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Abstract

In this dissertation, we first consider the problem of exact controllability of a system 

of N one-dimensional coupled wave equations when the control is exerted on a part of the 

boundary by means of one control. We provide a Kalman condition (necessary and sufficient) 

and give a description of the attainable set. The second problem we consider is the inverse 

problem for the vector Schrodinger equation on the interval with a non-self-adjoint matrix 

potential. In doing so, we prove controllability of the system and develop a method to recover 

spectral data from the system. Then, we solve the inverse problem using techniques of the 

Boundary Control method. The final problem is that of internal null controllability of a 

beam equation on an interval. We provide a partial characterization for controllability for 

arbitrary open subsets where the control is applied.
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Chapter 1: Introduction

The study of partial differential equations (PDEs) is an area of mathematics that can be 

viewed either as purely theoretical or with respect to physical applications (for example, in 

engineering and physics). Furthermore, the controllability of PDEs is studied through the 

lens of many different areas of research. In general, a PDE is written in the form of a system 

with both initial and boundary conditions. As an illustration, we provide the wave equation 

with potential on an interval:

Here, the solution u is a function of two variables, x and t, and q is a continuous function 

of x called the potential. The function f depends on t and is referred to as the boundary 

control. The first problem regarding a PDE system is called the forward problem, or the 

initial boundary value problem (IBVP), which is to determine the solution u if both q and 

f are known. Two other problems for PDE systems are the control problem and the inverse 

problem.

For the control problem on System (1.1), we are given a specified target time, T*, and a 

target state consisting of two functions of x, z0 and z1. The task is to determine a boundary 

control f such that the resulting solution u satisfies the following:

In other words, we seek to drive the system to a desired target state by a specified target 

time. Specifically, our goal is to classify all reachable target states and the minimum time 

required to drive the system to those states. In this case, we refer to this as a boundary
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control problem.

In the case of the inverse problem, the potential q is unknown. However, we are given an 

additional measurement, known as the response operator R, which provides data determined 

by the boundary control we choose. The inverse problem, therefore, is to use the response 

operator to recover the potential.

At this time, we will provide a simpler example to describe the different types of problems 

associated with PDEs. Suppose that we have a coffee maker whose parameters are all known, 

such as how fast the water is pulled from the reservoir and how fast the water passes through 

the coffee filter. In other words, given that water and and the same type of coffee grounds 

are used, we know how fast it makes coffee and how strong the resulting coffee will be. The 

forward problem is this: if we add a specific amount of water and coffee grounds to the 

coffee maker and turn it on, can we exactly determine how much coffee is in the pot and 

how strong it is at any time?

Assuming that the forward problem is solvable, the control problem can be constructed 

this way. Suppose we would like to have a specified amount of coffee in the pot with a certain 

strength, can we choose the exact amount of water and coffee grounds such that the coffee 

maker will produced the specified coffee? It is also necessary to determine the minimum 

time required for any specified amount of coffee.

For the inverse problem, one of the parameters is unknown, i.e. we don't know how fast 

the water passes through the coffee filter. In its place, we have a different measure, say 

we know the water level in the coffee filter. If we can freely choose how much water and 

coffee grounds to start with, the problem is to recover the unknown parameter using the new 

measurement.

The connection between the control problem and the inverse problem was first observed 

in [Belishev , 1987], where the author developed a technique known as the boundary control 

(BC) method. Specifically, the BC method uses controllability of the system to solve the 

inverse problem. The BC method is a dynamical approach that relies on two key features of 
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the wave equation, finite speed of propagation and causality. This implies that a location on 

the interval does not feel the effect of the boundary control until the produced wave reaches 

it. In addition, since the wave moves at a finite and known speed, we are able to determine 

where the wave front is located. More information about the BC method is available in 

Belishev [2007].

Even though the BC method was initially developed to solve inverse problems for wave 

equations, its use has been extended to solve inverse problems for different types of PDE 

systems. For example, the Schrodinger equation on an interval was studied in Avdonin et al. 

[2002, 2005] and the heat equation in Avdonin et al. [1997]. For this reason, there is growing 

interest in the study of controllability of PDEs.

In this dissertation, we investigate three separate PDE systems. We study the boundary 

controllability of the first two systems, and the inverse problem for the latter system. As 

of the writing of this dissertation, the results for these two systems have been published. 

For the third system, we study its internal controllability and improve previous results made 

regarding the system.

The first article is “The Kalman condition for the boundary controllability of coupled 

1-d wave equations,” published in Evolution Equations and Control Theory [Avdonin et al., 

2020]. In it, we investigate the controllability of a system composed of N coupled one

dimensional wave equations. This infinite dimensional system also possess features of finite 

dimensional systems, and therefore its controllability involves conditions from these two 

types of systems.

The wave equations are connected through a constant matrix (known as the coupling 

matrix), and very few assumptions are placed on the coupling matrix such as symmetry. 

This implies that the underlying opera tor is not necessary self—adjoint. In spite of this, we 

obtain many results for the coupling matrix necessary to solve the control problem.

The second article, “Inverse Problem for the Schrödinger Equation with Non-self-adjoint 

Matrix Potential,” was published in Inverse Problems [Avdonin et al., 2021]. We obtain 
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a solution to the inverse problem using the BC method. The most interesting feature of 

this system is that the matrix potential is non-self-adjoint. Before this, the dynamical 

inverse problem for the Schrodinger equation was primarily considered in the scalar case (see 

[Avdonin et al., 2002, 2005; Avdonin and Belishev , 2004]). Even considering the vector case, 

very little investigation has been done regarding non-self-adjoint matrix potentials. For this 

reason, many previous results could not be used because they relied on self-adjointness of 

the potential.

Since the system has not been studied extensively, we needed to prove many different 

properties about it. Similar to the previous article, very little is assumed of the matrix po

tential. However, using the results from [Lunyov and Malamud , 2015; Miller , 2005; Ervedoza 

and Zuazua, 2010], we obtain many interesting results for the system.

The third work, titled “Internal Controllability of the Beam Equation with Structural 

Damping,” studies the internal null controllability of the system. In particular, a generalized 

system with parameters is considered, and the goal is to improve upon earlier results by using 

a different approach.

The rest of the dissertation is as follows. Chapters 2 and 3 are dedicated to the first 

article, where Chapter 2 is an introduction and provides background information to the 

article and Chapter 3 is the article in full as it has been published. Similarly, Chapter 

4 provides background information for the second article, which is presented in Chapter 5. 

Chapter 6 will provide additional information regarding the third paper presented in Chapter 

7. Finally, Chapter 8 will have concluding remarks and address some future questions
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Chapter 2: Introduction to The Kalman Condition for the Boundary Controllability of

Coupled 1-d Wave Equations

The first paper, “The Kalman Condition for the Boundary Controllability of Coupled

1-d Wave Equations,” was coauthored with Dr. Sergei Avdonin and Dr. Luz de Teresa. In

it, the system 

is presented where T > 0 is given, A ∈ L(RN ) is a given matrix referred to as the coupling 

matrix, b a given vector from RN and f ∈ L2 (0, T ) is a control function to be determined 

which acts on the system by means of the Dirichlet boundary condition at the point x = 0. 

The goal was to prove controllability and characterize the controllability space for the system 

for an arbitrary matrix A. To do so, the problem was divided into two subcases, when A 

has N distinct eigenvalues and when A has a single eigenvalue of multiplicity N . We then 

use these subcases to prove the result for all matrices A.

What makes this system interesting is that the coupling matrix A is arbitrary and that a 

single boundary control is applied to the system according to a vector in RN . Dealing with 

arbitrary matrices, especially those that may not be symmetric, results in non-self-adjoint 

systems, which make up an area that is still being studied. Usually, for a system with 

multiple equations, multiple distinct boundary controls are used. Therefore, restricting our 

system to use only one and investigating its controllability makes it all the more interesting.

When the project was introduced to me, the case when A has N distinct eigenvalues had 

been studied by Dr. Avdonin and Dr. de Teresa. The existence of solutions was proved 

and the proof of controllability was outlined but not complete. In addition, the special case 

where N = 2 was studied for both distinct eigenvalues and a repeated eigenvalue. Since the
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Dirichlet Laplacian contributes an infinite number of eigenvalues and the coupling matrix 

possesses finitely many, the method of exponential divided differences (EDD) was required 

to finish the proof. After contributing to the completion of the outline provided, the results 

for this subcase and the special case were presented in Avdonin and de Teresa [2018].

My main contribution was proving the subcase for repeated eigenvalues and how to 

use the results of both subcases to prove the result for an arbitrary matrix A. Given the 

requirements of the matrix A and vector b, namely the Kalman rank condition, it is the 

case that there is exactly one eigenvector and the rest are generalized eigenvectors (or root 

vectors). The first step was to investigate the properties of root vectors given that the 

Kalman rank condition holds. In particular, I proved that we could construct a collection of 

root vectors with specific properties required to solve the control problem.

After proving the properties of root vectors, the Fourier method is used to determine 

the moment problem associated to the system. As a consequence of having root vectors, 

obtaining the desired moment problem was not as straightforward as in the case of dis

tinct eigenvalues. The existence of root vectors introduced additional unwanted terms in 

the moment problem and presented linear combinations that were not compatible with our 

approach. However, by using a well-constructed linear transformation, we could obtain an 

equivalent moment problem that had the desired form. From here, it was standard procedure 

to prove both existence of solutions as well as controllability of the system.

After obtaining the results for the two subcases, the last step was to prove the result 

for a general matrix A. The crux of the proof required very technical indexing and keeping 

track of all possible situations given the arbitrary nature of the coupling matrix.
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Chapter 3: The Kalman condition for the boundary controllability of coupled 1-d wave 

equations

Abstract

The focus of this paper is the exact controllability of a system of N one-dimensional 

coupled wave equations when the control is exerted on a part of the boundary by 

means of one control. We give a Kalman condition (necessary and sufficient) and give 

a description of the attainable set. In general, this set is not optimal, but can be refined 

under certain conditions.

