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Abstract
A synthetic spectrum of the N2 Vegard-Kaplan (VK) bands is developed for dayglow con
ditions at thermospheric altitudes. Due to the change in electron spin, the A3E+ state is 
metastable (lifetime«2-3 s.) and excited from the ground state primarily by photo
electron impact. Cascade from higher-energy triplets contributes to the E+ population 
and, due to its long lifetime, losses due to quenching are significant. Because of quenching, 
the VK bands were the last of the major N2 emissions to be observed, as is explained in an 

historical review of the work of Vegard and Kaplan.
Taking as inputs the solar soft x-ray measurements of the Student Nitric Oxide Explorer 

(SNOE), the model computes steady-state, ro-vibrational E j populations and generates 
the synthetic VK spectrum in Rayleighs. Comparison with observations is hampered by a 
lack of VK data for days within the SNOE mission (1998-2003). As such, model results for 
a day in 1999 are compared with VK observations from 1992. The error is within 50% for 

altitudes below 150 km, above which it steadily decreases to 8% at 280 km. These errors 
are reasonable considering the unknown solar conditions of the 1992 observations.
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A new band system of N2 has been discovered. These bands correspond to 
some of the members of the so-called e-series observed by Vegard in the lumines

cence of solid nitrogen and also recently in the spectrum of the Aurora Borealis. 
This is the first time these radiations have been reported in gaseous nitrogen.

-Joseph Kaplan [1933]

According to the interpretation of the e-system given in previous papers, this 
band system results from an electronic transition towards the normal [ground] 
state of the N2 molecule from an upper metastable level which is most probably 
identical with the bottom level of the electronic transition which produces the 1st 
positive group of nitrogen. This metastable level is usually called A.

-Lars Vegard [1933]
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Chapter 1

Introduction

The quotations on the previous page announced the discovery of the Vegard-Kaplan (VK) 
band system (Vegard’s e-series) of molecular nitrogen. In stark contrast to the discovery 

of, say, Rontgen’s x-rays, the penetrating power of which came as a complete shock to the 
optics community at the turn of the 19th century, the VK bands had been assumed to 
exist long before they were observed and classified in the 1920’s and 1930’s. Their definitive 
identification resulted from the patient experimental work of Vegard and Kaplan, work that, 
unlike Rontgen’s, is best viewed as a direct extension of the contributions of many previous 
scientists. Although x-rays (as produced by the sun instead of Rontgen’s cathode ray tube) 
are an important part of this thesis, no results comparable to the magnitude of Rontgen’s 
discovery are here claimed. Rather, this thesis is more similar to the work of Vegard and 
Kaplan in that i) it synthesizes and slightly extends the results of several previous works 
on the same subject, and ii) patience, so much patience, has been needed to finish it.

The goal of this thesis is to model the VK spectrum as it appears in the upper at
mospheric region known as the thermosphere. The spectral distribution of light produced 
when a molecule decays from an excited state is known as its spectrum. When the spectrum 
of a molecule is analyzed, the light is found to be distributed at approximately constant 
wavelength intervals, though the intensities may differ (see Figure 1.1). These progressions 
are known as band systems, and they arise from the different vibrational states the molecule 
may be in before and after a transition between electronic levels. The study of these spectra 
is the domain of the field known as spectroscopy, under the purview of which falls the work
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discussed in this thesis.
The VK spectrum is composed of the light emitted in the transition from the A electronic 

state of N2 to its electronic ground state, generally denoted by X. The A state is thus the 
upper level of the VK transition. Also, it is the lowest energy N2 excited electronic state, 
because of which many higher energy excited N2 states decay to the A state. The vast 
majority of the light comprising the VK spectrum is in the ultraviolet, predominantly the 
near ultraviolet (~  300 nm), but the emission ranges from the far ultraviolet (~  150 nm) 
all the way into the red. Figure 1.1 shows an observation of the VK dayglow spectrum in 

the range 2500 A to 3100 A, where 1 nm=10 A.

Figure 1.1. Observed dayglow Vegard-Kaplan spectrum. From Cleary et al. [1995].

The basic causal sequence modelled in this thesis can be represented by the following 
chain of events. Short wavelength solar radiation,(i.e. x-rays and ultraviolet light) impinges 
on Earth’s thermosphere ionizing ground state N2, O2, and O, and thereby producing pho
toelectrons. These photoelectrons then collide with other ground state molecules, exciting
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in N2 the A and higher lying states. These higher states then rapidly decay to the A state, 
increasing its overall population, while the A state itself, because it is a forbidden transition, 
slowly decays to the ground state. The photons comprising the VK spectrum are emitted 
in this latter decay, the spectrum of which is then observed by a satellite- or rocket-borne 

instrument.
This causal chain has been represented from the initializing photoelectron collision with 

ground state N2 through observation of the VK spectrum by means of a computer-coded 
model. The fundamental inputs to this code are the neutral atmosphere, provided by 
the MSIS-90 algorithm for the neutral thermosphere [Hedin, 1991] and the 2-20 nm solar 
soft-x ray measurements of the Student Nitric Oxide Explorer satellite (SNOE) [Bailey et 
al., 2000]. Using these inputs, the photoelectron distributions are generated by the glow 
photoelectron model [Solomon et al. 1988; Solomon and Abreu, 1989; Bailey et al., 2002], 

from which the computer-coded model calculates the VK spectrum.
Such computationally generated spectra are typically referred to as synthetic spectra. 

The VK synthetic spectra has previously been modelled by UAF’s own Degen [1982], Hill 

[1999], and probably others as well. “Why is it being done again?” , some may ask. The 
short answer is that Degen’s model needs a VAX machine to be compiled, and Hill’s model 
has a bug. The “previous results” mentioned in the first paragraph refer overwhelmingly 

to these two works.
The VK system is a member of the general class of electronic transitions known as 

‘forbidden’ , all of which have lifetimes much longer than ‘allowed’ transitions. The long 

lifetime of the metastable A state enables the excited N2 molecule to take part in several 
chemical processes in the atmosphere, the most famous of which is its reaction with atomic 
oxygen. In the night sky, this reaction is responsible for the excitation of ground-state O 
and the metastable decay that produces the green 557.7 nm line of the aurora. That the 
auroral green line could be produced by the transfer of energy from a metastable species 
to atomic oxygen was first demonstrated by McLennan and Ireton [1930] using metastable 
argon atoms, while Kaplan [1936] showed that the green line could also be produced by the 
chemical reaction between N2(A) and O. Such chemical reactions result in a depopulation 
of the A state before it is able to radiate. This process is known as quenching, and it is 
primarily because the A state is so readily quenched that the VK system took so long to
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be discovered, a subject to which attention is now turned.

1.1 Discovery of the Vegard-Kaplan bands

By the 1920’s the spectrum of nitrogen had been studied for more than thirty years, dat
ing back to Deslandres’s [1887] discovery of nitrogen’s first negative, first positive, and 
second positive band systems.1 Lewis [1900] had previously shown that when bombarded 
with cathode rays (electrons) in a vacuum tube, nitrogen emitted a beautiful glowing phos

phorescence, with the glow remaining visible for several minutes after termination of the 
cathode-ray beam. In a series of two five-part papers in the 1910’s, Strutt (Lord Rayleigh 
IV) extended Lewis’s work, discovering the fourth positive nitrogen emission [Fowler and 
Strutt, 1911], demonstrating the chemical activity of Lewis’s glowing nitrogen [Strutt, 1911], 
and naming the unknown species responsible for this glow “active nitrogen” [see Rayleigh, 
1924]. The glow itself became known as the Lewis-Rayleigh (LR) afterglow, and because 
nitrogen was known to be such a prominent atmospheric species, the hypothesis that the 
beautiful colors seen in the LR afterglow were somehow related to those of the aurora was 

on the minds of many scientists.
Building on the experimental foundation provided by Lewis and Strutt, throughout the 

1920’s Birge and others discovered several new band systems in the LR afterglow, yet the 
reason for the glow itself remained unclear. By the middle 1920’s the existence of a low- 
lying metastable state of nitrogen was suspected, but the failure to observe emissions from 
this state were puzzling. This state turned out to be the A state, and the reason the VK 
emissions it gives rise to were not observed until the 1930’s was twofold. First, removing 
non-nitrogen species, particularly oxides, from laboratory vacuum tubes was difficult, which 
provoked Lewis [1913, p.832] to remark, “I am not convinced that anyone has ever worked 
with nitrogen free from oxygen.” These oxides would quench the A state before it was able to 
emit its spectrum, the mechanism for which was indicated by Saha and Sur [1924]. Second, 
even with the purest N2, the spectrum arising from decay of the A state was unobserved 
because of diffusion to, and quenching at, the walls of the laboratory tube. The discovery

'Deslandres also “discovered” the third positive nitrogen system, suggesting they were due to the com
bination of nitrogen and oxygen. As Lewis [1904] insinuated, Birge [1924b] claimed, and Sponer [1926a] 
demonstrated, they were not a nitrogen system at all, but rather the N O  7  system.
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of the VK bands would have to wait until two clever experimentalists, Lars Vegard and 
Joseph Kaplan, were independently able to devise ways to excite the A state, but prevent 

it from being quenched.
Because so many scientists had studied the LR afterglow, individual lines of the VK 

spectrum had presumably been observed, albeit unidentified, prior to Vegard’s observations 
of what he called the e-series. By bombarding solid nitrogen with electrons, Vegard saw 
the same phosphorescence as that of the LR afterglow, and his data were comprehensive 
enough that he was able to identify the VK e-series as a band system of nitrogen, and 
give an empirical formula for predicting the wavelengths [Vegard, 1926]. Because chemical 
activity and quenching are so drastically reduced at these cold temperatures, Vegard was 
able to record the wavelengths of 111 bands of the VK e-series [Vegard, 1934], in addition 
to what he believed to be the auroral green line. Based on his work with solid nitrogen, 
Vegard [1924] had drawn the conclusion, reasonable in light of then available knowledge of 
the upper atmosphere, that “the typical auroral spectrum is emitted from solid nitrogen.” 
Having observed the VK e-series in both solid nitrogen and the auroral spectrum, and 
believing that the auroral green line was produced by solid nitrogen, this conclusion seemed 

well supported.
A more plausible explanation was provided by the patient experimental work of Kaplan, 

who was the first to identify the VK spectrum in gaseous nitrogen, a known component 
of the upper atmosphere. Studying the LR afterglow, he overcame the A state quenching 
by filling a vacuum tube with pure N2 and running it through an electrical discharge for 
several days. Only then did he begin his study of the LR afterglow [Kaplan, 1932]. Through 
this prolonged discharge process, a layer of nitrogen had been adsorbed onto the glass walls 
of the tube. Thus the A state molecules were effectively confined within a chamber whose 
walls were made only of nitrogen. By not being deactivated at the tube walls, they were 

thereby able to radiate.
Kaplan, however, was reluctant to assign these emissions to the A state, thinking rather 

that they were due to another, previously undiscovered, electronic state of nitrogen [Kaplan, 
1934a]. Aware that Vegard had shown in 1930 and 1932 [see Vegard, 1934] that the decay of 
the A state to the ground state produced the e-series, Kaplan saw that his own formula for 
his own observations differed from Vegard’s formula. There were two reasons for this, the
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first being that he, like many others, had assumed that Sponer’s [Sponer, 1926b] measured 
value of the A state excitation potential was correct, when, in fact, it was 25 % too high. 
Second, as shown by Peyron and Broida [1959], the wavelengths of the VK bands in solid 

nitrogen are shifted by between 1 and 3 nm (i.e. 120-140 cm-1 ).
Upon the suggestion of the distinguished spectroscopist Herzberg, Kaplan revised his 

equation for the energy levels of the A state, and showed that most of the experimentally 
determined wavelengths of Vegard’s e-series were derivable. It would be two years from 
his first identification of them before Kaplan was finally convinced that the bands he had 
observed in this tube were in fact the long sought after VK bands [Kaplan 1934b]. 2

