-1 = [γ-1],i.e. the thin homotopy class ofpath reversal.

Just as a connection 1-form relates the tangent space of P to the Lie algebra of G, a 

holonomy relates the path groupoid of M to the Lie group G.

Definition 3.0.5 (holonomy). A generalized connection is a functor hol : P1(M) → G. A 

holonomy is a smooth functor in the sense that s → hol(γs) is smooth for all paths γs(t) = F(s,t) 

given by a smoothfunction F : [0,1]n ×[0,1] → M.
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3.1 Construction

Now that we have specified the structure of holonomy, the first task in this section is to 

construct them in Lemma 3.1.2 from the data introduced in Chapter 2. This process will be 

reversible and we will able to construct such data in Lemma 3.1.4 from a holonomy.

While connection forms are defined on the total space, our main construction of a 

holonomy is more closely tied with Lie algebra-valued forms on the base space M of 

a trivial principal bundle P. Our construction of holonomy will leverage the following 

lemma.

Lemma 3.1.1. Lie algebra-valued 1-forms on M are in one-to-one correspondence with connection 

1-forms on the trivial principal bundle M × G whose corresponding principal connections are 

contained in TM Φ {0}.

π
Proof. Recall that the product manifold P = M×G is a trivial bundle G → P -→ M admitting 

a smooth section σ : M × P defined by σ(x) = (x, e). Define TG TP -→ TM by projections.

Given a connection 1-form ω on P, define A ∈ 1(M; g) by A(Xx) = ω о dσ.

Conversely, given a Lie algebra-valued 1-form A on M, there is a connection 1-form 

corresponding to the principal connection Γ in P defined by Γ(x,g) = ker(A о ∏1) φ {0}.

It is clear that these two processes invert each other. □

Connection 1-forms induce holonomies.

Lemma 3.1.2. A Lie algebra-valued 1-form A on a smooth manifold M induces a holonomy 

hol : P1(M) → G defined below: 

where ω is the connection 1-form on the trivial bundle corresponding to A.

Proof. Let A be a Lie algebra-valued 1-form on M. By Lemma 3.1.1, there is a corresponding 

connection 1-form ω on the trivial principal G-bundle P over M. Observe that hol is well- 

defined since the invariance of Pexp under thin homotopy follows from that invariance of 

parallel transport [Schreiber and Waldorf, 2009].
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Let γδ be the concatenation of lazy paths in M. For any p ∈ π-1 γ(0) , the holonomy of 

[γδ] is the unique group element satisfying the following equation:

It follows from compatibility of the group action that hol([γδ]) = hol([γ]) hol([δ]), from 

which the result follows. □

Conversely, holonomies induce Lie algebra-valued forms.

Lemma 3.1.3. A holonomy hol : P(M) → G induces a Lie algebra-valued 1-form A ∈ 1(M;g) 

Proof. Givena holonomy, we construct a Lie algebra-valued 1-formA ∈ 1(M; g) ata point 

x ∈ MbyspecifyingitsvalueonanarbitrarytangentvectorXx ∈ TpM. Letγ : [a,b] → Mbe 

a smooth path starting at γ(a) = x with γ(a) = Xx. By Remark 3.0.2, it is thinly homotopic to 

a lazy path δ : [0,1] → Mwhichis constant on [0, ε] Define hol(γ) = hol([δ]) = hol([γ]) and 

fixa = 0 and b = 1. Define the smooth path γs : [0,s] → Mfor any s ≤ 1. Observe hol(γs) is 

a well-defined element in G and its tangent vector Yj-s [hol(γs)]s=0 ∈ TG can be seen as an 

element in g. Define A(Xx) = Ye.

In order to showthatA iswell-defined,i.e. invariant under the choice ofγ, let 7' : [0,1] 
be another smooth map starting at γ'(0) = x with γ'(a) = Xx. By Remark 3.0.2, it is thinly 

homotopic to a lazy path δ' : [0,1] → M which is constant on [0, ε'] for some ε' < ε. Then, 

the well definition of A follows from the fact that γs ~ γ' for any s < ε'. □

We summarize the results below.

Lemma 3.1.4. There is a one-to-one correspondence between holonomies and Lie algebra-valued 

forms on M.

Proof. Recall Lemmas 3.1.2 and 3.1.3; it remains to show only that the two constructions 

are inverses ofeach other. Similar arguments can be found in [Barrett, 1991; Rosenstock and 

Weatherall, 2016]. □
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Theorem 7. For any smooth manifold M and Lie group G, the following are in one-to-one corre

spondence:

1. a connection Γ in the trivial principal G-bundle P over M;

2. a g-valued 1-form A ∈ 1(M;g) onM, i.e. a connection 1-form ω on P;

3. a holonomy hol : P1(M) → G.

Proof. This result follows from Lemma 3.1.4 and Theorem 4. □

Each of these can be seen as interfaces of parallel transport, along with pt.

3.2 A Non-Abelian Stokes's Theorem

Let ω be the connection 1-form of a smooth principal connection Γ in a smooth principal 

G-bundle P over M.

In this section, we explore the relationship between curvature Ω = Dω and holonomy. 

In particular, we present a non-abelian Stokes's theorem [Schreiber and Waldorf, 2011] for 

ω due to Ford [2019] which casts the holonomy of a loop in terms of the curvature over its 

bound area.