3.1 Statement of the Problem and Main Results

This work is devoted to the study of the controllability properties of the following hyper

bolic system 

where T > 0 is given, A ∈ L(RN ) is a given matrix referred to as the coupling matrix, b a 

given vector from RN and f ∈ L2 (0, T ) is a control function to be determined which acts 

on the system by means of the Dirichlet boundary condition at the point x = 0. The initial 

data (u0 , u1 ) will belong to a Hilbert space H, which is to be specified in our main result. 

Our goal is to give necessary and sufficient conditions for the exact controllability of System 

3.1 and the space H where this can be done.

We recall that System 3.1 is exactly controllable in H at time T if, for every initial and 

final data (u0 , u1 ), (z 0 , z 1 ), both in H, there exists a control f ∈ L2 (0, T ) such that the

Joint publication with Sergei Avdonin and Luz de Teresa in Evol. Eq. Control Th., 
doi:10.3934/eect.2020005
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solution of System 3.1 corresponding to (u0, u1, f ) satisfies

Due to the linearity and time reversibility of System 3.1, this is equivalent to exact 

controllability from zero at time T . In other words, System 3.1 is exactly controllable if for 

every final state (z 0 , z 1 ) ∈ H, there exists a control f ∈ L2 (0, T ) such that the solution u to 

System 3.1 corresponding to f satisfies (2) and

8

Indeed, given exact controllability from zero at time T with controls f, g ∈ L2 (0, T ) and 

their corresponding solutions uf(x, t) and ug(x, t) satisfying

We can define the control h ∈ L2(0, T ) by h(t) = f(T - t) + g(t). Then the corresponding 

solution u(x, t) has the form u(x, t) = uf (x, T - t) + ug(x, t) and satisfies

For this reason, we will assume that u0 ≡ 0, u1 ≡ 0.

As of now, the controllability properties of System 3.1 are well known in the scalar case,

i.e. when N =1 (see for example [Fattorini, 1977]). When N =1 and b ≡ 0, System 3.1 is



Most of the known controllability results of System 3.1 are in the case of two coupled 

equations: see [Avdonin et al., 2013; Rosier and de Teresa , 2011; Bennour et al., 2017], but 

the results are for a particular coupling matrix A. In the d-dimensional situation, that is, for a 

system of coupled wave equations in a domain Ω ⊂ Rd, Alabau-Boussouria and collaborators 

have obtained several results in the case of two equations with the Laplacian plus additional 

zero order terms and particular coupling matrices (see e.g. [Alabau-Boussouira , 2003, 2014; 

Alabau-Boussouira and Leautaud, 2011] and the references therein).

On the other hand, controllability properties of linear ordinary differential systems are 

well understood. In particular, we have the famous Kalman rank condition (see for example 

[Kalman et al., 1969] Chapter 2, p.35). That is, if N,M ∈ N with N, M ≥ 1, A ∈ L(RN) 

and B ∈ L(RM; RN), then the linear ordinary differential system

9

exactly controllable in

is controllable at time T > 0 if and only if

Recently, Liard and Lissy [Liard and Lissy, 2017] gave a general Kalman condition for 

the indirect controllability of N coupled d-dimensional wave equations. Here, indirect con

trollability refers to having less control functions than equations.

In the framework of parabolic coupled equations, [Ammar-Kohdja et al., 2011] gives 

a general Kalman rank condition for the null boundary controllability of N coupled one

dimensional parabolic equations. The aim of this research is to establish general results, as 

in [Ammar-Kohdja et al., 2011], in the case of one-dimensional coupled wave equations.



To state our results, we provide the following definition:

Definition 3.1. Let S be a positive self-adjoint operator in a separable Hilbert space H with 

spectrum {λn }n∞=1 and corresponding orthonormal eigenfunctions {φn }n∞=1 . We introduce a 

weighted space for r ∈ R

For r > 0, we set Wr = Dom(Sr/2). In the case where r = 0, W0 = H , and for r < 0, we set 

Wr = (W-r)', where prime indicates the dual space.

Also, we recall that the operator -∂x2 in L2(0, π) with zero Dirichlet boundary conditions 

admits a sequence of eigenvalues {μk = k2}∞=1 and eigenfunctions {sin kx}∞=1. This family 

of eigenfunctions is an orthogonal basis in L2(0, π).

For S = -∂x2IN in L2(0, π; RN) with zero Dirichlet boundary conditions, we set Wr = 

Dom(Sr/2). So, Wo = L2(0,π; Rn), Wχ = H01(0,π; Rn),and W2 = H2(0,π; Rn)∩H01 (0,π; Rn).

Our main result is the following:

Theorem 3.2. For a given matrix A with eigenvalues { λi} , suppose that the fol lowing con

ditions hold:

10

We then define the scale of spaces

(i) [A|b] satisfies the Kalman rank condition,



Then System 3.1 is exactly controllable in H = Wn-i x Wn—2.

If (i) or (iii) does not hold, then the codimension of the reachable set of System 3.1 

in L2(0, π; RN) x H—1(0, n; RN) is infinite. On the other hand, if (ii) fails, the sequence 

{k2 + 入i}, k e N,l=1,...,N, only contains a finite number of multiple points, and so the 

codimension of the reachable set is finite. Hence, if any of (i), (ii), or (iii) is not satisfied, 

then System 3.1 is not approximately controllable, i.e., the closure of the reachable set is a 

proper subspace of H.

In order to prove this theorem, we begin by considering two subcases: when A has N 

distinct eigenvalues and when A has a single eigenvalue with algebraic multiplicity N. For 

each of these subcases, we have the following theorems.

Theorem 3.3. Suppose that A has N distinct eigenvalues 入1,...,入n . Assuming that Con

ditions (i), (ii), and (iii) of Theorem 3.2 hold, then System 3.1 is exactly controllable in 

H = Wn-1 x Wn-2.

Theorem 3.4. Suppose that A has a single eigenvalue,入,with algebraic multiplicity N. 

Assuming that Conditions (i) and (iii) of Theorem 3.2 hold, then System 3.1 is exactly 

controllable in H = Wn-1 x Wn-2.

Theorem 3.3 was proved in [Avdonin and de Teresa, 2018] and Theorem 3.4 was proved 

in [Park, 2019].

Remark 1・ With respect to Theorem 3.2, we have the following remarks.

• Conditions (i) and (ii) are also necessary conditions that appear in [Ammar-Kohdja 

et al.,2011]for the null cont rollability of N coupled one-dimensional parabolic equa

tions. The hyperbolicity of the equations in our case requires a minimal control time, 

namely T π 2Nn.

• In general, the reachable space H is not optimal. In some particular situations it is 

possible to give an optimal description of the space. Examples include the cases when 

11



N = 2 or the coupling matrix is cascade, i.e., when A is triangle inferior, or when A is 

given in canonical form. Some comments on the optimal reachable space are given in 

the last section.

In this paper, we will prove Theorems 3.3 and 3.4 to introduce the ma jor components to 

prove Theorem 3.2. Additionally, we consider a particular case where N = 2 to demonstrate 

that we can obtain controllability in the sharp space of regularity.

3.2 Proof of Theorem 3.3 - The Case of Distinct Eigenvalues

3.2.1 The Fourier Method and Existence of Solutions

In this section, we use the Fourier method and apply it to the case where the coupling 

matrix A has N distinct eigenvalues. On the assumptions of Theorem 3.3, we denote {φi }iN=1 

to be the family of eigenvectors of A with corresponding eigenvalues {λi }iN=1 . We denote by 

<∙,.> the inner product in Rn and so A* has eigenvalues {λi}i=1 and eigenvectors {ψi}i=1 

with

This implies that the columns of the matrix [A|b] are linearly dependent, which is a contra

diction to A and b satisfying the Kalman rank condition. Hence, we can construct the sets

12

As a result of Condition (i) of Theorem 3.3, we have the following lemma.

Lemma 3.5. Eigenvectors {φi}i=1 and {ψi}i=1 may be chosen such that (b,ψj} = 1 while 

maintaining (φi,ψj} = δij∙.

Proof. We first claim that {b, ψj) = 0. Indeed, if there exists 1 ≤ k ≤ N such that {b, ψk) = 0, 

then for all 1 ≤ n ≤ N - 1



It then follows that

So we may assume that (b,ψi) = 1. Let us define Φnj∙(x) = sin(nx)φj∙. Then {Φnj∙(x)}, 

n ∈ N, j = 1, . .., N, is a Riesz basis in L2(0, π; RN) with biorthogonal family {Ψnj(x)}

where

We then represent the solution u of System 3.1 in the form of the series

and set

for some k ∈ N, 1 ≤ l ≤ N, and where g(t) is a smooth function, i.e., g ∈ C02(0, T). Below 

are standard routine manipulations to solve for the coefficients anj(t):

13



Thus we obtain the equations 

with zero initial conditions that follow from (3), i.e.

We denote k2 + λl by ω2kt. In the formulas below we assume that ωkl = 0. In the case where 

ωkl = 0, we will set sinω(ωk^ = t (see e.g. [Avdonin and Ivanov, 1995] Sec. III.2). We note 

the following properties of ωkl.

Proposition 1. Let k ∈ K = {±1,±2,.. .} and 1 ≤ l,m ≤ N with l = m. Provided

Condition (ii) of Theorem 3.2, we have the following:

14



(3) For k fixed, the points ωkl are asymptotical ly close, i.e., these N points lie inside an

interval whose length tends to zero as k tends to infinity.

The solution of (3.7)-(3.8) is given by the formula

We now introduce the coefficients

We define ω-kl = -ωkl, a-kl = akl, and a-kl = akl for k ∈ K, l ∈ {1,... , N}, and rewrite

(3.9) and (3.10) in the exponential form:

Taking into account that {Φnj} forms a Riesz basis in L2(0, π; RN) and Proposition 1 Prop

erty (1), we conclude that (by [Avdonin and Ivanov , 1995] Sec.III.1)

On the other hand, from the explicit form for ωkl, it follows that for any T > 0, the 

family {eiωklt} is either a finite union of Riesz sequences if T < 2Nπ or a Riesz sequence in 

L2(0, T) if T ≥ 2Nπ (see [Avdonin and Ivanov , 1995] Section II.4). We recall that a Riesz 

sequence is a Riesz basis in the closure of its linear span. Therefore, from (3.12) it follows

15

By differentiating we obtain



that for every fixed t > 0

Recall that (3.13) and (3.14) refer, respectively, to two-sided and one-sided inequalities with 

constants independent of the sequences (ckl), (k), and of the function f .