In November 1934, Vegard [1934] referred to his e-series as the “Kaplan bands” . Almost 
immediately thereafter, the phrase “Vegard-Kaplan bands” first appears in the literature 
in the form of the abstract of Kaplan’s presentation to the December 1934 meeting of the 

American Physical Society in Los Angeles [Kaplan, 1935]. As Barth [2005] says, Kaplan 
named the Vegard-Kaplan bands at this meeting, putting Vegard’s name first because he 

was older.
As were Vegard and Kaplan, most other investigators since the 1930’s have been con

cerned with the VK spectrum as it appears in the aurora, but the same excitation process, 
that of electron impact, is also responsible for the production of the VK spectrum in the 
sunlit atmosphere. These so-called dayglow studies of the VK bands are a relatively recent 
addition to the literature, originating largely in the 1960’s with the work of Barth, himself 
a student of Kaplan at UCLA. A general overview of the dayglow, the thermosphere, and 
the model that has been constructed for the VK spectrum comprises the remainder of this 

introduction.

1.2 The thermosphere

Composed primarily of N2, O2, and O, the thermosphere refers to the part of the neutral 
atmosphere at altitudes approximately 90 km and higher. During the daylight hours, energy 
is continually being deposited into the atmosphere by the absorption of solar radiation. 
Much of the energy in the ultraviolet and shorter solar wavelengths is absorbed by the

2For an excellent biography on the life of Joseph Kaplan see W .W  Kellogg and C .A . Barth, Joseph 
Kaplan, September 8 ,1902-October 3, 1991, http://books.nap.edu/htm l/biom em s/jkaplan.htm l.

http://books.nap.edu/html/biomems/jkaplan.html
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atoms and molecules in the thermosphere, producing a broad region of ionized plasma (the 
ionosphere) and a general heating of the thermosphere with increasing altitude, as can be 

seen in Figure 1.2. Hence its name (i.e. thermo=heat).

Figure 1.2 shows the temperature of the three major thermospheric species and the 
densities, which fall off with increasing altitude in accordance with species mass. Because 
it is so light relative to N2 and 0 2, the density of atomic oxygen decreases much slower 
than that of the other two major species. Above approximately 120 km, the density of O 
surpasses that of 0 2. Above about 200 km, atomic oxygen is more plentiful than even N2 

which, here on the ground as well as when the atmosphere is considered as a whole, is by 
far the most populous species. This is why Earth is said to have a nitrogen atmosphere.

50

106 108 1010 1012 1014 1016 0 200 400 600 800 10001200

Density (c m -3 ) Tem perature (K)

Figure 1.2. Typical thermospheric density and temperature profiles for N2, 0 2, and O. 
From MSIS-90.



1.3 Photoelectrons in the dayglow

The light emitted by Earth’s atmosphere when illuminated by the sun is the thermospheric 
dayglow. It is produced primarily by the absorption of solar radiation. Blue skies and red 
sunsets are atmospheric processes resulting from the scattering of solar radiation and are 
not usually considered dayglow phenomena. The process of concern to the production of 
the VK spectrum is the deposition of the solar radiation through absorption.

When an electron in a molecule absorbs a photon one of three things can occur. First, 
the molecule may be dissociated into its constituent atoms. Dissociation of 0 2 is the main 
process by which thermospheric atomic oxygen is produced, but dissociation plays no role 
in the VK spectrum, unlike the other two processes, excitation and ionization.

In the process known as excitation, the electron absorbs the photon, but remains bound 
within its molecule (or atom), placing the molecule in an excited state (e.g. N2*). Eventu
ally, the molecule must return to the ground state, and the energy contained in the excited 
state is emitted as a photon. For N2, this decay from the first excited state to the ground 
state is what generates the VK spectrum. Such emissions constitute the proper definition 
of airglow. However, because it is a forbidden transition, it is exceedingly difficult to excite 
the VK system through photon absorption. Instead, excitation of the A state, and of the 
more energetic states which decay to the A state, is accomplished through collisions with 

energetic photoelectrons, themselves produced by ionization.
Ionization occurs via the photoelectric effect. Photons in the short-wavelength portion of 

the solar spectrum are absorbed by electrons in atmospheric atoms and molecules, and the 
electrons are ejected from the newly ionized molecules. The minimum wavelength photons 
needed for ionization of N2, 0 2, and O are 79.6 nm, 102.6 nm, and 91.1 nm, respectively, 
corresponding to 15.5 eV, 12.0 eV, and 13.6 eV. Since the A state is 6.23 eV above the ground 
state, only photoelectrons with an energy greater than 6.23 eV can, through collsions with 
ground state N2, produce the A state. This means that the ionizing photon must have 
at least 12.0 +  6.23« 20 eV of energy (i.e. wavelength < 60 nm) to be relevant to the 
VK spectrum. Photons with wavelengths between 2 nm and 60 nm are in the extreme 
ultraviolet (EUV) and soft x-ray portion of the electromagnetic spectrum. The solar EUV 
and soft x-ray irradiance is the source mechanism by which the VK spectrum is produced
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in the dayglow.

1.4 Thesis outline

As is appropriate to an introduction, a deliberate effort has been made in the preceding to 
avoid, as much as possible, many of the more technical details. While an attempt has been 
made to remain informal, science is by its very nature a specialized, technical discipline, and 

the language in the rest of this thesis must reflect this. For example, what has been called 
the A state is more properly known as A:i . This notation is presented and explained in 
Chapter 2, which, of necessity, also contains an introduction to the quantum mechanics of 

diatomic molecules.
Chapter 3 constructs a template for building the VK synthetic spectrum. In the first 

part of Chapter 3, the VK vibrational and rotational energy levels are calculated. These 

are needed to determine the wavelengths of the emitted spectral lines. After that the VK 
transition probabilities are discussed, which are needed for finding the line intensities.

The final chapter, Chapter 4, contains a detailed analysis of the model itself. Steady- 
state populations of the A state are computed, and the results of Chapter 2 are used to 
computationally generate the VK spectrum in the thermospheric dayglow. The model re
sults are then validated by comparisons with the work of previous authors and experimental 

results of rocket observations.
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Chapter 2

Spectroscopy of Diatomic 
Molecules

2.1 Introduction

This chapter introduces the reader to the notation currently used by the spectroscopic 
community for representing the electronic states of diatomic molecules, with particular 
emphasis here on molecular nitrogen, N2, and electric-dipole transitions. However, diatomic 
molecules are only a subset of the much larger world of polyatomic molecules, which have 
their own specific notation rooted in group theory.

As the goal of this thesis is to model the N2 Vegard-Kaplan transition, most of what 

will be said in later chapters refers to the first excited state, A3£+, and the ground state, 

+ , but other relevant nitrogen states are also studied, namely B 3Hg, i?/3S “ , C3n u, 
and W 3 A u. All of these states can be expressed in the general form

(y /y )2S+1A + /-, (2.1)

where the reason + /-  is sometimes omitted is explained in due course. All of these nitro
gen states include fourteen individual electrons, yet each symbol in eqn. (2.1) refers to an 
aspect of the molecule’s complete electronic configuration, its electronic wavefunction. The 
remainder of this chapter explains the physical meaning and spectroscopic relevance of each 
of these symbols. Selection rules for transitions between different electronic states are also
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discussed, but without proof. Knowing them, one can look at the notation and immediately 
see which transitions are allowed, as well as those that are forbidden (i.e. metastable).

2.2 A: Orbital angular momentum

The total electronic orbital angular momentum, Ẑ , of a molecule is formed by taking the 
vector sum of the individual orbital angular momenta, I , of the electrons in the molecule. 
Classically, this process would be straightforward, but quantum mechanically a problem 
arises. As a result of the uncertainty relations between orthogonal components of angular 
momenta, one is, in principle, unable to resolve the angular momentum, T , of an individual 

electron into three orthogonal components. Likewise, the resultant, 1̂ , cannot be entirely 

resolved, but it’s not completely indeterminate.
In a constant external electric field, the angular momentum vector of each orbital 

electron tends to align itself along the direction of the field. It can’t completely align 
itself because it must have non-zero components in the directions orthogonal to the field 
(uncertainty relations, again). If the field has a rotational symmetry and only one electron 
is considered, then the component of ~t in the direction of the field will be conserved, while 
its components in the orthogonal directions oscillate. But in a molecule there are many 
electrons, all interacting with each other and exchanging angular momentum, so that the 
component of any individual electron in the direction of the field may change. However, the 
angular momentum gained by one electron is the angular momentum lost by another, so 
that if the entire collection of electrons is considered, the component of ~t in the direction 
of the field remains a constant.