A lasso is the path conjugation βγβ-1 of a loop γ by a path β. The holonomy of the lasso 

is related to the holonomy of the inner loop as follows.

Lemma 3.2.1 (De-lassoification). The holonomy ofany lasso βγβ-1 is holp(βγβ-1) = holpt (p)(γ).

Proof. Ifβ : I → Mis apathandγ : I → Mis a loop basedatβ(1), then the holonomy of the 

lasso βγβ-1 acts on the parallel transport pt^(p) of p ∈ π-1 (β(0)) as follows:

Thus, the holonomy of the lasso can be expressed in terms of the holonomy of the loop. □

Let Q : I × I → M be square parametrized by coordinates (s, t) ∈ I × I, γ : I → M 

be a loop based at Q(0, 0) which traverses the boundary of Q(I × I) counterclockwise, fix 
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p ∈ π - 1 ( Q (0 , 0)), let vt : I → M be the vertical path from Q (0 , 0) to Q (0 , t ), hs , t : I → M be 

the horizontal path from Q(0, t) to Q(s, t), γs,t : I → M be the clockwise rectangular loop 

with Q(s, t) on the upper right corner, σs∆,tt be the rectangular loop from Q(0, t) which moves 

right to Q(s, t), up to Q(s, t + ∆t), left to Q(0, t + ∆t), and down to Q(0, t). A Stokes's theorem 

should express an integral over the image of Q in terms of γ. Let τs∆,ts,∆t : I → M be the 

counterclockwise rectangular loop based at Q(s, t) which moves right to Q(s + ∆s, t), up to 

Q(s + ∆s, t + ∆t), left to Q(s, t), and down to Q(s, t).

We relate the holonomy of the outer loop to change in holonomies of the expanding 

inner loops. For notational convenience, let p0,t = ptvt(p) and ps,t = pths t (p0,t ).

Lemma 3.2.2. The following equation holds:
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This yields:

Thus, the holonomy of the outer loop can be expressed in terms of its inner loops. □

Next, we analyze the curve hol(τ∆s,∆) : I → G. First, observe that the tangent vector 

d holp(τs,t) is in Tholp(τs,t)G, its left pushforward hol-1(τs,t)d holp(τs,t) is in TeG and thus 

generates a left-invariant vector field Xs,t ∈ g satisfying d holp(τs,t) = (XSt)holp(W). The 

vector field ∂s thus generates an integral curve ∂s∂t holp(τs,t) = ∂sXs,t in g. The tangent 

vector in Tg = g is given by curvature.

Lemma 3.2.3. Curvature is given by Ωps,t {∂*s, = -∂d~ holp(τs,t).

Proof. Observe that ptτs,t(p) = p holp(τs,t) has the following tangent vector.

Define ω(∂s∂t ptτs,t(p)) := ∂sω(∂t ptτs∕(p)) which is stated to be equal to ω ([∂*,∂j]) by Ford 

[2019] and which is equal to ∂s∂t holp(τs,t) since ω is a fundamental form. Thus, we obtain 

the following:

□

We use this to show the desired result.
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Theorem 8 (non-abelian Stokes's theorem). Given p ∈ P, the holonomy of a square loop τ1,1 

based at π(p) ∈ M is:

In this sense, holonomy can be seen as an aggregation of curvature. □

3.3 Outlook

We have presented the traditional theory of parallel transport for an Ehresmannian con

nection Γ in a smooth fiber G-bundle F → E → M with a focus on the relationship between 

curvature and holonomy in its associated principal G-bundle. In this section, we discuss 

applications and areas of further study.

In much of mathematical physics, the smooth manifold M is oriented and supplemented 

with a pseudo-Riemannian metric tensor field [Lee, 2018]. In general relativity, the total 

space is the tangent bundle E = TM and there is a distinguished “torsion-free” connection 

[Baez and Muniain, 1994]. In quantum mechanics, the fiber F is a complex vector space, 

the structure group is a spin group G = Spin(n), and associated to the complex vector 

bundle E is a principal bundle of spin frames with additional structure [Schuller, 2015]; 

the local sections of such a spinor bundle are known as spinor fields. In these theories, 

the dynamical variable is a connection 1-form ω whose law of motion is governed by the 

theory's action functional. Both of these applications have rich theories of path holonomy 

and parallel transport of 0-dimensional points.

Attempts at quantum gravity have motivated the studies of surface holonomy and 

parallel transport of 1-dimensional “strings”; a noteworthy approach is “higher gauge 

theory” [Baez and Huerta, 2010; Baez and Schreiber, 2005] which realizes holonomy as a 2- 

functor and generalizes to higher-dimensional objects via a similar procedure of vertical 

categorification. It is the role of curvature in this theory that motivates this thesis.
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The history of mathematical physics suggests that this physics-inspired mathematics 

will find valuable applications outside of mathematical physics, just as multivariable cal

culus and the analysis of partial differential equations has deeply penetrated many of the 

natural, computational, and social sciences. The author is particularly interested in explor- 

ingtheapplicationsofgaugetheoryarisingincosmology[Alexanderetal.,2021],economics 

[Malaney, 1997; Smolin, 2009; Weatherall, 2013; Malaney and Weinstein, 2021], and computer 

science [Weinstein and Fridman, 2021; Crane, 2010;Sharp et al., 2022].
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