Additionally, it can be shown that the series in (3.14) is uniformly convergent by the 

Weierstrass criterion for uniform convergence. And by the uniform limit theorem, we obtain

We combine our results in the following theorem.

Theorem 3.6. For any f ∈ L2(0, T ), there exists a unique generalized solution uf of the

IBVP (1)-(3) with coupling matrix A ∈ L(Rn) with distinct eigenvalues such that

and

3.2.2 Controllability Results

In this section we will prove Theorem 3.3. We define γkl to be

and rewrite (3.12) for t = T in the form

16



where ekl (t) = eiωkl t. We note that

For any T > 0, the family {ekl } is not a Riesz basis as a result of Proposition 1 Property 

3. Therefore, we need to use the so-called exponential divided differences (EDD). EDD were 

introduced in [Avdonin and Ivanov , 2001] and [Avdonin and Moran, 2001] for families of 

exponentials whose exponents are close, that is, the difference between exponents tends to 

zero. Under precise assumptions, the family of EDD forms a Riesz sequence in L2(0, T ). For 

each fixed k , we define 

and for 2 ≤ l ≤ N

Under Condition (ii) of our theorem, we are able to use this formula for divided differences 

in place of the formula for generalized divided differences (see e.g. [Avdonin and Moran , 

2001]).

From asymptotics theory and the explicit formula for ωkl , it follows that the generating 

function of the family of EDD {ekl} is a sine-type function (see [Avdonin and Ivanov, 1995, 

2001; Avdonin and Moran, 2001]). Hence, the family of EDD {ekl} forms a Riesz sequence 

in L2(0, T) for T ≥ 2πN. We then define

Since {ekl} is a Riesz sequence, {(γ⅛l) | f ∈ L2(0,T)} = I2, i.e. any sequence from I2 can 

be obtained by a function f ∈ L2(0,T) and the family {ekl}. Proposition 1 Property (2)

17



Recalling Equations (3.15) and (3.16) , we obtain

3.3 Proof of Theorem 3.4 - The Case of a Repeated Eigenvalue

3.3.1 Properties of Root Vectors and Root Vector Adjustment

In this section, we investigate System 3.1 in the case where the coupling matrix A has 

only one eigenvalue, denoted λ, with algebraic multiplicity N and geometric multiplicity 1. 

We will assume that A and b satisfy the Kalman rank condition (3.4). We remark that λ is 

real since imaginary eigenvalues occur in conjugate pairs. We will define the vectors φN and 

ψ1 to be the eigenvectors of A and A*, respectively. Additionally, we let φ1 , φ2,... , φn-1 

and ψ2,ψ3,... ,Ψn be root vectors of A and A*, respectively. So we have the following:

18

where

Since {Φkl} forms a Riesz basis in L2(0,π; Rn), it follows from (3.11), (3.15), and (3.17) that

(u(∙,t),ut(∙,t)) ∈ Wn-1 × Wn-2 and we have proved Theorem 3.3.

In particular, the collection {φi} is listed in reverse order in comparison to {ψj}. This is 

intended to simplify indexing and reflect the construction of a biorthogonal family for {φi}. 

With this construction, we have the following propositions.



Proof. Let 1 ≤ j ≤ N - 1. We observe that

and

19

Comparing right hand sides yields

Proposition 3.

Proof. Suppose on the contrary that (φn,Ψn) = 0. Together with Proposition 2, we have

This implies that φN = 0, which is a contradiction because {φi}iN=1 is a basis in RN.

Proof. Let 1 ≤ i, j ≤ N - 1. Observe that

Proposition 4.

and

Comparing the right hand sides yields as desired.

Proposition 5.



Proof. Suppose on the contrary that {b,ψ1) = 0. Then for 0 ≤ n ≤ N — 1, observe

Observe that
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This implies that the columns of the matrix [A|b] are linearly dependent. This is a contra-

diction because A and b satisfy the Kalman conditions and so [A|b] has rank N.

we can adjust them in a specific way.We now claim that given



Also,

With this construction, Condition (ii) is still maintained and (Φn-1,ψj} = 0 for j = N — 1 

with {ψN-i,Ψn-i) = 1.

Similarly, we obtain ψn-2 such that (A — λI)φN-2 = Φn-1. Using (pN and Φn-1 with

Proposition 4 yields
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We similarly define φ⅛-2 by

Continuing this process iteratively yields a collection {⅛5i}i=1 satisfying the conditions of 

the lemma. □

We combine all our results into the following lemma.

Lemma 3.9. Given System 3.1 with A and b given and satisfying the Kalman conditions,

3.3.2 The Fourier Method and Existence of Solutions

In this section, we will be using the Fourier method. We will assume the conditions of

Theorem 3.4 and use the results of Lemma 3.9. We define Φnj(x) = sin(nx)φ j and note that
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We thus write the solution to System 3.1 with zero Dirichlet boundary conditions in the

form of the series

and set

with g (t) being a smooth function. In the same way as in Section 3.2, we obtain the integral

identity

For now, we set l = 1 and since ψ1 is an eigenvector of A* and {b,ψ1) = 1, from (3.18) we

obtain

where ωk2 = k2 + λ. We then obtain the differential equation

with initial conditions

As before, we are assuming that ω% = 0 and if otherwise, we can make the same changes as

prescribed in Section 3.2. The solution of (3.19) and (3.20) is given by

We now let l = 2, ..., N in (3.18). We note that ψl is then a root vector and hence
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A*ψl = λψl + ψl-1. Additionally, we have {b,ψι) = 0. So, from Equation (3.18), we obtain

Thus, we obtain the solution for akl(t) to be

To motivate the following results, we compute akl(t) and akl(t) for l = 1, 2, 3.
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We now introduce the functions bkl(t) and bkl(t), for k ∈ N, l = 1,..., 3, defined as

The purpose of this is to note that the transformation between the families {akl(t), akl(t)} 

and {bkl(t), bkl (t)} is both bounded and boundedly invertible in I2. We proceed by considering 

the family {bkl(t),bkl(t)}. We introduce the functions ckl(t) with ω-k = —ωk, b-kl(t) = bkl(t), 

and b-kl(t) = bkl(t) for k ∈ K = {±1, ±2,...} in the form

Hence,

for 1 l N .

Recall that {Φnj(x)} forms a Riesz basis in L2(0, π; RN) and with Proposition 1 Property

(1),
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Additionally, from (3.23), it follows that for all t > 0,

This implies that the sequences (akl(t)) and (k 1akl(t)) belong to I2. Hence, u(∙,t) ∈ 

L2(0, π; Rn) and ut(∙, t) ∈ H-1(0, π; Rn).

Similar to Section 3.1, we have

So, we obtain an analog of Theorem 3.6.

Theorem 3.10. For any f ∈ L2(0, T ), there exists a unique generalized solution uf of 

the IBVP (1) - (3) with coupling matrix A ∈ L(RN) with a single eigenvalue such that 

( u f , u tf ) ∈ V and

3.3.3 Controllability Results

We will now prove Theorem 3.4. We denote ekl(t) = tl-1eiωkt and define fT(t) = f(T -t).

With (3.23), we have
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Since {ek1, . . ., ekN} is a Riesz sequence in L2(0, T) for T ≥ 2Nπ (see e.g. [Avdonin and

Ivanov , 1995] II.4),

It follows that



Hence, the space to guarantee exact controllability is WN-1 × WN -2 and Theorem 3.4 is 

proved.

3.4 Proof of Theorem 3.2 - The General Case

3.4.1 The Fourier Method and Existence of Solutions

Equipped with Theorems 3.3, 3.4, 3.6, and 3.10, we now consider the case of a more 

general coupling matrix A. We now consider System 3.1 with A and b satisfying the assump

tions of Theorem 3.2. Let λ1 , . . . , λM be the distinct eigenvalues of A with corresponding 

algebraic multiplicities m1, . . . , mM . We note that

We then use the Fourier method and express the solution u(x, t) as

By doing so, for each l = 1, . . . , n, we obtain, as in the case of Section 3.2, coefficients
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For each i = 1, . . . , M , we construct the collection of eigenvectors and root vectors 

corresponding to λi, denoted {φij }jm=i1. For each of these collections, we have a corresponding 

biorthogonal family {ψij }jm=i1. From Lemmas 3.5 and 3.9, these collections possess many 

specific properties as well as

We define Φnij = sin(nx)φij. Then {Φnij(x)}, n ∈ N, i = 1,... , M, j = 1,.. . ,mi, is a 

Riesz basis in L2(0, π; RN ) with biorthogonal family {Ψnij} where



aklj (t) defined below. We similarly denote ωkl = k2 + λl and recall Proposition 1.

Similar to Section 3.2, from {aklj∙(t),αklj(t)}, we construct the collection

{bklj(t),bklj(t)}. We then define the functions cklj(t) for k ∈ K with ω-kl = -ωkl, b-∣eij(t) 

bkij (t), and b-∣αj (t) = b∣αj (t) by

So,

Similar to Theorems 3.6 and 3.10, the collection {eklj}, where eklj(t) = tj-1eiωklt, is either 

a Riesz sequence in L2(0, T ) if T > 2Nπ, or a finite union of Riesz sequences for T < 2Nπ. 

Hence, we obtain the following theorem.

Theorem 3.11. For any coupling matrix A ∈ L(RN) and for any f ∈ L2(0, T ), there exists 

a unique generalized solution uf of the IBVP (1)-(3) such that (uf, utf) ∈ V and

3.4.2 Controllability Results

We define the sequence {γkij} by
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so that

where fτ(t) = f (T — t) and ekij∙(t) = tj-1eiωklt. We note that ∖γkij∙| √ ∖kmι-2ckij(T)|.