A useful model for this behavior is to think of ~E as precessing at a fixed angle about 
the direction of the field, so that the component of ~L in this direction is a constant, while 
the orthogonal components oscillate.1 This precession occurs only at certain fixed angles 
about the direction of the field, such that its component along the field axis is quantized in

^ h i s  model cannot be taken too literally as it suggests that the orthogonal components vary continuously, 
when, in fact, they are discretized. The probability of measuring any particular value of this discrete 
set oscillates smoothly, as does the expectation value of the whole set. The sudden collapse of all the 
probability onto one particular value upon interaction with a measuring device is the upshot of the well- 
known measurement problem of quantum mechanics, so elegantly described by Professor Penrose in his U AF  
lectures, September 2003.
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integral units of h, which is Planck’s constant, h, divided by 27r.
In a diatomic molecule, the net electric field produced by the two nuclei is cylindrically 

symmetric about the internuclear axis, the line connecting the nuclei, and therefore the 
component of ~t along this axis is conserved. This enables molecular states to be character
ized by the projection of ~t onto this axis, which is designated by the quantum number Ml 
Ml is quantized in integral units of h, ranging from -Lh to +  . where the sign corresponds
to the two different senses of rotation of the electron cloud about the internuclear axis. The 

scalar, L, is representative of the magnitude of ~t as given by

( t ) 2 =  t  ■ t  =  L{L +  l)h2.(2.2)

Because the rotation direction often has only a very small effect on the energy, electronic 
states are classified according to the absolute value of as projected onto the internuclear 

axis. This quantity is denoted by the quantum number, A, and forms a central role in the 

notation as in eqn. (2.1). In summary,

Ml =  (—£, —L +  1 , T — 1, L(2.3) 

A =| Ml I, (2.4)

and A =  (0,1, ...L). (2.5)

Note that the impossibility of ~t aligning completely with an axis is implied by the combi

nation of eqn. (2.2) and eqn. (2.3).
Analogous to the s,p,d,f notation of atomic spectroscopy, electronic states in a diatomic 

molecule are labelled E, II, A, $,etc. according as A=0,l,2,3.... As will be seen in the 
next chapter when the electronic energy levels are calculated, different values of A can be 

associated with quite different energies due to the strength of the internuclear electric field 
at molecular length scales [Herzberg, 1950, p.213].
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2.3 2 5 + 1  and Y/yi Spin multiplicity

2.3.1 S: Electron spin

Many formal similarities exist between orbital angular momentum and electron spin. Just as 
is composed of the vector sum of the orbital angular momenta of the electrons, the total 

spin, , is the vector sum of the individual spin angular momentum. Likewise, because of 

the angular momentum uncertainty relations, cannot be entirely specified. Analogous to 
A, the projection of onto the internuclear axis is quantized and given by the quantum 

number E .2
Very important differences also exist. Whereas A is always well-defined due to the strong 

internuclear electric field, a consequence of spin is a magnetic dipole moment that doesn’t
couple to electrostatic fields. However, electron spin can couple with the magnetic field
arising from its own orbital motion, which is known as spin-orbit ( i  • ) coupling. As

such, E (which, unlike A, can be negative) is defined only for states with A > 0. For A = 0 
(e.g. 3E+), there is, on average, no net rotation of the electron cloud about the internuclear 
axis. Thus there is no induced magnetic field along this axis, and without a magnetic field to 
which the spin may couple, its projection along the internuclear axis, E, is not well defined.

Another important difference between spin and orbital angular momentum can be seen 
most clearly by considering an individual electron. The magnitude of the orbital angular 
momentum, ~t,of an individual electron is represented by the quantum number, I. where 
I is restricted to the class of natural numbers, but will vary within this set depending on 
the orbital configuration of the electron within the molecule. In analogy with eqn. (2.2), I 

is given through the relation
~t2 =  1(1 +  1 (2 .6)

Similarly, an electron’s spin quantum number, s, is representative of the magnitude of i f  

and defined by the relation
~t2 =  s(s +  l)h2. (2.7)

2Molecular spectroscopy is an old subject, and some confusing traditions have unfortunately lingered. For 
example, the same symbol, E, represents two different concepts: the projection of i f  onto the internuclear
axis, as well as the label for a molecular state with zero orbital angular momentum about this axis. Read 
the context carefully to avoid confusion.
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But whereas I could range among the natural numbers, s is  a fundamental constant of each 
electron given by the spin quantum number, s =  1/ 2, so that the projection of onto 
any axis has only 2s + 1 =  2 possible values. As with eqn. (2.3), the allowed values of the 

projection are ms =  i / i / 2.
Returning now to the entire collection of electrons, in calculating the total spin quantum 

number, 5 , of all the electrons in the molecule, all paired electrons are ignored, since, in 

order for them to be paired in an orbital, each must have opposite values of ms (i.e. they 
cancel each other). The general quantum mechanical rule for the addition of two angular 

momenta, here presented for spin, is

5  =  |si +  S2I, •••, |si — S2I, (2-8)

which leads to the single result that 5 =  0 or 5 =  1 for the two electrons.
In the molecular nitrogen ground state, all electrons are paired and, unambigu

ously, 5 =  0. For states with two unpaired electrons, 5 can, by the above rule, equal 0 or 

1 so that the multiplicity of spin states, 25 +  1, can be 1 or 3, in which case the state is 
called a singlet or triplet, respectively. All of the excited nitrogen states to be modelled in 
this thesis (i.e. those mentioned in the first paragraph of this chapter) have two unpaired 
electrons and are triplets. But, because of the above rule, associated with each is a sin
glet state having the exact same electronic configuration, although a much higher energy.3 

These differences in 5 are extremely important as regards electronic transitions, which we 

now briefly illustrate.
Since it is the state that is the primary concern of this thesis, let us consider the triplet 

A3S+, and its associated higher-energy singlet 6,1E+. Other than their multiplicity and 
energy, the states are identical, having electronic orbital configurations:
(ct9 Is)2(<r* Is)2 (<j52s)2 (cr* 2s)2 (nu2p)3(ag2p)2(it*2p) 1 (see Section 3.2.1 for an explanation 
of this notation). Both may decay to the ground A XE+ state through an electric dipole 
transition, but the decay from A3S+ (the Vegard-Kaplan transition) takes approximately 
ten orders of magnitude longer than that from (the Birge-Hopfield II transition),
solely as a result of their differing multiplicities.

3The singlet associated with the very energetic C 3Tlu is so energetic that the molecule is not stable.
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For ‘allowed’ transitions, the selection rule for spin is

AS =  0. (2.9)

Transitions between states of different multiplicity (so-called intersystem crossings) are re
ferred to as ‘spin-forbidden’ , a somewhat confusing name since what is really meant is that 
it is unlikely relative to the associated spin-allowed transition. Intersystem crossings like 
the Vegard-Kaplan require a significant perturbation to the spin vector, the most typical 
being the interaction of spin with a magnetic field. For E states, the lack of if • coupling, 
and the associated absence of a magnetic field, hinders a change in spin.

But it is not exactly true that there is no spin-orbit coupling in E states. Its actually 
only the average (expectation) value of A that is zero in a E state. Although there is no 
precession around the internuclear axis, the weak magnetic field induced by the end-over- 
end rotation of the molecule (think of a dumbbell), creates the condition in which L may 
precess around the rotation axis (i.e. at right angles to the internuclear axis.) This mixes 

a 3E state with a 1II. Schlapp [1932] represents this as

V>'(3£ ) =  o^ (3E) +  bipCU)(2.10)

with coefficients a «1  and b «  1. As Schlapp [1937] says, this blending of 3E with XII is 
what makes intersystem transitions possible. It is because the mixing coefficient b is so small 

that spin-forbidden transitions from E states typically have very long lifetimes, although for 
molecules with large nuclear charge, Z, the prohibition on change of spin (eqn. 2.9) becomes 
less strict due to the large magnetic field seen in the rest frame of the electron [Atkins and 

De Paula, 2002].

2.3.2 Y/y. The uniqueness of iV2

Besides its role as a name for the electronic states (e.g. the A state, for A3E+), the use 
of a Latin letter in front of the spectroscopic term symbol serves two additional purposes: 
by its case, it indicates whether the spin multiplicity is the same (T) or different (y) than 
the ground state, and by its alphabetical order, it serves as a rough guide to the energy
hierarchy of the electronic levels (e.g. Ex  < A.4 < Eb ), with X  traditionally reserved for
the ground or stable state.
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While it follows the energy hierarchy rule of thumb, the lone exception to the spin 
multiplicity rule appears to be the nitrogen molecule, which has the singlet ground state 
X LE+. However, the triplet excited states (such as the B3Ug) are labelled with capital 
letters, while the singlets (o1̂ )  are lower case. So far as I can tell, this is the lone 
exception, the explanation of which is historical.4

2.4 Parity of the electronic wavefunctions

2.4.1 g/u: Inversion symmetry

This property is only defined for diatomic molecules composed of nuclei with identical 
charges, in which case the nuclear electrostatic field in which the electrons move has a 
center of symmetry, namely the point midway between the nuclei along the internuclear 
axis [Herzberg, 1950, p.218]. Taking this point as the origin of a spherical coordinate 
system, this symmetry means that the nuclear field at a point r, 9,4> is the same magnitude 
as at the conjugate point, r, n- 9, (f> +  n,as expressed in a coordinate system fixed on the 

nuclei, the so-called molecule fixed frame.
The operation denoted E* corresponds to inversion of the electronic wavefunction in the 

molecule fixed frame. It operates by transforming the coordinates of each electron according 
to r —t r, 9 ^  n - 9, 4> —> 4> +  -k. Since the relative positions of the electrons remain constant
under this inversion, the field experienced by an electron due to the repulsive field of all other 
electrons also remains constant. And since, as we said, the nuclear field does not change, the 
overall field (nuclear attraction +  electron repulsion) is the same. Therefore, the probability 
of finding an electron is the same at the conjugate points. This can be fulfilled in two ways: 
for the wavefunction to have even (in German, gerade) or odd (ungerade) parity upon this 
inversion. Hence the electronic wave functions of a homonuclear diatomic molecule, even 

when the nuclei are isotopes, are labelled either g or u.

4 Just before the importance of electron spin was realized, Birge [1924b], studying the nitrogen afterglow 
spectrum, published a very simple model for the energy hierarchy of the first, second, and fourth positive 
group (IP G , 2PG, and 4PG) emissions. Birge’s realization [1924a] was that, because the upper level of 
the IPG  is the bottom level of both the 2PG and 4PG, they could be ranked according to their energy 
(X ,A ,B ,C ,D ). But, according to the spin convention , it should be (X ,a,b ,c,d). So Birge [1926] gets credit for 
the notation’s energy hierarchy aspect. Because N 2 appears to be the lone exception, the spin convention, 
so well established in the spectroscopic lexicon, must have been adopted very soon after 1926.



17

The inversion parity of an electronic state is extremely important as it determines a 
selection rule for transitions to other electronic states. This is the so called Laporte rule, 

which states that for electric dipole transitions, g states combine only with u states:

g —> u, u —¥ u, g g, u u (2-11)

This selection rule is the main reason why an excited homonuclear diatomic molecule such 
as N2 relaxes almost exclusively by changing electronic levels, instead of through vibrational 

or rotational transitions.

2.4.2 + / —: Reflection symmetry

More general than g/u parity, the + /-  label is defined for any diatomic molecule because 
although only homonuclear molecules have a perfect center of symmetry, all diatomics 
have a cylindrical axis of symmetry about the internuclear axis. For the same reasons 
as with g/u parity (i.e. rotational symmetry of the nuclear electrostatic field about the 

internuclear axis), the electronic wavefunctions of any diatomic molecule must have definite 
parity when all the electrons are reflected in a plane containing this axis. The transformation 
in cylindrical coordinates, with z given by the internuclear axis, corresponds to r —» r, <j> —> 
7r — </>,z—>z. The electronic states are classified + /-  for even/odd parity under this rotation.