In addition to Proposition 1 Property (2), we also need to account for eigenvalues with 

algebraic multiplicity greater than one, and thus we are required to use generalized divided 

differences (GDD). For each fixed k, we will list the sequence {ωkl} including multiplicities.

GDD were described in [Avdonin and Ivanov , 2001] and [Avdonin and Moran, 2001].

For each fixed k, we define the divided difference (DD) of order zero of the point ωk1 is 

[ωk1](t) = eiωk1t. The DD of order l — 1, l ≤ N, corresponding to ωk1,..., ωkl is

We then denote eki(t) = [ωk1,..., ωkl]. We note that with this construction, the functions 

ekι,..., ekmι are in fact the functions eiωk1t, teuωk1t,..., tmι~1euωk1t. In addition, by the main 

theorems of [Avdonin and Ivanov , 2001] and [Avdonin and Moran , 2001], the collection of 

functions {ekl}N==1 is a Riesz sequence in L2(0,T) for T ≥ 2Nπ. We then define

and therefore {(γki) ∖ f ∈ L2(0,T)} = I2. From here, we note that the relation among γkij∙,

Yki, and qdj (T) is
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Hence, it follows that



and since {Φnij(x)} forms a Riesz basis in L2(0, π; RN), we deduce from (3.26) the result of 

Theorem 3.2.

We will now prove the negatives results in Theorem 3.2. We first assume that (i) and 

(iii) hold, but (ii) does not hold. Observe that this may only happen for a finite number of 

indices (see [Ammar-Kohdja et al., 2011]). So we have

and thus the codimension of the reachable set is infinite.

If condition (iii) is not met, i.e. T < 2N π, then from [Avdonin and Ivanov , 2001] and 

[Avdonin and Moran, 2001], it follows that the family of EDD {ekl} is not a Riesz basis in 

L2(0,T). In particular, we can split {ekl} into two subfamilies E0 and E1 such that E0 is 

a Riesz sequence in L2(0,T) and E1 has infinite cardinality. This implies that {ekl} is not
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In this situation, the family given in (3.12), {ekl}, is clearly linearly dependent since some 

function (or functions) is repeated twice in the family. Thus, according to Theorems I.2.1e 

and III.3.10e in [Avdonin and Ivanov, 1995], System 3.1 is not approximately controllable 

for any T > 0.

Let us now suppose that (i) does not hold. We will use the Hautus test, which is equivalent 

to the Kalman rank condition (see [Tucsnak and Weiss , 2009] Prop. 1.5.5 and [Ammar- 

Kohdja et al., 2011] Prop. 3.1). If the Kalman rank condition does not hold, then there 

exists λ ∈ σ(A*) such that

Hence, there exists 1 ≤ l ≤ M such that ψl is an eigenvector of A* corresponding to λ and

{b,ψl) = 0. This then implies that for all k ∈ K, 1 ≤ j ≤ ml,



linearly independent and hence the reachable set has infinite codimension.

Thus we have proved the negative part of Theorem 3.2, and the proof is complete.

3.5 A Particular Case: N = 2

In the previous sections, we proved exact controllability with respect to a more regular 

space than the space of regularity for the system. This is typical of hybrid systems where 

clusters of close spectral points appear. However, in the case where N = 2, we are able to 

prove the sharp controllability result, i.e., to prove exact controllability in the space of sharp 

regularity of the system. To do this, we develop a new method based on the construction of 

a basis in a so-called asymmetric space. This method was proposed in [Avdonin and Edward , 

2018] when investigating the controllability of another hybrid system of hyperbolic type - 

the string with point masses. In the present paper, we extend this method to the vector 

case.

We consider System 3.1 with N = 2 and

In other words, the boundary control acts only on the first equation and the second equation 

is controlled through its connection with the first. From now on, we will refer to this system 

as S2. The first question we ask is about the sharp regularity space. We claim that

From Theorem 3.11, (u1(∙, t), u2(∙, t)) ∈ L2(0,π)2. From the structure of the system, u2 

is the solution to a wave equation with zero Dirichlet boundary conditions where u1 acts as 

the control over Q. Since u1 (∙,t) ∈ L2(0,π), we conclude that u2 ∈ Hθ(0,π) (see for example 

[Avdonin and Ivanov , 1995] Sec.V.1).
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The main result of this section is

Theorem 3.12. Under conditions similar to those of Theorem 3.2, that is, with A and b

given by (3.27) with a21 = 0 (so the Kalman rank condition for [A|b] is fulfilled), that

and that T ≥ 4π, then the reachable set of System S2, {(uf (∙,T),uf (∙,T)) | f ∈ L2(0,T)} is

equal to H1 where

for T ≥ 4π.

If T < 4π, then the reachable set has infinite codimension in H1.

We will prove this theorem by considering the two possible cases, i.e., whether the matrix 

A has two distinct eigenvalues or a repeated eigenvalue.

3.6 Proof for Distinct Eigenvalues

As before, we construct the set of sequences (γ⅛) and for T ≥ 4π, this set runs over I2.

This means that the set of the corresponding sequences (akl (T)) also runs over I2.

We now return to the representation in (3.5):

Taking into account that for N = 2, we use EDD of order one, i.e.,
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where we supress the argument T . We can rewrite (3.28) in the form

It is easy to verify that

We note that ∣ωn2 — ωn1∣ x n 1 (Lemma 1 Property 2). We present the following lemma.

Lemma 3.13. Eigenvectors φ1 and φ2 can be chosen such that

Proof. In particular, we claim that the second component of φ1 and φ2 are nonzero. If this 

is true, then by appropriate scaling, we can obtain eigenvectors φ1 and φ2 whose second 

components add to zero. Suppose on the contrary that φ1 has a zero second component. By 

scaling, we can assume that

By the orthogonality of ψ1, ψ2, this implies that ψ2 has the form
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for some nonzero x. However, this is a contradiction to the Kalman rank condition as

Hence, φ1 has a nonzero second component. Similarly, φ2 has a nonzero second component 

and the lemma is proved.

We can now express (3.29) as

We note that γ = 0 since φ2 has a nonzero second component.

We recall that (an1) and (αn2) may be arbitrary I2 sequences (when f runs over L2(0, T)). 

Taking into account that {sin(nx)} is an orthogonal basis in L2(0, π), we begin by choosing 

the second component of u(x, T) to be any target function from H01(0, π), and thereby 

choosing aan2.

After choosing aan2, we can then choose aan1 so that the first component of u(x, T) will 

coincide with any prescribed function from L2(0, π). We can treat ut(x, T) in a similar 

fashion. This is due to the relation of sine and cosine and their appearance in u(x, T) and 

ut(x, T). It is this relation that allows us to obtain controllability in any time T ≥ 4π. Thus, 

one of the cases for the positive part of Theorem 3.12 is proved. We note that the negative 

part of the theorem can be proved similar to Theorem 3.2.

As a result of this, we have the following corollary.

Corollary 1. The family {Φnj∙} constructed in (3.30)-(3.32) forms a Riesz basis in the 

asymmetric space L2(0, π) × H1(0, π).

Proof. We have proved that every function from L2(0, π) × H1(0, π) can be represented in 

the form of a series with respect to the family {Φnj∙} with I2 coefficients. Uniqueness of the
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representation follows from the basis property of {sin(nx)} and linear independence of the 

eigenvectors φ1 and φ2 . Finally, it is clear that

As a remark, it may be shown that the latter sum is equivalent to ∖∖f ∣∣2 where f is the 

corresponding control to u(∙,T). Also, this control belongs to the closure of the linear span 

of {eiωnjt} in L2(0, T), and hence has minimal norm.

3.6.1 Proof for a Repeated Eigenvalue

From Lemma 3.9, we can obtain eigenvectors φ2, ψ1 and root vectors φ1, ψ2 for A and A*, 

respectively, with certain properties. We now express our solution u(x, T) using the Fourier 

Method and observe that

In the final equality, we suppress the argument of an1 and an2 for readability. By Lemma

3.9, (b,ψ2) = 0 and thus the first component of ψ2 is zero. It then follows from (φι,ψ2) = 0

that φ1 has the form
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Thus, we can express φ2 as

and we can express u(x, T ) as

From Equation (3.21) it follows that (an2) ∈ I1 and we can choose an2 such that the 
second component ofu(x,T) is any target function from H01(0,π). After choosing an2, we can 

then choose an1 so that the first component of u(x, T) coincides with any prescribed target 

function from L2(0, π). Similar to the case of distinct eigenvalues, we approach ut(x,T) in 

the same way. We have thus proved Theorem 3.12.

3.7 Open Problems and Further Results

When the coupling matrix A is in lower triangular form, it is not difficult to generalize the 

results for coupled hyperbolic equations. That is, it is possible to prove exact controllability 

under the same assumptions as Theorem 3.2 in the space H = H0 × ∙ ∙ ∙ × Hn-1 where 

HN = WN × WN-1. On the other hand, given an arbitrary matrix A, if the Kalman rank 

condition holds, we can obtain a canonical version of the original system and obtain similar 

results for this transformed system. However, when converting back to the original system, 

we may be taking linear combinations of the components of u(x, t) with respect to the 

transformed system. Thus, an optimal description of the controllability space is no longer 

possible.

In Section 3.5, we investigated the case where N = 2 and showed that we can obtain 

sharp exact controllability, i.e., we have exact controllability in the same space as the space 

of regularity. It remains to determine whether or not we can repeat this for different values 

of N . For N = 2, this is simple as there are only two possibilities for the eigenvalues of the
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coupling matrix A. However, for N > 2, the number of possibilities grows, and hence it may 

not be possible to prove in the same way.

It remains an open problem to treat the boundary controllability of N coupled wave 

equations in Rd. The methods in this paper are not of use in the general situation or when 

the matrix A depends on (x, t).
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Chapter 4: Introduction to Inverse Problem for the Schrodinger Equation with

Non-self-adjoint Matrix Potential

The second paper, “Inverse Problem for the Schrodinger Equation with Non-self-adjoint 

Matrix Potential,” was a joint work with Dr. Sergei Avdonin, Dr. Alexander Mikhaylov, 

and Dr. Victor Mikhaylov published in Inverse Problems. The system being studied is 

where I > 0, T > 0 are given, and Q ∈ C([0,l]; Cn×n) , Q = Q*, is a matrix potential. The 

vector function f ∈ F T = L2 0, T; CN is referred to as the boundary control. The inner 

product in F T is defined by 

where (∙, ∙) is a standard scalar product in Cn. We denote the solution to (7.1) corresponding 

to f by uf . We introduce the response operator RT by

The goal of the paper was to solve the inverse problem of recovering Q(x) for 0 < x < I 

from RT .

In general, systems with non-self-adjoint underlying operators are more difficult to study 

and thus there are less results regarding these systems. Many techniques and approaches 

used to solve inverse problems rely on the underlying operator being self-adjoint. For this 

reason, presenting a method that is robust enough to handle non-self-adjoint systems is
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important in itself.

As a result of my work on the previous paper, I was well equipped to investigate systems 

with non-self-adjoint underlying operators. The study of root vectors and how they can be 

obtained and adjusted played a key role in completing this paper.

This paper began as a joint work among the other coauthors. When I began working 

on this paper, the derivation of the equations of the BC method and how to extract the 

spectral data for a system whose eigenvalues have full geometric multiplicity, i.e., without 

root vectors, was partially completed. A method to extract controls that correspond to 

eigenfunctions was developed by my coauthors Dr. Alexander Mikhaylov and Dr. Victor 

Mikhaylov. However, the controls may not correspond to a biorthogonal family, or even be 

linearly independent. Since we need families of controls that correspond to Riesz bases of 

eigenfunctions, this method was not yet complete and more work was required.

In addition, the method of extracting the spectral data requires that the system is spec

trally controllable, and proofs of this could not be found in literature at the time. Therefore, 

the tasks required were to prove spectral controllability of the system, complete the case 

with no root vectors, and to extend the result for the case when root vectors are present.

For spectral controllability, I was able to prove a stronger result of null controllability, 

which is equivalent to exact controllability for the system, and spectral controllability is a 

consequence. For this, I used the results from Miller [2005] and Ervedoza and Zuazua [2010]. 

Miller's paper presents a technique called the control transmutation method. This method 

constructs an auxiliary Schrodinger system that is known to be null cont rollable, and after 

applying a transformation to the control function from the auxiliary system, we obtain a 

control function for the original system. Zuazua's result allows us to guarantee that the 

control function we obtain belongs to the appropriate space.

To normalize the controls in the case with no root vectors, I developed an algorithm to 

do so. This algorithm uses the Gram-Schmidt process as a backbone, with the necessary 

adaptations for an infinite dimensional space. The algorithm produces two families of controls 
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that correspond to biorthogonal families of eigenfunctions, as desired. Although this specific 

case is highly unlikely, it was a good stepping stone to begin work on the case with root 

vectors.

When root vectors are present, it is also necessary to prove that the family of root vectors 

form a Riesz basis in the underlying space. I derived the Sturm-Lioville problem associated 

with the system and rewrote it as a first-order system. Using the results from Lunyov and 

Malamud [2〇15], I proved that the family of root vectors indeed had the Riesz basis property, 

as desired.

After obtaining the necessary preliminary results, I began working on the case where 

root vectors are present. I followed the same structure as the other case, and derived the 

generalized spectral problems for the spectra of A and A*. The existence of root vectors 

plays a role here and we obtain two equations for each operator instead of the previous one 

equation. The main issue is that using the generalized spectral problems directly does not 

yield families of control functions that map to a biorthogonal family. The control functions 

do not necessarily map to distinct eigenfunctions, but rather to linear combinations of them. 

This is expected since we are dealing with root vectors. Therefore, I needed to construct an 

algorithm specifically to adjust the control functions obtained from the generalized spectral 

problem.

Due to my experience working with root vectors on the previous paper, I was well prepared 

to construct an algorithm that produced the desired result. In fact, it can be said that the 

algorithm developed here is an extension of the algorithm from the previous paper. From 

here, it remained to use the algorithm I developed to obtain the necessary spectral data to 

solve the inverse problem.

Solving the inverse problem from spectral data has been well developed in Avdonin and 

Belishev [1996]; Avdonin et al. [1991]. The remaining work required was to check that the 

steps needed worked properly with our system.
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Chapter 5: Inverse Problem for the Schrodinger Equation with Non-self-adjoint Matrix 

Potential

Abstract

We consider the dynamical system with boundary control for the vector Schrodinger 

equation on the interval with a non-self-adjoint matrix potential. For this system, 

we study the inverse problem of recovering the matrix potential from the dynamical 

Neumann-to-Dirichlet operator. We first provide a method to recover spectral data 

for the Schroodinger system and consequently prove controllability of the system. We 

then develop a strategy for solving the inverse problem using this method with other 

techniques of the Boundary Control method.

Keywords: inverse problem, Schrodinger equation, matrix potential, controllability, bound

ary control method 

5.1 Introduction

For this work, we consider the following dynamical system 

where I > 0, T > 0 are given, and Q ∈ C([0,l]; Cn×n) , Q = Q*, is a matrix potential. The 

vector function f ∈ F T = L2 0, T; CN is referred to as the boundary control. The inner
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product in F T is defined by

where (∙, ∙) is a standard scalar product in Cn. We denote the solution to (5.1) corresponding 

to f by uf . We introduce the response operator RT by

The inverse problem is to recover Q(x) for 0 < x < I from Rt.

Schrodinger operators with matrix potentials serve as important models in quantum me

chanics and have become an object of intensive investigations in mathematical physics (see 

Frank et al. [2007] and the references therein for example). Operators with non-self-adjoint, 

particularly complex, potentials appear, for example, in decay theory of unstable quantum 

systems Fonda et al. [1978]. While spectral theory of such operators is sufficiently well- 

developed, not as many papers are devoted to the corresponding inverse problems. Inverse 

spectral problems for self-adjoint Schrödinger operators with matrix potentials have been 

studied (see, for example, Gesztesy et al. [2002]; Eckhardt et al. [2015]). The dynamical 

inverse problem for the wave equation with symmetric matrix potential was studied in Av

donin et al. [1991] and with nonsymmetric in Avdonin and Belishev [1996]. Spectral and 

dynamical inverse problems for the equations involving nonsymmetric 2×2 matrix potentials

of the form:

were considered in Trooshin and Yamamoto [2005]; Ning and Yamamoto [2006, 2008].

Dynamical inverse problems for the Schrodinger equation were only considered in the

scalar situation: one dimensional spatial domains in Avdonin et al. [2002, 2005] and a
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multi-dimensional domain in Avdonin and Belishev [2004]. The most common method to 

solve those inverse problems involves recovering spectral data—eigenvalues and traces of 

eigenfunctions—from the dynamical data, RT , then solving the resulting spectral problems 

(see Avdonin et al. [2002]). The connections among the different types of data (dynamical, 

spectral, scattering) are an important topic in the theory of inverse problems, see Belishev 

[2003, 2001]; Katchalov et al. [2004]; Mikhaylov and Mikhaylov [2017] to mention a few. 

When the system is spectrally controllable, the variational method is used to obtain spectral 

data (see Avdonin et al. [2002]; Belishev [2003] for details). This approach, which is used in 

Belishev [2003, 1995]; Avdonin et al. [1997], is based on the Boundary Control (BC) method 

and relies on the opera tor being self-adjoint.

In the present paper, we are considering non-self-adjoint operators and thus the varia

tional method is not applicable. However, we will still follow a similar strategy, i.e., recovering 

spectral data from dynamical data. Instead of using the variational approach, we will use a 

different method, proposed in Avdonin et al. [2010], that also uses spectral controllability of 

the underlying dynamical system.

We also mention several works that use methods and ideas similar to those in the present 

paper. Recently in Mikhaylov and Mikhaylov [2012]; Avdonin et al. [2015], the authors stud

ied the adjoint system in an abstract setting, i.e., a dynamical system with observation. They 

derived the equations of the BC method for this system (see Belishev [2007] for explanation 

of these equations). Using these equations, they treated the one-dimensional inverse source 

problem and the dynamical inverse problem with one measurement for the Schrödinger equa

tion in Avdonin and Mikhaylov [2011]; Avdonin et al. [2014]. In the case of a system with 

observation, only one measurement is available, however, the response operator also appears 

and plays an important role in the investigation.

The rest of the paper is as follows: in Section 5.2, we observe properties of the Schrödinger 

system necessary for our method. They include the Riesz basis property of the root vectors 

of the underlying operator and the exact controllability of the system. The latter result is 
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interesting in its own right in control theory for partial differential equations. We also prove 

well-posedness of the forward problem. In Section 5.3, we derive the equations of the BC 

method for the non-self-adjoint Schrodinger system. Section 5.4 is concerned with recovering 

spectral data in the case where the underlying operator has a simple spectrum. Section 5.5 

solves the same problem for an operator whose spectrum is not simple. In the last section, 

we will demonstrate a method to recover the matrix potential Q.

5.2 Properties of System (5.1) and its Associated System

and denote its solution by vg . The response operator for this system will be denoted RT#

with

For Systems (5.1) and (5.3), we introduce the control operators
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From now on, we will denote denote

the operator adjoint to A. We now introduce the spaces for the operators.

Definition 5.14 (Spaces for operators). We first define the underlying space as

We consider the Sobolev spaces and we set

The domain of A (A*), denoted dom A (dom A*), is H2.