Like g/u symmetry, + /-  symmetry determines a selection rule. For electric dipole tran

sitions;
H— > + ,  > —, H— ^ +  (2.12)

For £  states, A=0, and this property is unambiguously defined. However, for n, A 
and all states with A > 1, this symmetry depends on the actual projection of Jt  onto the 
internuclear axis, M^, and not A =| Ml |. The + /-  parity of states with A > 1 is therefore 
slightly ambiguous, as it depends on the direction of rotation around the internuclear axis. 
For this reason, + /-  symmetry is typically not specified for n, A... states, although it 
remains a definite property of any diatomic molecule [Hollas, 1992, p.220].
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2.5 Conclusion

The goal of molecular spectroscopy is to identify the molecular mechanisms responsible 

for producing spectra. In this chapter the electronic structure of diatomic molecules was 
examined, that of N2 in particular. The electric dipole selection rules governing transitions 
between different electronic levels were presented, and their connection to the spectroscopic 

notation explained.
The goal of this thesis is to model the spin-forbidden, Vegard-Kaplan transition of 

molecular nitrogen, N2A3E+ -  The energy lost in this, and all other transitions

between different electronic levels, is carried off by a photon. The spectrum of a molecule is 
composed of the energy (or wavelength or frequency) distribution of these photons, with the 
energies being, in large part, determined by the energy differences between the electronic 
levels. But since molecules, unlike atoms, can vibrate and rotate, the spectra produced by 
changes in the electronic levels are composed of bands, series of lines at regular intervals 
that, for a given electronic transition, reflect the numerous possible transitions among the 
vibrational and rotational states. Moving towards the generation of a synthetic spectrum, 
in the next chapter the focus is on calculating the vibrational and rotational energy levels 

of, and the probabilities for transitions between, the and states of N2.
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Chapter 3

The Vegard-Kaplan Transition:
N2A3Z i  - X lE+

The primary goal of this chapter is to compute the electronic, vibrational, and rotational 
energy differences between the A3E„ and V 1 states. Transitions between the vibrational 
and rotational levels of these two electronic states produce the photons comprising the VK 
emission spectrum. Once the energy levels are known, the wavelengths of the emitted 
photons can be calculated through the well-known relation

1  ( 3 1 )

where A Eis the energy difference between the levels and he is the product of Planck’s 
constant and the speed of light. Because spectral lines are the basic observational unit of 
spectroscopy, the calculation of the line positions (i.e. the wavelengths at which emissions 
occur) forms a central role in the discipline. This calculation is the first step in constructing a 
synthetic spectrum, and is greatly facilitated by expressing energy in so-called ‘term values’, 
having units of inverse distance (cm-1 ). The energy of a given level is then obtained by 

multiplying the corresponding term value by /ic=1.98-10-16 erg-s.
The total energy of a state is commonly divided into three parts corresponding to the 

electronic, vibrational, and rotational motions of the molecule. Expressed in term values, 
the total energy for an A3E+ molecule in vibrational level v and rotational level N  is given
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by
S(A ,v,N ) = T e{A) + G{v) + F(N),(3.2)

where Te(A) is the electronic term value, and the vibrational and rotational term values, 

G(v) and F(N ), are respectively labelled by the vibrational and rotational quantum num
bers, v and N. Each of these quantities is considered in more depth in its own section of 

this chapter.
The number of photons emitted at a given line position is called the line intensity or 

line strength, the determination of which forms the secondary goal of this chapter. Line 
intensities are determined foremost by the Einstein coefficient, (s-1 ), a measure of
the probability of a transition between the upper (') and lower (") vibrational levels. When 

the finer-scale rotational transitions are included, the transition probability takes the form 
which depends on the Einstein coefficient, as well as the Honl-London factor, 

where J is the total angular momentum quantum number.
The Born-Oppenheimer approximation (BO) is the starting point for most theoretical 

treatments of diatomic molecules. N2 is no exception, so a discussion of BO appropriately 
comprises the first section of this chapter. When BO is valid, the total molecular wavefunc- 
tion may be separated into three terms corresponding to the electronic, vibrational, and 
rotational molecular motions. This separation enables an analogous decomposition of the 
transition probability, which is then typically expressed as the product of three terms: the 
electronic transition moment evaluated at the r-centroid, He(rvi y ) ,  the Franck-Condon 
factor, qv\v", and the Honl-London factor, These quantities determine the respective
likelihood of electronic, vibrational, and rotational transitions, and each is considered in 

more detail in the section on transition probabilities.

3.1 The Born-Oppenheimer approximation

The Born-Oppenheimer approximation (BO) is the basis on which the wavefunctions for 
diatomic molecules are analyzed (see Appendix A). The principal result is that the motion 
of the nuclei are approximately separable from those of the electrons, in which case the 
total molecular wavefunction, 'ip, may be written in the product form

il’  =  4’e(x,r)-'il)n{r,0,(f))(3.3)
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where x represents the electron coordinates, r is the internuclear distance, and 9 and <f> are 
the angular coordinates of the nuclei. Pauling and Wilson [1935] showed that the nuclear 
motion can usually be factored into vibrational and rotational motions referenced to the 

internuclear axis. The total wavefunction can then be represented as

ip =  Ipe{x,r) ■ ipv{r)/r ■ ,<p), (3.4)

where 9 and (p are the angular coordinates of the nuclei, 'ipv{r)/r is the radial wavefunction 

of the vibrating nuclei commonly referred to as R(r) and > 0) represents the angular

part of the nuclear motion (i.e. their various possible rotational modes).
This equation tells us that while the electronic wavefunction, is coupled to

the nuclear motion through its dependence on the internuclear distance, r, the nuclear 
vibrational wavefunction, ipv(r), is independent of the electronic coordinates, x. This isn’t 
exactly true. After all, without the electrostatic attraction of the nuclei to the electrons, 
a quantity clearly dependent on the electronic coordinates, the nuclear repulsion would 
prevent the molecule from being stable. However, because the mass of the electrons is so 
small compared to the nuclei, we may assume that the electrons carry out many cycles of 
their motion in the time it takes the nuclear configuration to change appreciably [Pauling 

and Wilson, 1935, p.263]. That is, the electron motion is averaged.
For each value of the internuclear distance, a time-averaged value of the energy of the 

entire electron configuration can be determined. This time-averaged electronic energy as 
a function of internuclear distance then serves as one part of the potential energy term in 
the Hamiltonian for the nuclear vibrations, the other part being the repulsive electrostatic 

interaction of the nuclei with each other. This term, of course, is independent of the electron 
coordinates, and depends only on the internuclear distance, r. Therefore, the total potential 
determining the nuclear vibrations may be considered as a function solely of the internuclear 
distance, meaning that the nuclear vibrational wavefunction, is a function only of the 

internuclear distance.
Having incorporated the time-averaged electronic component into r, the vibrations and 

rotations of the molecule can be treated solely in terms of the nuclei. Separation of the 
nuclear vibrational wavefunction from the rotational wavefunction follows somewhat similar 
reasoning as above, assuming that the molecule completes many vibrational cycles in the
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course of one rotation; there is thus a hierarchy of molecular time scales. The rotational 
motion of the nuclei is then approximately independent of the details of the vibrational 
motion, and may be parameterized by a time-averaged value of the internuclear distance.

The upshot of all of this is that, although the electrons vibrate and rotate with the 
nuclei, their relative mass is so small that we may ignore their vibrational and rotational 
energies. The molecular vibrational and rotational energies can then be found by solving 
two independent Schrodinger equations, one a function of the internuclear distance, r, the 

other a function of the angular coordinates of the nuclei, 9 and 4>.

That said, the electronic term value, Te(A) of eqn. (3.2), can be calculated. Although 

deriving the electronic term value from the electronic wavefunction, ipe is, in general, a 
very complicated matter (see Appendix A), obtaining it from experiment is comparatively 

simple.

3.2 The electronic term value, Te

Te(A) is the electronic term value of the A3E+ state. It represents the energy of the 
A3E+ electron configuration when the nuclei are separated by their equilibrium internuclear 
distance, re. In principle it is obtainable by solving the electronic Schrodinger equation (see 
Appendix A) at the fixed internuclear distance r =  re, but in practice it is more often found 
by measuring the energy needed to excite the molecule from the vibrationless ground state 
X lY,+ (v" =  0) to the vibrationless excited A3E+(u' =  0) state, where a single prime (') 
refers to the upper state of the transition, and a double (") refers to the lower, a notation 
adhered to throughout this thesis. This energy is called the measured excitation potential, 
T0, and, for the VK, it is just the energy needed to change the orbital location of one 

electron, as in Figures 3.1 and 3.2.

3.2.1 Molecular orbitals

Rather than having exact spatial locations, the electrons in a molecule, like those in an 
atom, are described by well-defined, spatially localized, probability orbitals. In this respect, 
molecular orbitals are similar to atoms. Unlike the atomic case, however, molecular orbitals 
are characterized as bonding or antibonding according to whether an electron situated
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within one increases (antibonding) or decreases (bonding) the total electronic energy.
A diatomic molecule may be constructed by bringing together two separate atoms 

as in Figure 3.1. In the ground state, each nitrogen atom has an electron configuration 

ls22s22plx2py2p\, where, as with molecules, the superscripts indicate number of electrons 
in the orbital. Neutral N2 thus has fourteen total electrons. As shown in Figure 3.1 the 
four Is electrons and the four 2s electrons form bonding og and antibonding a* orbitals, 
where each a orbital, like the atomic s orbitals, contains two paired electrons. None of 
these eight electrons contribute to the overall molecular bond since the number of electrons 
in bonding orbitals is equal to the number in antibonding orbitals. Of the six remaining 
electrons, assigning the z-axis to the internuclear axis, the two 2pz electrons form sigma (a) 
orbitals, while the four 2 pxand 2 pyelectrons form pi (ir) orbitals which may contain up to 
four electrons. These orbitals formed by the 2 electrons are responsible for the N2 triple 
bond. This makes ground state N2 very stable, and explains why N2 is difficult to dissociate 
compared with the doubly bonded 0 2. This, in turn, explains why atomic oxygen, and not 

atomic nitrogen, is a major thermospheric species.
The atomic origins of molecular orbitals are carried over into the notation, so that, for 

example, a a orbital formed from two atomic 2 electrons is written (o2p)2. For homonu- 
clear molecules, all orbitals have definite inversion symmetry, and are additionally labelled 
by the subscripts g/u, which have the same meaning as in Section 2.4.1 of the previous 
chapter, except that here these subscripts refer to the symmetry of the wavefunction of 
each individual electron under an inversion at the origin. The g/u symmetry of the to
tal electronic wavefunction may then be found by taking the product of the symmetry of 
the electronic wavefunction of each individual electron [i.e. assign an electron in a g/u 
orbital a symmetry of 1 /  -  1]. Lastly, ag and iru are bonding orbitals, while au and are 
antibonding orbitals, these latter being labelled with an asterisk.