Along with System (5.1), we consider the following associated dynamical control system:



We observe the following properties of Systems (5.1) and (5.3):

1. The spectrum of A, denoted {λk }k∞=1 is purely discrete and the algebraic multiplicity 

of eigenvalues is uniformly bounded. In addition, only finitely many eigenvalues have 

multiplicity greater than N . We denote the algebraic multiplicity of λk by Mk and its 

geometric multiplicity by Lk .
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2. The set of root vectors of A, denoted forms

a Riesz basis in H. The value Jk,l denotes the dimension of a generalized eigenspace

associated to In addition, for each and each

the vectors in the chain satisfy

3. The spectrum of A* is and the root vectors of A*, denoted

1 ≤ l ≤ Lk, 1 ≤ j ≤ Jk,l, also form a Riesz basis in H. Similarly, for each and

1 ≤ l ≤ Lk,

4. The property that and is zero otherwise

holds.

5. Systems (5.1) and (5.3) are spectrally controllable. That is, for each



We will now prove all of these properties. Since A is acting on a finite interval, the resol

vent is compact and hence the spectrum is discrete. As in the scalar case, the multiplicities 

of eigenvalues are uniformly bounded and only finitely many eigenvalues have multiplicities 

larger than N . This proves property (i).

Next, we will use the main result from Lunyov and Malamud [2015] to show that the 

root vectors of A form a Riesz basis in H. We consider the corresponding Sturm-Liouville

We rewrite this system as a first-order system of the form

where

and IN , 0N are the identity and zero matrices of size N × N, respectively. We also rewrite 

the boundary conditions in the form
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vector equation



It follows from [Lunyov and Malamud , 2015, Theorem 5.6] that the collection of root vectors 

of System (5.6) forms a Riesz basis in L2((0,l); C2N). We note that the first component of 

y(x) is a vector function φ(x). For the rest of the section, we will enumerate root vectors of 

the operators A, A* and A using only one index. From the Riesz basis {yn }∞=1, we extract 

the family {φn}n∞=1, which forms a Riesz basis in H, as desired.

Similarly, the set of root vectors of A* forms a Riesz basis in H and by appropriate 

labeling and scaling, we prove properties (ii)-(iv).

We will now prove well-posedness of the system using the Fourier method. Given the 

biorthogonal families {φn}, {ψn}, we represent the solution uf by

It follows that

From this equation and the initial conditions from the system, the formula for the Fourier
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coefficients is given by

It follows from Lunyov and Malamud [2015]; Avdonin and Nicaise [2015] that the family 

{eiλkt} is a finite union of Riesz sequences in L2(0,T) and ∖∖ψk(0)∣∣cn √ 1. Hence for all 

T > 0, the sequence {αk(T)} ∈ l2. Thus, for all T > 0, uf (∙,T) ∈ H. Furthermore, it can be 

proved that u ∈ C((0, T); H), i.e., uf depends continuously on t (see Avdonin et al. [2002]). 

It follows that RT described in (5.2) is a bounded operator.

To prove property (v), we will show that the Schrodinger equation is null controllable, 

which is equivalent to exact controllability, and hence spectrally controllable. We will prove 

this using the control transmutation method (see Miller [2005], Sections 8 and 9) and the 

main result from Ervedoza and Zuazua [2010].

We consider the following system: 

where φ0 ∈ H is the initial state of the system. We will show null controllability of this 

system, i.e., the existence ofa control function f such that the corresponding solution satisfies 

u(x, T) = 0. We begin by constructing the auxiliary wave system

Let φ0, L > 0, and T > 0 be given. It is known (see Avdonin and Belishev [1996]) that
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for T* ≥ I, there exists a control function g such that its solution for System (5.8) satisfies

We now extend v and g to v and g by the rule

for 0 < t < T*. We note that v inherits the following from v:

We define a scalar function k(s, t) to be the solution to the system

The existence of k(s,t) is a result of System (5.10) being exactly controllable from both ends 

(see [Miller , 2005, Section 2]). Since we are only concerned with its initial state and its state 

at time t = T, we will omit the boundary conditions. We then construct f and u by
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We observe that u inherits the following properties:

These properties, along with (5.9), demonstrates that u is a solution to System (5.7) with 

control f , and this proves that the system is null controllable.

As a result of the system being exactly controllable, it follows from Theorem 1.4 from 

Ervedoza and Zuazua [2010] that we in fact have spectral controllability with controls from 

H01([0, T]; CN). This proves property (v).

5.3 Equations of the BC Method

It is not difficult to show the relationship between the response operators RT and RT# 

from (5.2) and (5.4). We first introduce the operator JT in F T by the rule

Lemma 5.15. The fol lowing identity holds.

Proof. We introduce the function v(x,t) = v(x,T — t), which is a solution to
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Using integration by parts, we observe

From the last equality we observe that

and since f and g are arbitrary, the proof is complete.

Additionally, we have (R#)* = Jt Rt Jt .

From the control operators (5.5), we introduce the connecting operator CT : FT → FT 

by its quadratic form

It is an important fact in the BC method that CT can be expressed in terms of the 

dynamical data. For this, we use the operator J2T in F2T defined in (5.11) and ZT : FT → 

F 2T defined by the rule

Lemma 5.16. The fol lowing representation holds.
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Proof. We introduce the Blagoveschenskii function defined by

We evaluate

Thus, ψ (s, t) satisfies

Integrating this equation yields

where we then set f(t) = 0 for t ∈/ (0, T) and get

which completes the proof.

Now, we will provide an alternate representation of the connecting operator using the 

method described in Avdonin et al. [2002]. This representation is not in terms of R2T , but
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instead uses RT and RT# .

Lemma 5.17. The fol lowing representation holds.

with corresponding solutions uf and vg . Then

By density argument, it follows that for all f, g ∈ L2(0, T ),

Additionally, with (5.12), we obtain the representation

for all time T > 0. Hence, RT is enough to construct the connecting operator, and con

sequently, enough to solve the inverse problem. Compared to (5.14), we have obtained an 

alternate representation that only uses JT and RT .
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5.4 The Spectral Problem for the Simple Case - No Root Vectors

In this section, we will demonstrate the method to obtain spectral data for System (5.1) 

assuming that there are no root vectors present. Hence, we will denote the eigenfunctions
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By dot, we denote differentiation with respect to t. We formulate the main result.

Theorem 5.18. The spectrum of A and (non-normalized) controls {fk,l } are the spectrum 

and the eigenvectors of the following generalized spectral problem:

Proof. For some k ∈ N, 1 ≤ l ≤ Mk, we take fk,l ∈ Hθ([0,T]; Cn) such that (Wτfk,l)(x) = 

ufk,l (x , T) = φk,l(x). Since fk,l(0) = fk,l(T) = 0 from our assumptions, the equality

holds true. Then for arbitrary g, we can evaluate

Hence, the eigenvalue λk and the family {fk,l} are solutions to (5.17). On the other hand, 

suppose that the pair (λ, f) is a solution to (5.17) and f = fk,l, λ = λk for all k and all l.



Then W T f has the form

We evaluate

From Equations (5.17) and (5.18), we obtain the spectrum {λk }k∞=1, but the controls we 

obtain may not correspond to a biorthogonal family, or even be linearly independent. We 

thus provide the following algorithm to construct families of controls that correspond to 

biorthogonal families of eigenfunctions.

Theorem 5.19 (Algorithm 1).

(1) From the response operator, RT , construct the connecting operator, C T by (5.14) or

(5.16).
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Using spectral controllability, we take g = gr,s such that W#T gr,s = ψr,s for each r ∈ N and 

1 ≤ s ≤ Mr . Plugging this in the right hand side of the above equality yields ak,l = 0 for all k 

and all l and hence we obtain a contradiction. As a result, we have proved the theorem. □

Similarly, we obtain a generalized spectral problem for A*:

Remark 2. The spectrum of A* and (non-normalized) controls {gk,l} are the spectrum and 

the eigenvectors of the following generalized spectral problem:



(2) Solve Equations (5.17) and (5.18) and obtain the spectrum {λk }k∞=1 and for each k, 

obtain the maximum number of solutions {fk,l } and {gk,l} that are each linearly in

dependent in the space Fτ = Fτ\kerCτ. We'll denote the maximum for each k by 

Mk.

(3) Reorder {fk,ι} and {gk,ι} such that (Cτfk,ι,gk,ιb'; = 0 and scale fk,ι such that (Cτfk,1,gk,1) = 

1.

(4) For each k and j = 2, . . . , Lk, for j ≤ l ≤ Lk, we iteratively update
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and scale fk,j such that (Cτfk,j, gk,j)FT = 1.

(5) Similarly, for each k and j = 2, ..., Lk, for j ≤ l ≤ Lk, we iteratively update

and scale gk,j such that (Cτfk,j, gk,j)FT = 1.

By using this algorithm, we obtain new families of controls {fk,ι} and {gk,ι} such that 

for each k ∈ N and 1 ≤ l, j ≤ Lk, we have

as desired. We note that the corresponding eigenfunctions may be different than {φk,ι} and

{ψk,ι}, so we denote these new eigenfunctions by



In particular, the response operator recovers the traces of these eigenvectors given their 

corresponding controls. These formulas motivate the following.

Definition 5.20. The set
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Hence, we obtain a different biorthogonal family of eigenfunctions, {φk,l}, {ψ⅛}. In addition, 

we observe

is called spectral data of System (5.1).

Hence, we propose the following method to calculate spectral data for System (5.1):

Theorem 5.21 (Algorithm 2).

(1) Use Algorithm 1 to obtain the spectrum {λk } k∞=1 and controls {fk,l}, {gk,l} for k ∈ N, 

1 ≤ l ≤ Lk.

(2) Recover traces of eigenfunctions by using the response operators RT and RT# .

5.5 The Spectral Problem and Recovery of the Spectral Data in the General Case

The goal of this section is to obtain a result similar to Theorem 5.18 in the case where 

root vectors are present. In particular, we will construct generalized spectral problems from 

the spectra of A and A* and the controls {fkjι}, {gkl)}. We will also show that from these 

problems, we can obtain the spectra of A and A* and normalized controls. We begin with 

the following lemma.