The orbital configuration of is ( a2 as
shown in Figure 3.1. Since there are an even number of electrons in each orbital, the 
product of all the individual electron g/u symmetries must be +1. Hence the g in A 1E+. 
The A3E+ orbital configuration is (agls)2(a lls)2ag2as
shown in Figure 3.2. The u symmetry of the A3S+ state follows from the unpaired electron 

in a nu orbital.
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3.2.2 The excitation potential, Ta

As Figures 3.1 and 3.2 show, the primary difference between the two states of the VK 
transition is that the A3S+ has an electron in a orbital that has been excited from

a (nu2p), the energy required to do so being the excitation potential, T0(A).1

The difference between the electronic term value, Te(A), and the excitation potential 
is that Te{A) is measured from the minimum electronic energy of the ground state, itself 
assigned a term value Te{X) =  0. However, T0(A) can only be measured relative to the 
zero-point energy of the v =  0 vibrational levels of the A and X  states. The relation between 

the excitation potential and the electronic term value is given by

Te(A) =  T0(A) -  G(A, G (X,v' =  0), (3.5)

where G(A,v' =  0) and G (X ,v" =  0) represent the zero-point energies of the £ „ and 
states. Calculation of the zero point energies is postponed to the next section. Mean

while, Laher and Gilmore [1991] find T0(A)=49754.8 cm "1, yielding Te(A)=50203.7 cm’ 1 

which corresponds to an energy, Te(A )=6.23 eV above the ground state.
This is depicted graphically in Figure 3.3. ) is given by the energy difference

between the minimums of the X  and A state potential curves, while T0(A) is the difference 

between the X lT,+ {v" =  0) and A3E+(t/ =  0) levels.
The vibrational term values, which are more amenable to analytic methods, are calcu- 

lated in the next section.

3.3 The vibrational term value, G(v)

In addition to the energy stored in a molecule’s electronic levels, energy is present in the 
quantized vibrations between the two nuclei. This ‘motion’ is represented by the vibrational 
wavefunction, ipv{r) which, by BO, depends only on the internuclear distance. A one
dimensional Schrodinger equation may then be solved to find the associated vibrational 
energies E(v)or, equivalently, the vibrational term values, G(v).

1In addition to the A 3S j  excited state, the electron configuration shown in Figure 3.2 is shared by three 
other excited states, all with different excitation energies due to their differing multiplicities and A values. 
See Lofthus and Krupenie [1977].
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Internuclear distance, r (10 10 m)

Figure 3.3. Potential energy diagram generated from Morse potentials (Section 3.2.2) for 
the A3E+ and X lYi+ states of N2. Vibrational levels are indicated by dashes inside the 
electronic curves, while the very fine rotational energy levels are not shown.

3.3.1 Quantum simple harmonic oscillator

Close to the equilibrium internuclear distance, r/re «  1, the vibrational potential is ap
proximated well by the simple harmonic oscillator (SHO) potential

v (r  -  re) =  ^k(r -  re)2. (3.6)

Defining the difference between the internuclear distance and the equilibrium internuclear 
distance as q =  (r — re), this potential may be substituted into the vibrational Schrodinger
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equation
+ V (q ]SJ'ipv{r) =  E{v)ipv(r),(3.7)

which has the well known energy eigenvalues, E(v) =  Huj0(v +  5), where v is an integer > 0. 
The classical vibrational frequency, u>0, is given by ui0 =  ^  with force constant k, and 
reduced mass, /i, which, for a homonuclear diatomic molecule, is just one half the mass of 
one of the nuclei. Expressed in units of cm-1 , the vibrational term value for the SHO is 

written as

G(u) =  =  We(u +  (3-8)

where uie =  To first order the internuclear potential approximates the SHO reasonably
well. However for distances far from equilibrium, the molecule must dissociate into its 
individual atoms, a behavior unaccounted for by the SHO, which blows up in the limit 
of large internuclear distances, x->■ 00. Eqn. (3.8) thus becomes a progressively worse 

approximation of the vibrational energies in this regime.
Like the energies, the SHO eigenfunctions are a good approximation to the actual vi

brational wavefunctions for the low vibrational levels. These are presented in Figure 3.4 
and should be contrasted with the eigenfunctions of the anharmonic oscillator presented in 
Figure 3.5. The potential from which the functions in Figure 3.5 are derived is known as 
the Morse potential, and it accounts for the shortcomings of the SHO at large internuclear 

distances, while remaining treatable analytically.

3.3.2 Anharmonic oscillator: Morse potential

The most widely used model of the potential for a diatomic molecule is the Morse po
tential [Morse, 1929]. Also known as the anharmonic oscillator potential, Morse’s original 
representation is

V{r -  re) =  D e - 2 a ( r - r e) _ 2 (3.9)

which is the same to within an additive constant as its more common form

(3.10)
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Figure 3.4. Vibrational wavefunctions for the 
SHO potential. Solid curve is ipv. Dashed is 
| 'ipy |2. From Herzberg [1950]

Figure 3.5. Vibrational wavefunctions for the 
Morse potential. Dashed curve is 'ipv. Solid is 
| |2. From Herzberg [1950].
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Here, /? is a constant determining the well’s width and curvature. The molecular dissociation 
energy2 is represented by the constant De so that for large internuclear distances, ->• oo, 
and V(r — re) — >De. The most obvious drawback of the Morse potential is its behavior at
small internuclear distances. Although it gets very large, it doesn’t go to infinity for -> 0, 
as the Coulomb potential between the positively charged nuclei should. This shortcoming is 
usually overlooked since in most molecular environments very small internuclear distances 

are rarely approached.
When the Morse potential is substituted into the vibrational Schrodinger equation, 

eqn. (3.7), a finite number of discrete energy eigenvalues are obtained in a nearly rigorous 
manner [but see ter Haar, 1946]. This corresponds nicely with molecular dissociation for 
high vibrational levels, and, according to Morse, was the first case of a solved Schrodinger 
equation having a finite number of energy levels. The Morse eigenfunctions are graphi
cally depicted in Figure 3.5, and are very good approximations to the actual vibrational 
wavefunctions. Their eigenvalues, when divided by are given by

G{v) =  uje(v +  -  uexe{v +  ^)2, (3.11)

where the anharmonic constant, 0Jexe is to be thought of as the historical label of the second 
order coefficient, originally represented, as in Morse’s original work, as a product between 

two different constants, uie and xe.

Because its eigenvalues provide the vibrational energies to second-order, the Morse po
tential is the starting point of most analytic treatments. However, the measured vibrational 
energies can usually be fit better than second order. The experimentally determined vibra
tional term values for both the A3S+ and A LS+ states are given by

G(v) =  we(v +  \ ) ~  uexe(v +  ^ )2 +  a )eye(v +  ^ )3 +  ueze{v +  ^ )4 +  ueae{v +  ^)5, (3.12)

where the notation for the higher order coefficients continue to reflect their historical origins 
(see Hollas [1992, p.134]). By setting v = 0 in this equation and using the coefficients from 
Table 3.1, we obtain the expressions for the zero-point energies from eqn. (3.5).

2The actual, experimentally determined energy needed to dissociate the molecule in the v =  0 state is
less than D e by the zero-point energy.
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Table 3.1. Vibrational constants (cm-1 ). A3E+ from Laher and Gilmore [1991]. 
from Huber and Herzberg [1979].______________________________________

state OJe UJeXe UeVe U!eZe CUeCLe

A’ EI 1460.48
2358.57

13.775
14.324

-.01175
-.00226

.000141
.00024

.0000729

3.3.3 Vibrational transitions: Franck-Condon factors,

Regarding Franck-Condon theory, Herzberg says the following:

The electron jump in a molecule takes place so rapidly in comparison to the 

vibrational motion that immediately afterwards the nuclei still have very nearly 

the same relative position and velocity as before.

Thus, the internuclear distance is very likely to be the same immediately after a transition. 
An even simpler statement of the Franck-Condon Principle is [Nicholls, 1962]

ri ,2 =  < 2 (3.13)

where r\$ refers to the two classically defined turning points of the oscillator in the upper 
(') and lower (") states. What is meant is that the most likely electronic transitions occur 
between vibrational levels that have a common turning point as we see in Figure 3.6.

For transitions between electronic levels, there are no selection rules on the change in 
vibrational levels, so that while the internuclear distance will typically be the same after an 
electronic transition, the nuclear state is often in a different vibrational mode.

The quantity that determines the relative likelihood of these transitions is called the 

Franck-Condon factor, given by
2

Qv' ,vn —

n oo

/  'tpy1 Vv 
Jo

dr (3.14)

Since v' and v" are eigenfunctions of different electronic levels, they need not be orthogo
nal. The Franck-Condon factor is a measure of the spatial overlap between the vibrational 
wavefunctions, and for this reason is commonly called the overlap integral.

Because Franck-Condon factors play an important role in transitions, very accurate vi
brational wavefunctions are desirable, in which case the deviations from a simple Morse
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Figure 3.6. Illustration of Franck-Condon Principle. The overlap is greatest for the v" =  0 
and v' =  2 vibrational levels. From Herzberg [1950]

potential can no longer be ignored. The most common method for doing this is the semi- 
classical Rydberg-Klein-Rees (RKR) inversion, whereby the shapes of the wells in Figure
3.3 are determined from empirical data on the vibrational energy levels, G(v), dissociation 
energy, De, and equilibrium internuclear distance, re. With these more accurate potentials, 
the vibrational wavefunctions, and thus the Franck-Condon factors, may be found by nu
merically integrating the radial Schrodinger equation, as described more fully by Steinfeld 

[1985].
The role played by the Franck-Condon factors in determining transitions between the 

and electronic levels is considered later. For now, the calculation of the energy

levels is completed by turning to the rotational term values.

3.4 Fine structure and the rotational term value, F(N)

The electronic and vibrational term values comprise the bulk of the molecule’s energy, but 
of course there is also energy due to rotation. In this section the rotational term values, 
F(N), are computed for both states of the Vegard-Kaplan transition.
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Table 3.2. Types of angular momentum. Corresponding with modern usage R and N  are 
here used. Older texts use N  and K, respectively. Based on Hougen [1970].

Angular Momentum Type Vector Magnitude Projection

Electronic t K\/L{L + 1 ) A

Spin hy/S(S + 1 ) 2

Rotational 1 hy/R (R + l) 0

Total 7 ft =  A +  E

Total - Spin h ^ N {N  + 1) A

Table 3.2 contains a summary of the types of angular momenta so far discussed. Since 
A = 0 for E states, the total minus spin quantum number, JV, is equal to the rotational 
quantum number, i?, so that in what follows N  is referred to as the rotational quantum 
number. It should be kept in mind that this is true only for E states.

3.4.1 Hund’s case (b)

Hund gave a set of five ‘cases’ to describe the different angular momentum configurations of 
molecules. Depending on the strength of the coupling between the various angular momenta 
(e.g. spin, orbital, rotational), molecules are classified as Hund’s cases (a), (b), (c), (d), 
and (e). These cases differ according to which quantum numbers are well-defined (i.e. 
‘good’). For example, Hund’s case (a) describes molecules for which A > 0, in which case 
the magnetic field induced by the net rotation of about the internuclear axis couples with 
the spin, . Thus the projection of onto the internuclear axis, E, is a good quantum 

number for Hund’s case (a).
Since both states of the Vegard-Kaplan transition are E (i.e. A =  0 ), to first order 

there is no spin-orbit coupling. As illustrated in Figure 3.7, this corresponds to Hund’s case 
(b) in which the spin, is uncoupled from the orbital angular momentum, and E, the 
projection of onto the internuclear axis is not well defined. For this case the quantum 
number, N  (see Table 3.2) is used to label the rotational states. However, A3E+ deviates 
slightly from Hund’s case (b), having a second-order, spin-orbit coupling that splits each 
rotational level N  into three different levels, depending on the associated spin substate, 
E. This is what allows E, which is not a good quantum number for pure Hund’s case (b),
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to be defined. For descriptions of Hund’s other cases, the interested reader is directed to 
Herzberg’s classic text, or to the particularly clear exposition by Eparvier (1991).

Figure 3.7. Hund’s case (b) for A =  0. Thus N  =  From Steinfeld [1985].

3.4.2 Rotational energy of

Since 5 =  0 and A =  0, A’1Ê " is purely Hund’s case (b), and much easier to treat than 
A3E+. The treatment begins by neglecting vibrations and considering the molecule as a rigid 
rotator, with the internuclear distance r fixed. In spherical coordinates, the Schrodinger 
equation for the rotational wavefunctions is

-ft2 
2/xr2

For a rigid rotator, r2 is a constant, and the r derivatives vanish. The only r-dependence 
is then through the moment of inertia, I  =  ^r2, which can be treated as follows. When the 
Born-Oppenheimer approximation is valid, the vibrating rotator can be treated as a rigid 
rotator by assuming that the vibration is much faster than the rotation, in which case the 
molecule completes many vibrational cycles in the course of one rotational period [Bingel,

1  ( r2jL\ +  _ J _  (sine(sine-) +  —  
dr \ dr )  sin20 \ \ d6)  d<j)2 iprot{9,<i>) =  EAot((3.15)
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1970, p.36]. An average moment of inertia for the vibrational level v is then defined by

/ir

and substituted into eqn. (3.15), which then appears as

- h 2T  1

i r°° i
 2 =  2^vdr (3-16)nr2v Jo

n d (  . a d \  d2 
Sm d$ { S,neW )2ji r2vsin26 

the energy eigenvalues of which are given by

2/i  r

The rotational term value, F (N ), is then defined by

lj)r =  E'tftr, (3.17)

E(N) =  —  z^N{N  +  1). (3.18)

F(A T) =  ^ p -  =  J ^ ± N ( N  +  1 ) = B VN (N  +  1).(3.19)
rtc 47Tc/i r

Thus Bv is a measure of the average moment of inertia for the vibrational state, v. Knowl
edge of the vibrational wavefunctions is needed to calculate this closed form for Bv, but 
usually its value is known from experiment. In addition, for the vibrating rotator, a second- 
order coefficient, called the centrifugal distortion coefficient, Dv, is needed to account for 
the stretching of the moment of inertia with increasing rotation. The rotational energy of 

A 1S+ is then given by

F(X,v, N) =  BVN(N  +1 ) -  DvN 2(N  + 1)2, (3.20)

where the coefficients, Bv and Dv, are

Bv =  Be-  ae{v + 1 )  +  7e(^ +  ^ )2 (3-21)

and
Dv =  De -  + 1) (3.22)

with ae, /3(., and 7e empirically determined constants, given in Table 3.3. For 
eqn. (3.20) is sufficient to account for the observed rotational structure. Because E+ 
deviates slightly from Hund’s case (b), the calculation of its rotational energy levels is 
somewhat more complicated.
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Table 3.3. Rotational constants (cm x). a-Laher and Gilmore [1991], b-Huber and Herzberg 
[1979], c-Shemansky [1969].___________________ ____________________ _________

State/Constant B e De ae & 7 e

1.45499° 6.10e-6b 1.8385e-2° 3.9e-8c -8.44e-5c

x ^ t 1.99824* 5.76e-66 1.7318e-2° 4.6e-9c -

3.4.3 Rotational energy of A3£+

As shown in Figure 3.2, the A3£+ state differs from the ground state by possessing two 
unpaired electrons, and having a total electron spin, 5 = 1 .  In the nonrotating molecule the 
three different projections of S =  1 ,0 ,—1, along the internuclear axis are degenerate. 
If the molecule is rotating, however, a weak magnetic field is produced along the axis of 
rotation, to which the spin may couple, thereby breaking this degeneracy. This is a very
weak effect, represented by small coupling constant, 7 .

Two additional energy splittings, typically stronger than the • i f  interaction, occur 

for the 5 =  1 case, both of which can be represented by the single constant Xv. The first 
concerns the interaction between the spins of the unpaired electrons, Si and 52. Following 
Heisenberg’s treatment of orthohelium, Kramers [1929] showed that this interaction could 
be treated mathematically as an interaction between the total spin, and the internuclear 
axis.

Building upon this, Hebb [1936] introduced an additional spin splitting term, arising 
because, in the rotating molecule, 3S states deviate slightly from pure Hund’s case (b), 
having weak spin-orbit coupling. On average, the electronic orbital angular momentum is 
zero in a A =  0 state, yet for the rotating molecule, precesses at right angles to the
internuclear axis, which, as we said in the previous chapter, mixes the 3£  state with lU.

This mixing introduces an additional splitting of the rotational levels due to the weak if • i f  
interaction.

Schlapp [1937] extended Kramers’s work, incorporating all these effects. His calcula
tions for the rotational term values for a 3S state, modified here to include the centrifugal 
distortion term, Dv, are:
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Fx{A ,v ,N ) = B VN (N  + 1 ) +  DvN 2(N  + 1)2 +  (2N +  (3.23)

-  [(2N  +  3)2£ 2 +  A2 -  +  i {N  +  1),

F2{A,v,N ) =  BvN{N + 1) + DvN(3.24)

and

F3{A,V, N) = B VN {N  +  1) +  DvN 2 +  l )2 -  (2 -  1 -  (3.25)

+  [(2JV -  1 )2B2v + A2 -  2A -  7 iV,

where Bv and Dv are defined by eqn. (3.21). F\, and F$ represent the E =  1,0,—1 
substates, corresponding to J =  N +  1, N, N — 1, as shown in Figure 3.8. For the 0 level 

only the F\ term exists [see Schadee, 1975]. In his experimental confirmation of the above 
formulae for the A3E+ rotational emergy levels, Miller [1965] set 7  =  —.003 (cm-1 ), which 
is similarly assumed here. De Santis et al. [1973] used magnetic resonance to measure A„ 
up to v =  13, revealing that Shemansky’s [1969] assumed linear decrease of Xv with v was 
a fair approximation, as in Table 3.4. Values for all other rotational constants are found in 

Table 3.3.

3.4.4 Rotational transitions: Branches

Because j43E+ is a triplet, each value of N  (except =  0) is associated with three values 
of the total angular momentum quantum number, J =  1, IV, 1. For the singlet
-X^E+j S =  0, and J =  N.In addition to these quantum numbers, each rotational level of a
homonuclear molecule is labelled by two new types of symmetry, + / — and a/s, the former 
here referring to the symmetry of the entire molecular wavefunction under inversions at the 
origin. The latter represents the parity of the entire molecular wavefunction under exchange 
of the nuclei, and is therefore applicable only for homonuclear molecules. More is said on 
these matters in Appendix C. As can be seen in Figure 3.8, these symmetries determine the
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Table 3.4. Spin-spin coupling constants (cm x) for A3£+. All values from De Santis et al. 
[1973], except v > 13 from Shemansky [1969]. __

Vibration level, v A y

0 -1.326
1 -1.320
2 -1.314

3 -1.307
4 -1.300
5 -1.293
6 -1.285
7 -1.276
8 -1.268
9 -1.259

10 -1.249
11 -1.239
12 -1.229
13 -1.219

> 13 -1.335 +.007v
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Figure 3.8. VK rotational energy levels. Note the four allowed transitions for N  > 0. 
Actual energy level spacings increase with N. Modified from Hill [1999].

following selection rules on transitions between the rotational levels:

and
s s, a a, a s,s a,

(3.26)

(3.27)

both of which show that for the VK, transitions in which A N  =  0 are forbidden. The 
A N  =  0 selection rule holds for E — S transitions in general.

For Hund’s case (b) the general selection rules on transitions are AN  =  ±1,0 and 
AJ =  ±1,0, where the sign convention used is initial state minus final state. The A3£+ state
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deviates slightly from Hund’s case (b). This allows, in principle, nine possible transitions, 
referred to as branches. As is shown in Figure 3.8, the branches are labelled by the letters 
P,Q ,R  to indicate changes of -1 ,0 ,1 , respectively, with the superscript referring to AN. 
For example, in a PQbranch, the P  means that A N  — N" 1, while the Q means
A J =  J' — J" =  0. Thus in a PQ branch, the molecule gains a unit in N, while stays the 

same.
Of the nine possible transitions, only the PQ, p P, PR, and RQ branches are allowed 

for the VK, as is shown in Figure 3.9. As was said, the A N  =  0 branches are ruled out 
by the a/s and + / — symmetry requirements. The RP, PR branches are ruled out by the 
A J =  ±1,0 selection rule. Since J =  N  for -X^E*, the RP  and p R branches require 

A J =  ± 2.

AN/AJ -1 0 +1

-1 RR R

Q x
0 \ \ \

+1 K P

Q
pp

Figure 3.9. Allowed VK rotational branches.

3.4.5 Honl-London factors, Cj',J"

Honl-London factors determine the relative likelihood of each of the above mentioned ro
tational branches. They are typically expressed in terms of the total angular momentum 
quantum number, J, and must be normalized so that their sum is equal to the degeneracy of 
the state, 2 J +  1. As was said, for the triplet A3E+, each rotational level, N ’ , is associated 
with three different values of J', namely J' =  +  1, — 1. Equivalently, each value
of J' is associated with three different values of N\ corresponding to the spin projection, 
E =  1,0, —1. The E =  + 1 ,-1  (i.e. J' =  N± 1) substates each have one decay channel, 
the r Q and PQ branches, respectively, while the E =  0 (i.e. J =  N) has two channels, the 
p P  and the rRbranches, all of which is illustrated in Figure 3.8. As shown by Shemansky
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Table 3.5. Honl-London factors for Vegard-Kaplan system. Note that their sum equals the 
degeneracy, 2 J' +  1. From Kovacs [1969].________________

Rotational Branch Honl-London factor, C/',J"

PQ i (J ’ +  1/2)
p P i (J ’ +  1)
r R -J ’2
rq i (J ’ +1/2)

and Carleton [1969], each vibrational level of A3E+ thus has a double lifetime depending 
on which E substate it is in. Since they have twice as many decay channels, the lifetime of 
the E =  0 substates is half that of the E =  +1, —1 substates.