Theorem 5.22. For System (5.1), the following are true:



1. For each k ∈ N, 1 ≤ l ≤ Lk , the eigenvalue λk and the chain of controls {fk(,jl)}jJ=k,1l are 

solutions of the following generalized spectral problem:

Proof. Observe that

We then obtain the first equation of (5.19). We now let 2 ≤ j ≤ Jk,l and evaluate
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2. On the other hand, if λ and the chain {f (r)}rM=1 are solutions to (5.19), then there 

exists k ∈ N such that λ = λk and for each 1 ≤ r ≤ M , f (r) is a control such that
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This yields the second equation. Hence, for each k ∈ N, the chain {fk(j,l) } with eigenvalue λk 

is a solution to the system of equations (5.19).

Analogously, we have the following equations for A*:

We will now consider the other direction. Let λ be an eigenvalue and f(1),..., f(M) be a 

corresponding chain of functions that solve (5.19). For f (1), let

We now observe

After reordering terms, we obtain the following equation.

We again use spectral controllability of the system and see that for every k ∈ N where 

λ = λk, αj) = 0 for all l and j. In the case where λ = λk, then there is 1 ≤ l ≤ Lk such 

that a(kj,l) = 0 for 2 ≤ j ≤ Jk,l and a(k1,l) is arbitrary and nonzero. So f (1) is a (non-normalized) 

control that drives System (5.1) to the state φ (k1,l) . We will denote a(k1,l) by α1 and express



and let k ∈ N be such that λ = λk . We evaluate

For each p ∈ N with λp = λk, the corresponding summand has the form

Using spectral controllability and choosing we conclude that

a(ps,r) = 0 for all 1 ≤ r ≤ Lp and all 1 s Jp,r. However, for the case λp = λk, if r = l, the

corresponding summand has the form

and if r = l we have
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Using spectral controllability yields the following results:
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Hence, has the form

So, we obtain solutions to the generalized spectral problem,

1 ≤ j ≤ Jk,l that are controls to linear combinations of the chain of root vectors,

associated to λk. Similarly, for the generalized spectral problem associated to the adjoint

system, we obtain controls such that

As an example, suppose that Jk,l = 3, then the controls



Our goal now is to construct a new family of controls corresponding to root vectors of A 

and A* that are biorthogonal in Ht from the controls {.∕k'j }, {gj }∙ We first investigate the 

properties of the control functions.

Lemma 5.23.

Proof. We evaluate

This lemma has two main applications. First, it shows the connection between the 

controls in { fkjl) } , in particular, it provides a strategy to inductively construct a biorthogonal 

family. The second is
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Here, we recall that the controls are from



Proof. Using the previous lemma, we observe

We will demonstrate how to construct controls that produce a biorthogonal family. Sup

pose that we have solved (5.20) and obtained {gk(j,l)} for some k ∈ N, some 1 ≤ l ≤ Lk , and 

all 1 ≤ j ≤ Jk,l. Let fk1 be a solution to the first equation in (5.19). We then obtain fk?

by the rule

Lemmas 5.23 and 5.24. We then use f(? to solve (5.19) and obtain f^. We construct fk2

by the rule

We define two new collections of root vectors
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and definebe the solution obtained fromWe will now proceed iteratively. Let

by

In this way, we obtain a new collection such that



where

We note that this is a biorthogonal family and each collection is also a Riesz basis in HT . 

To recover spectral data of System (5.1), we propose the following method:

Theorem 5.25 (Algorithm 3).

(1) From the response operator, RT, construct the connecting operator, CT , by (5.14) or 

(5.16).

(2) Solve the generalized spectral problems (5.19) and (5.20) to obtain the spectrum {λk }k∞=1 

and controls {fk(,jl) }, {gk(j,l)}, for k ∈ N, 1 ≤ l ≤ Lk , 1 ≤ j ≤ Jk,l . In particular, we obtain 

controls {fkι}, {g((1/} that are each linearly independent in the space Fτ = Fτ\ ker Cτ .

(3) Reorder the eigenfunctions such that the chains { fk(,jl) } and { g k(j,l) } have the same size 

for each k ∈ N and each 1 ≤ l ≤ Lk and (Cτfkι , gk^Ff = θ∙ We then scale f1 such 

that (Cτfk(,11), gk(1,1))FT = 1.

(4) Apply steps (3)-(5) from Algorithm 5.19 to obtain {fkι} and {g^1ι*}.

(5) Iteratively solve (5.19) using f-1 to obtain fj and construct fj by the extension 

of(5.22):
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(6) Recover traces of eigenfunctions and root vectors by



We denote the set

as spectral data for System (5.1).

5.6 Dynamical Inverse Problem for the Non-self-adjoint Matrix Schrodinger Operator on

an Interval

We now consider the problem of recovering a non-self-adjoint matrix potential Q of Sys

tem (5.1). We implement Algorithm 3 to obtain spectral data, {λk, Φ(kj,l), Ψ(kj,l)}, for System 

(5.1).

To recover the matrix potential, we construct the auxiliary wave system 

with response operator (RwT f )(t) := wf(0, t). Similarly, we also consider the associated wave 

system with matrix potential Q* and we'll denote its solution by w# (x, t). We also introduce 

the connecting operator, CwT , as the scalar product of the corresponding solutions of these 

two wave system, as we did in (5.13). Our next step is to express CwT in terms of the spectral 

data we obtained from (5.1). Using the Fourier method, we represent the solution, w(x, t), 

in the form
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where

Similarly, we denote w#g (x, t) to be the solution to the adjoint wave system with the repre

sentation

where

From here, we compute 

and define b(k0,l) (t) ≡ 0, c(k0,l) (t) ≡ 0. Hence, CwT is completely determined by the spectral data.

Now we follow the scheme developed in Avdonin and Belishev [1996]; Avdonin et al. [1991] 

for the vector wave equation. Let yj (x) be the solution to the boundary value problem
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where ej is the j-th standard basis vector in CN . Let pjT be the control function such that

For any g ∈ C0∞((0, T); CN), we have

In the previous calculation, we use that for g ∈ C0∞([0, T ]; CN ), the function w#g and its 

derivatives are equal to zero at x = T . Hence, the function pjT satisfies the equation

Since CwT is boundedly invertible, this equation has a unique solution, pjT ∈ FT , for any

T ≤ I. Moreover, it can be proved that pj ∈ H 1((0,T); Cn) and

(see, for example, Avdonin et al. [2002, 2005]). From (5.28), wpj (T-0, T) = yj(T) and thus
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The matrix M(T ) is invertible except for finitely many points (see Avdonin et al. [1991]) 

and from (5.27) we obtain

Q(T) = Mzz(T)M-1 (T).

By varying T in (0,l), we obtain Q(∙) in that interval. For the finite number of times that 

M(T) is singular, we recover Q(T) by continuity. This completes the process of recovering 

the non-self-adjoint matrix potential Q on an interval.

5.7 Additional Comments

In this work, our inverse data, the response operator RT described in (5.2), is a Neumann- 

to-Dirichlet (N-D) mapping. Our approach can be extended to the Dirichlet-to-Neumann 

(D-N) mappings, which are also common in dynamical inverse problems. It is well-known in 

Gelfand-Levitan theory that D-N mappings may cause additional difficulties. In particular, 

there is a loss of smoothness: using L2(0, T) Dirichlet controls yields H-1(0,l) solutions. For 

wave systems, this problem is not an issue (see, for example, Avdonin and Belishev [1996]; 

Avdonin et al. [1991]). In the case of Schrodinger systems with D-N mappings, even the 

one-dimensional case has issues (see Avdonin et al. [2005]). However, in that paper, the 

authors observed that although the control operator maps L2(0,T) controls to H-1(0,l) 

solutions, using controls from Hq(0,T) will yield solutions from Hθ(0,l). This observation, 

along with additional adjustments including the introduction of bilinear forms rather than 

inner products, made solving the inverse problem possible. In the same way, using the results 

in this paper with the observations from Avdonin et al. [2005] provide the basic framework 

for solving the D-N inverse problem.
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μj∙ (T) is twice differentiable with respect to T. We then construct the N × N matrix M(T) 

by
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Chapter 6: Introduction to Internal Controllability of the Beam Equation with Structural 

Damping

The third work, “Internal Controllability of the Beam Equation with Structural Damp

ing,” began as a new pro ject with guidance from Dr. Sergei Avdonin. In this paper, 
∂2

we consider a beam equation with structural damping. Let A = . . with domain∂x2

D(A) = H2(0,π) ∩ H01(0,π). Let a > 0, 0 < α < 1, T > 0. Let ω be an open subset

of (0, π). We consider the following system: 

where f ∈ L2(ω × (0, T )) and (u0,u1) ∈ H01(0,π) × L2(0,π). Our objective is to prove the 

null controllability of this system with respect to the value of α.

A more general version of this system was studied in Edward [2006]. In it, the author 

proves null controllability for 0 ≤ α < 1/4. To do so, Ingham-type inequalities were used and 

a restriction on α was required for the proof. The goal of this project was to approach the 

problem with a different method in order to extend the result for 0 < α < 3/4. Although we 

are studying a less general version of the system, our result can be extended to the system 

used by Edward in his work.

The approach used in this project is to derive the adjoint observation system and obtain 

an observation estimate. The existence of an observation estimate is equivalent to the null 

controllability of the original system. However, in order to derive the observation system, 

we require an integration by parts (IBP) formula for the fractional Laplacian operator. 

Therefore, it is necessary to derive the IBP formula before anything else. Much interest has 

gone into the study of the fractional Laplacian, and thanks to the works Kwasnicki [2017];
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Guan and Ma [2〇〇6]; Guan [2〇〇6], we were able to obtain the formula.

The rest of the work is centered around deriving the observation system and obtaining 

the observation estimate. The approach we used involves use of the eigenvalues and eigen

functions of the system, and more specifically, the asymptotics regarding the eigenvalues. 

Some of this work had already been done, however, there were some discrepancies and many 

of the proofs were unavailable. Therefore, I edited and proved the claims as required. A con

sequence of our approach is that we require specific conditions regarding these eigenvalues, 

and this is where our restriction of 〇 く a く 3/4 appears. It is by the Blaschke Condition 

(see Avdonin and Ivanov [1995] for reference) that if a > 3/4, our approach fails as the 

associated eigenfunctions fail to be minimal.

To obtain the necessary estimates, we split our problem into three simpler estimates. 

Two of the estimates were easy to determine and relied on simple mathematic properties. 

The third estimate, however, requires the work of Seidman et al. [2〇〇〇]. The authors develop 

an operator that maps functions to sequences, and note that continuity of this operator is 

related to a “separation condition” of their exponents. It is in large part due to this result 

that we were able to produce the necessary estimate to complete our work.
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Chapter 7: Internal Controllability of the Beam Equation with Structural Damping

Abstract

We consider an internally controlled structurally damped beam equation in one 

dimension. We study the problem of null controllability of this system and how it 

relates to the coefficient α.

7.1 Statement of the Problem and Main Result

The main result is

Theorem 7.1. For 0 ≤ α < 3/4, System (7.1) is null controllable. In other words, given

(u0 , u1 ), there exists f such that the corresponding solution u satisfies

This system was studied in a more general case in Edward [2006] and null controllability 

was proved for 0 ≤ α < 1/4. In that paper, the author used Ingham-type inequalities and 

restricting α was necessary in the proof. In this paper, we will use a different approach based

Single author work that has not been submitted
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Let ω be an open subset of (0, π ). We consider the following system:



on Seidman et al. [2000] to extend the result for 0 ≤ α < 3/4. Even though we consider a 

slightly simpler model, our result can be extended to the case in Edward [2006].

Many systems similar to ours have been studied. The case where f ≡ 0 is the one

dimensional version of the mathematical model for linear elastic systems with structural 

damping (see Chen and Russell [1982]). Null controllability for arbitrarily small time T for 

the undamped system (a = 0) was proved in Krabs et al. [1985] for boundary control and in 

Zuazua [1987] for control as in (7.1). In Lasiecka and Triggiani [1998], the authors proved 

null controllability for the abstract system
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where A is a strictly positive, self-adjoint unbounded operator with compact resolvent and 

the control u is distributed throughout the interval (0, 1). The result was extended to 

0 ≤ α < 1/2 in the followup papers Avalos and Lasiecka [2003]; Triggiani [2003].

Our approach will be to derive the adjoint observation system and obtain an observation 

estimate. To do this, an integration by parts formula for the fractional Laplacian is necessary. 

The rest of the paper is as follows. Section 7.2 will study the integration by parts formula for 

the fractional Laplacian A2α . In Section 7.3, we will derive the adjoint observation problem 

and obtain the associated exponential family. We will prove Theorem 7.1 in Section 7.4 and 

conclude the paper in Section 7.5.

7.2 Integration by Parts formula for the Fractional Laplacian

For 0 < α < 1, we consider the fractional Laplacian Aα . The fractional Laplacian has 

multiple equivalent characterizations, which have been noted in Kwasnicki [2017]. Fractional 

Laplacians have become an important tool for complicated mathematical models to accu

rately describe complex anomalous systems. We provide two equivalent definitions for the 

fractional Laplacian.



Definition 7.2. The Riesz (or integral) definition of the fractional Laplacian is given by

where the constant C(d, α∕2) is given by

and p. v. denotes the principal value of the integral.

Definition 7.3. Let {φn}n∞=1 be the normalized eigenfunctions of the operator A with cor

responding eigenvalues n2. The spectral definition of the fractional Laplacian is defined 

through eigenfunctions by

In addition, we also introduce the regional fractional Laplacian:

Definition 7.4. The regional fractional Laplacian is defined by

where C(d, α∕2) is the same as in Definition 7.2.

The connection between the Riesz fractional Laplacian and the regional fractional Lapla-

cian is given by

Our goal is to obtain an integration by parts formula for the fractional Laplacian. Let 

u(x, t) be a solution for System (7.1) and we will represent u with its Fourier representation
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We fix N ∈ N define u(x, t) to be an approximation of u by

and hence Aαu(∙,t) ∈ C2(0,π). It follows from Theorem 1.2 in Guan [2006] that

and
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Let v(x,t) be such that v(∙,t) ∈ C∞(0,π). By Proposition 2.2 in Guan and Ma [2006],

A(α0,π)v exists and is continuous. We observe that

Returning to the fractional Laplacian, we observe



Thus, by a density argument, we obtain the desired result:

7.3 Adjoint Observation Problem and Fourier Representation of the Solution

With the result of Section 2, we can now derive the adjoint observation system. Let 

v(x, t) be a sufficiently smooth function such that 

and

Starting with System (7.1) and using integration by parts,
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with

We present the adjoint observation system.

where (v0, v1) ∈ D(A) × L2(0, π). The observation problem is to prove the existence of C > 0, 

independent of the v0 and v1 , such that

The solution v(x, t) can be represented in the form 

for each n ∈ N, where c0n , c1n are the Fourier coefficients of v0 (x) and v1 (x), respectively. To 

present the solution of (7.7), we consider the equation 

and we denote its zeros by λn± , where
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Substituting this into System (7.5) yields



It's easy to check that for α = 1/2,

For α = 1/2, we provide the asymptotics of the zeros.

Proposition 7.5. For λ defined in (7.8), the following asymptotics are valid.
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Proof.

1. We observe



and

2. We observe

It is easy to determine that the solution of System 7.1 has the form

where
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At this time, we introduce the set K = {±1, ±2, ±3, . . .} and define the following:

and r-n = rn, φ-n (x) = φn(x). We can then represent v in the form:

At this time, we address the reason behind restricting 0 ≤ α < 3/4. If we consider 

the exponential family {e-λnt} κ and define μn = iλn, then we obtain the alternative

It is a well-known result (see Avdonin and Ivanov [1995]) that minimality of the family (7.11) 

in L2(0, ∞) is equivalent to the set {μn}n∈κ satisfying the so-called Blaschke condition:

However, in light of our study of the asymptotics of λn and consequently μn, the Blaschke 

condition holds for 0 ≤ α < 3/4 and doesn't hold for α ≥ 3/4. In particular, the Blaschke 

condition fails for the subfamily {μ-n}n∈N∙ This implies that a subset of the exponential 

family (7.11) is not minimal in L2(0, ∞). It follows that the exponential family is not minimal 

in L2(0, T) for any finite T > 0.
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7.4 Controllability

It is well-known that to prove exact null controllability of System (7.1), it is enough to 

prove the following observation estimate: 

where C > 0 is a constant that may depend on ω and T . We will prove the stronger result 

that it is enough to use an open interval O ⊆ ω . Hence, it remains to determine C > 0 such 

that

We make the following observations. Note that 

and

From the asymptotics of λn, ∣λn∣ ≤ ∣n3∣ and hence
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Next, we choose 0 < δ < T . For any such δ , we can find C1 > 0 such that

for all n ∈ K.

For the next part, we consider the operator BT ,δ defined by

and recall that μn = iλn. We will investigate the continuity of Bτ,δ as it is directly related 

to the exponential family associated to {λn}n∈K (see [Seidman et al., 2000, Section 6]). The 

following lemma can be proved as a special case of Theorem 1 in Seidman et al. [2000]:

Lemma 7.6. Consider μn = im1np + m2nq with m1 > 0, m2 ∈ R, and p,q > 0 with 

r := max{p, q} > 1. Then there exists a constant C2 > 0 that depends on r, T and δ such 

that
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where

Proof. Let ν(s) = ε1s1^r for some ε1 > 0. In addition, we observe



for some ε2 , ε3 > 0. Let ε > 0 and define

Next, we calculate the functions q(s) and β (s),

for some ε4 , ε5 > 0. It follows from (2.11) in Seidman et al. [2000] that

and the lemma is proved by their Theorem 1 with

In particular, we obtain
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We also note that there exists C3 > 0 such that the following holds for all n ∈ N: 

where L is the length of the interval O . We can now prove the observation estimate. We 

observe the following:

Hence, the observation estimate is proved, and equivalently, Theorem (7.1) is proved.

7.5 Concluding Remarks

In this paper, we have improved the result of Theorem 3A in Edward [2006] to 0 ≤ α < 

3/4. Most importantly, our result holds for arbitrary open subsets ω . For 3/4 ≤ α ≤ 1, the 

exponential family we use is no longer minimal in L2 (0, ∞), and it can be proved that the 

system is not null controllable for arbitrary open sets ω. The proof is based on the results of 

the paper Avdonin and Seidman [2002]. Certainly, the system may be null controllable for 

sufficiently large ω, and it is null controllable for all α ∈ [0, 1] if ω = (0, π ) (see Lasiecka and
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Triggiani [1998]; Avalos and Lasiecka [2003]; Triggiani [2003].
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Chapter 8: Conclusion and Future Work

In this work, we have solved the boundary control problem for two different PDE sys

tems and partially solved the internal control problem for another PDE system. For the first 

system, we developed an algorithm to construct a biorthogonal family from the underlying 

operator regardless of the coupling matrix. The approach in developing this algorithm was 

again used to solve the inverse problem for the second system, namely in extracting spectral 

data from the system. In short, even though these two systems are very different, both math

ematically and physically, their solutions contain many similarities due to the intermediate 

steps involved.

The main result of Chapter 3 presents a very general controllability space, and we demon

strated a situation in which the space can be further refined. However, the example presented 

is still small in scale, and it remains to be investigated if we can extend this refinement for 

systems with more wave equations. Another direction to extend this problem is to consider 

wave equations in Rd, i.e., multi-dimensional wave equations. We can also consider the case 

where the coupling matrix A is not constant, and instead depends on either x or t.

As noted in Chapter 5, the solution to the inverse problem presented considers the 

Neumann-to-Dirichlet mapping for the response operator. As it was mentioned before, our 

work can be extended to the Dirichlet-to-Neumann mapping with proper modifications . It 

would also be interesting to use the techniques and approaches in the article to address 

different types of PDE systems.

Chapter 7 presents a positive result for the coefficient 0 < a < 3/4 with arbitrary open 

subsets e. It is our goal to characterize internal controllability for 3/4 < a < 1 in the future.
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