Schlapp [1932] demonstrates how Honl-London factors are derived from the rotational 
wavefunctions and the angular part of the transition moment, R. This illustrated in Ap

pendix B. As Schadee [1967] says,

Honl and London were the first to show that the separability of the total wave 
function of a molecular level into a radial and an angular part makes it possible 
to write the transition moment as the product of a radial [Re(r)] and an angular 

factor [O',./")]-

More on the electronic transition moment, R e(r), is said in the following section on transi

tion probabilities.
Believing it represented the so-called ‘atmospheric’ O2 transition, Schlapp [1932] calcu

lated Honl-London factors for a 1E~ —3 E_ transition, which, because the + / — symmetry 
doesn’t change, is calculationally equivalent to the VK. Later, Schlapp reevaluated these 
calculations based on observed rotational line intensities [Schlapp, 1937]. For the model, 
those given by Kovacs [1969] are used. They are presented in Table 3.5. For a more thor
ough exposition of Honl-London factors, including their derivations, see the text by Kovacs 
[1969], Hougen’s monograph on rotational line intensities [1970], or Whiting et al. [1980].
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3.4.6 Calculating the line positions

Enough information is now at hand to calculate the wavelengths at which the VK system 
will radiate, the spectral line positions. There are no selection rules on the change in 
vibrational quantum number so that for each v' there will be photon-emitting transitions 
to all values of v", where we consider from v' =  0 to v' =  21. and the same range on v". For 
each of these 441 vibrational transitions, there are four allowed rotational branches for each 
value of the upper state rotational quantum number, N', two where =  +1, and two 
where A N  =  -1 . The model treats rotational levels from N' =  0 to N' — 100, implying 

that N" spans 101 states.
Gathering together the information from the preceding sections, recalling that Te(X) =  

0, and writing N"  in terms of N', it is found that for each N' > 0 level of each vibrational 
band (i.e. v',v" constant), there are four different wavelength photons emitted, correspond
ing to the four rotational branches. Their wavelengths are given by four equations:

=  Te{A) +  G{A,v') +  Fx{-  G {X,v")  -  F {X ,v" ,N ' +  1)

(3.28)

=  Te(A) +  G(A, v') + F2(A, ' , N') -  , v") -  F{X , N' +  1)

(3.29)

=  Te(A) +  G(A, v') +  F2(, v', N') -  G(X, v") -  , v", N' -  1)

(3.30)

= Te(A) +  G(A,v') +  F3(A, -  G(X, v") -  , N' -  1),

(3.31)

1 A E{PQ)

XpQ he

1 A E{p P)
A p p he

1 A E {rR)
^ RR he

1 A E {rQ)

Xr q he

where only Apq exists for N r =  0, as shown in Figure 3.8.
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3.5 Line intensities

This chapter has so far focussed on determining the energy levels of the N2 molecule in 
the initial and final states of the VK transition. As was shown in the first half of this 
chapter, from the differences in energy between these levels, the line positions (i.e. the 
wavelengths at which the VK spectral lines are emitted) can be calculated. The number of 
photons emitted at each wavelength, the line intensity, is determined by the total transition 
probability, (s-1 ), as well, of course, as the number of molecules in the initial
state of the transition.

The intensity, I  (photons cm” 3s_1), of the radiation emitted by an aggregate of density, 
N  (molecules cm-3 ) in the vibrational level, u', with total angular momentum quantum 
number, J', is given by

=  Ny'JlAy'yi.J'JU (3.32)

where again the primes refer to the upper (') and lower (") levels, respectively. Note that 
the intensity as here defined is a property intrinsic to the collection of molecules itself. The 
number of photons an instrument actually observes will depend upon how the instrument
is oriented relative to the emitting sample (the viewing geometry), the way the molecules
are distributed within the collection, and the instrument’s sensitivity. Having quantitative 
measures of these factors allows one to determine the observed intensity, (units
of Rayleighs) from the emitted intensity Iv'lV" :j' .j" (photons/cm3s). The former quantity 
is called the column emission rate, while the latter quantity is called the volume emission 
rate. More on the relation between them will be said in Chapter 4 when the predictions of 
the model are compared with observations.

In the remainder of this chapter the total transition probability is first separated into 
terms representing the vibrational and rotational transition probabilities. The former are 
most commonly referred to in the literature as the Einstein coefficients for spontaneous 
emission, Av̂ vn (s-1 ), while the latter are the Honl-London factors, given in Table 3.5. 
Summing over the Einstein coefficients for all available transitions gives the natural lifetime 
of a state, a compact and very useful quantity.

A short review of these and other previous determinations of the VK electronic transition 
moment and Einstein coefficients then ends this chapter.
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3.5.1 The total transition probability,

The total transition probability for electronic transitions from an upper level in the v', J1 

state to the v", J” lower level is written as

=  A V , v "  £ r + i '  ( 3 -3 3 )

where Xj/j" is the wavelength of the emitted radiation, 2 J' +  1 is the degeneracy of the 

upper level, and G',J" 1S the Honl-London factor. The Einstein coefficient, Av̂ v", is given 

by

Av,v" =  j d n f c , ( r ) R e( r ) ^ ( r ) (3.34)

where h is Planck’s constant, r is the internuclear distance, and Xv̂ vn is given by 

1
Xv/jV"

=  Te(A) -  Te(X) +  G(v') -  G{v") =  Te(A) +  A G(v), (3.35)

since Te(X)  =  0.
For electric-dipole transitions, the Einstein coefficients, AvriV", are dependent on the 

internuclear distance, r, through the molecule’s electric dipole moment which is contained 
in the electronic transition moment, R e(r) (esu-cm). The electronic transition moment is a 
measure of the gross change in the molecule’s electronic configuration occurring as a result 
of the transition. In writing eqn. (3.33), the angular part of the transition moment has 
implicitly been separated from the radial part, R e(r). This angular part is what determines 
the Honl-London factors,

To calculate the intensity of the spectral lines, the wavelength ratio in eqn. (3.33) is set 
equal to one, which is quickly justified. Eqn. (3.35) gives A w h i l e  the actual wavelength, 

A i s  given by Te(A) +  A G(v) +  A F(J), where the F2 , and F3 substates of A3E+ 
have been temporarily ignored and N  has been written in terms of J. Thus the wavelength 

ratio in eqn. (3.33) is given by

_  (jjaCjO +  AG(v) + AF(J) \ 3 /  A F(J) V  .
V Te(A) +  AG(v) J V ' 1 ‘ ’

For nearly all vibrational and rotational transitions within the VK, the electronic term value
dominates this expression, so that eqn. (3.36) is very close to one. The approximation tends
to get worse for transitions from large v' to small u", (i.e. negative AG(u)), as well as for
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high J values, since F (J ) scales as J(J +  1). Use of this approximation therefore results 
in a slight underestimation of the intensity of the lines originating on the higher rotational 
levels, but for the present purposes the following formula suffices:

= A y 'y  2J, ^  Y ‘ (3.37)

As Physics Department chair John Craven says, “In space physics, we measure it with a 
micrometer, cut it with an axe.”

The dependence of Av> on the electronic transition moment, He(r), has historically 
been the main obstacle in calculating Einstein coefficients. Recently, Gilmore et al. [1992] 
have determined R e(^), for the VK and several other N2 and O2 transitions using purely 
theoretical methods, as well as by the traditional r-centroid approximation. Their results 
for the low lying AsE+ vibrational levels are validated by comparison with the standard 

lifetimes determined by Shemansky [1969]. However, in a finding with significant implica
tions for auroral and dayglow modelling, reason to doubt the lifetimes of both Shemansky 
and Gilmore et al. has appeared with the results of Piper [1993]. Experimental determina
tions of the VK transition probabilities have focussed primarily on the Einstein coefficients, 
Av'jV". As such, discussion of them comprises the remainder of this chapter.

3.5.2 Vibrational transition probabilities, Av'y>

Because the electronic transition moment is a function of the calculationally difficult elec
tronic wavefunctions and diatomic dipole moment (see Appendix B), evaluating the integral 
in eqn. (3.34) is a somewhat daunting task. Approximation methods have historically been 
the only recourse. The most widely used of these is the r-centroid approximation given by

dr'ipl„(r)Re(r)ip*,{r) ss (3-38)
/ '

where qv\v" is the Franck-Condon factor of eqn. (3.14), and TLe(rv',v") ls the electronic 
transition moment evaluated at the r-centroid, ry y /, that is defined by

V /  -  (3.39)J
The r-centroid is thus a measure of the average internuclear distance for the vibrational 
levels of the transition. It is also a well defined, and, if the vibrational wavefunctions are
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known, rather easily calculated quantity for a specific (v',v") transition. As is described 
in Appendix B, the basic assumption made in this approximation is that R e(r) is a slowly 
varying function of internuclear distance, so that the electronic transition moment may be 
pulled out of the integral on the left-hand side of eqn. (3.38) and evaluated at the r-centroid.

By substituting the right-hand side of eqn. (3.38) into eqn. (3.34), the Einstein coefficient 

may then be expressed as
0^4

Av'̂ v" =  qu \3 Qv',v/f • (3.40)
dnAv'1v"

Due to the unknown electronic transition moment, this equation cannot be evaluated analyt
ically. Historically, intensity measurements were the only way of determining the transition 

probabilities.
The intensity (photons cm-3 s-1 ) of a vibrational band (u',u" fixed) is given by

ly* ,V" == Nyf Ayt ̂ ytt , (3.41 )

where Nvt is the number density of molecules (cm-3 ) in the v' level of a given electronic 
state. The natural lifetime, v ,  of an excited state can then be expressed by the sum

V  =  ------, (3.42)/  jy't Ay ŷ'f

where the sum is over all lower vibrational levels, which, for A3H, (̂v > 7) also includes 
vibrational levels of the B 3Ug electronic level. The natural lifetime is one of a state’s most 
useful properties, the determination of which requires knowledge of the Einstein coefficients 
between the state and all lower levels to which it can decay.

Relative Einstein coefficients can be obtained if a band progression (u'=constant) can 
be identified in the emission spectrum. Taking ratios of eqn. (3.41) eliminates the number 
density, N v>, of the progression’s common upper level, leaving

ly f  ?yH A y '  ̂ yt>

Z i /  Dm Ant nt/t
(3.43)

LV,V'" V̂̂ V"

where vm labels the vibration level of a lower energy level distinct from v".

Likewise, after some substitutions and some algebra, relative expressions for the elec
tronic transition moment are given by

( 3 \  1/2

ly' y  Qv' y  ̂ y' ,vn j 3̂44^

Iyf yin Qyf ̂ yH A 3 / ŷfff J
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Usually the Franck-Condon factors, wavelengths, and r-centroids of the transitions are 
known, so that by measuring the intensities, the relative variation of R e(fVjW«) with ry 
can be determined. If such plots can be placed on an absolute scale, Einstein coefficients 
for very weak or otherwise difficult-to-observe transitions may be found from eqn. (3.40) by 
extrapolating to the r-centroid of the transition of interest. Such extrapolations are very 
helpful for determining a state’s natural lifetime. Emission measurements thus provide 
relative values of Av'tV», and R e(rviV»). Unless the number of molecules in the initial 
state, Nvi,is known, these cannot be placed on absolute scales, so that, say, the case of 
an emission from several molecules with weak probabilities cannot be differentiated from 
that of a few molecules with strong probabilities. Emission measurements are additionally 
complicated by blending of the observed emission with those of distinct transitions near the 
same wavelength, as well as reduction of the observed intensity due to quenching.

Absorption measurements provide a means around both of these problems. The Einstein 
coefficient for spontaneous absorption, Bvny  is related to the coefficient for spontaneous 

emission, Avi y ,  through 3

Av\v" =  "3  (3.45)
\ ' , v " c

where Bviiy can be determined from the measured absorption coefficient, k\ (cm-1 ), of the

sample, where

*\ ,t =  $\,ie~kxl (3-46)

relates the incident flux (cm-2 s-1 ) at wavelength A to $\tt, the transmitted flux
at that same wavelength. The path length through the absorbing gas is I (cm). Since 
the number of ground state molecules in the absorbing sample, , can usually be deter
mined absolutely, absorption measurements enable absolute determinations of the Einstein 
coefficients, a subject comprising the remainder of this chapter.

3.5.3 Experimental determinations of Av̂ v"

Because it is spin forbidden, VK transition probablilites have been among the most difficult 
to determine. The main obstacle has been observing the transition in absorption (i.e.

X: E+ -»  AzE+). Mulliken [1957] nicely summarizes the point:

3An excellent description of the relation between these quantities can be found in Brown and Carrington 
[2003, p .259].
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Herzberg also has looked for the Vegard-Kaplan bands in absorption. In fact I 
think the first time I visited him in Darmstadt, he was just building a vacuum 
spectrograph and a long absorption tube just to look for these Vegard-Kaplan 

bands in absorption. He could not find them, and nobody has been able to find 

them since.

Shortly thereafter, Wilkinson [1959] observed the absorption for the VK (6,0) and (7,0) 
bands which, not coincidentally, are bands with large Franck-Condon factors from the v" =  0 
ground state (see Figure 4.5). Notation such as VK (0,6) is used in what follows. As is 
standard in molecular spectroscopy, band systems are denoted with the upper level first, 
whether in emission or absorption. Thus, depending on context, VK (0,6) can refer to the 
band in emission, A3E+(v =  0) - t  =  6), or the absorption band -X^E^v =  6) -¥ 

A3 E+(« =  0).
Carleton and Oldenberg [1962] made the first absolute determinations of the Einstein 

coefficients for a VK band progression. In a clever vacuum-tube experiment, Carleton and 
Oldenberg produced a steady-state concentration of A3S+ molecules, thus eliminating the 
effects of quenching. By pulsing the A3£+ molecules in this tube at the resonance absorption 

frequency of the allowed IPG (1,0) transition [i.e. A3£^ (r =  0) —> B 3Ug(v =  1)], and 
using the then accepted value of for the IPG, they were able to determine the steady- 
state absolute number density, Nv'=o, of molecules in the A3£+(u =  0) state. They then 
measured the emission intensity of the VK (0,6) band, and used eqn. (3.41) to calculate the 
absolute value of Ao,6 for the VK. This was a very important result, and subsequent VK 

investigations would make much use of it.
Carleton and Oldenberg then demonstrated that the variation of the VK electronic 

transition moment with r is significant, even within a fixed v' band progression. Assum
ing a constant electronic transition moment, and knowing the Franck-Condon factors and 
wavelength, the predicted emission intensity of both the VK (0,4) and VK (0,5) bands was 
determined from the observed VK (0,6) intensity by inverting eqn. (3.44). Comparison 
with the observed VK (0,4) and VK (0,5) intensities revealed the need to account for the 
variation of the electronic transition moment.

By measuring VK emission intensities and using eqn. (3.44), subsequent determinations 
of the relative variation of the electronic transition moment with r-centroid were made by



48

Carleton and Papaliolios [1962] and Chandriah and Shepard [1968]. Broadfoot and Maran 
[1969] investigated the large r-centroid regime 1.266 A< ry jt,// < 1*413 A, and found a linear 
fit to be adequate.

Definitive experimental work4 on the VK electronic transition moment was done by 
Shemansky [1969] who measured the absorption coefficients, k\, for the eight VK bands 
from (5,0) through (12,0). From the absorption coefficients, the corresponding absorption 

probabilities (i.e. from i?o,5 to # 0,12), were determined and the corresponding Einstein 
coefficients obtained from eqn. (3.45). From the Einstein coefficients so obtained, absolute 
measures of the electronic transition moment were then found from eqn. (3.40). These 
corresponded to the small r-centroid region, 1.08 A< ry y / < 1.14 A, and the variation of 
the electronic transition moment over this region was shown to be linear.

Shemansky was able to extrapolate his transition moment to larger r-centroids by fit

ting the previously mentioned relative emission data of Broadfoot and Maran [1969] to his 
absolute determinations in the small r-centroid region. To ensure accuracy, he used two 
fitting schemes, but only one is here described. Shemansky and Carleton [1969] matched 
Broadfoot and Maran’s values for the electronic transition moment in the range 1.266 A< 
rv'iV" < 1.413 A to the r-centroid of the VK Ao,6 transition probability (fo}6 — 1*294 A). 
The value Shemansky and Carleton used for the .̂0,6 transition probability was obtained 
from a reanalysis of Carleton and Oldenberg’s [1962] determination. This reanalysis was 
required because the Einstein coefficient for the IPG Ai$, used by Carleton and Oldenberg 
[1962] to calculate the number density of molecules in the A3£+(u =  0) state, was based 
on an erroneous set of Honl-London factors.

Shemansky thus obtained an equation, very nearly linear, for the variation of the elec
tronic transition moment over the 1.08 A< rvi y  < 1.413 A range, a region in which lie 
most of the Vegard-Kaplan bands. Using known Franck-Condon factors, wavelengths and 
r-centroids, this equation enabled Shemansky, through eqn. (3.40), to tabulate VK Einstein 

coefficients for a vast range of VK transitions. The natural lifetimes of the A3S^(^) state 
for fourteen vibrational levels (0 < v < 13) were then obtained from eqn. (3.42), recalling, 
as was said in Section 3.4.5, that each vibrational level has two distinct lifetimes depending

4Shemansky’s actual measurements were much more sophisticated than here described, because he had 
to use the absorption analog of eqn. (3.33).
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on the spin substate. Shemansky’s values for the A3E+(u < 7) lifetimes are presented in 

Table 3.6.
Most recently, Einstein coefficients for the VK have been calculated using the r-centroid 

method by both Gilmore et al. [1992] and Piper [1993]. Piper, using emission data, deter
mined the relative variation of the electronic transition moment for the r-centroid region 
1.22 A< Tv,;/' < 1-48 A, and found a significant deviation from the linearity seen by nearly 
all previous investigators [but see Carleton and Papaliolios, 1962]. These data were then fit 
to the electronic transition moment at ro,6 =  1.294 A which was calculated by a reanal
ysis of Shemansky and Carleton’s [1969] modification of Carleton and Oldenberg’s [1962] 
results for the Einstein coefficient, 4̂o,6• This reanalysis was needed because Piper [Piper 
et al.,1989] had found that the Einstein coefficient of the IPG (1,0) band was somewhat 
smaller than previously believed, this constant, as was said, being a fundamental parameter 
of Carleton and Oldenberg’s method. Based on this, Piper found that the VK Einstein 
coefficients were up to 60% smaller than those found by Shemansky, and that the lifetimes 
for the six lowest vibrational levels of A3S+ are up to 40% larger than those originally 
found by Shemansky. Averaged over the spin substates, Piper’s lifetime calculations are 

presented in Table 3.6.
Gilmore et al. [1992] used Shemansky’s transition moment for their r-centroid based 

calculations of the VK transition probabilities. Their results for the lifetimes of A3E+ (v < 
are, as expected, very close to Shemansky’s, the differences being due primarily to the 
improved Franck-Condon factors and vibrational wavefunctions. Comparisons between the 
two should not be made for v' > 7 because of Shemansky’s failure to include transitions 
from A3E+( v> 7) to -B3Ilg, the possibility of which was first suggested by Mulliken [1928].

The more interesting aspect of Gilmore et al. [1992] is that, in addition to their r- 

centroid based calculations, they were able to avoid band intensity measurements alto
gether and derive transition probabilities by direct integration of the eletronic transition 
moment. By evaluating /  eJr^*„(r)Re(r)^>*,(r), the r-centroid approximation is entirely 
avoided. Gilmore et al. compare these theoretical results with those calculated using the 
standard r-centroid approximation and Shemansky’s transition moment. The results com
pare especially well for the stronger VK transitions, and quite well even for the fainter VK 
lines. Such theoretical justification of Shemansky’s transition moment only makes Piper’s
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Table 3.6. Lifetimes (s) for the VK vibrational levels averaged over the spin substates
Vibrational level, v Shemansky [1969] Gilmore et al. [1992] Piper [1993]

0 1.91 2.05 2.37

1 1.97 2.09 2.65

2 2.02 2.12 2.88

3 2.05 2.14 3.10

4 2.08 2.14 3.24

5 2.10 2.14 3.32

6 2.13 2.16 3.31

[1993] findings more surprising. The theoretical results of Gilmore et al. for the lower 
vibrational VK lifetimes, averaged over the spin substates, are found in Table 3.6. Clearly, 

Piper’s results have yet to be satisfactorily explained.

3.6 Conclusion

In this chapter the vibrational and rotational energy levels of the Vegard-Kaplan band 

system have been determined. The wavelengths at which the VK spectrum is produced 
are determined by the differences in energy between these levels and the selection rules on 
rotational transitions. The intensity of each of these emissions was shown to depend on 
the number density, as well as the total transition probability, A review
of experimental determinations of the Einstein coefficients and their dependence on the 
electronic transition moment, R e(r), was presented. Finally, the most recent determination 
of the A3S+(u < 7) natural lifetimes [Piper, 1993] was shown to be in conflict with previous

experimental and theoretical results.
The transition probabilities and line positions determined in this chapter are assumed 

to be molecular constants, independent of the atmospheric environment in which the N2 is 
situated. The focus of the next chapter is on calculating the A3E+ vibrational and rotational 
populations in the dayglow thermosphere. Unlike the molecular constants, the populations 
vary with altitude. Once the populations are known, the VK synthetic spectrum can be 

calculated by using the results from this chapter.
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Chapter 4

Synthetic Spectrum of the 
Vegard-Kaplan Bands in the 
Dayglow

The goal of this thesis is to model the optical spectrum emitted by the VK system in 
the thermospheric dayglow. To do so requires knowledge of the altitude distribution of 
the A3E+ vibrational and rotational populations. Once known, the rate at which the 
photons comprising the VK spectrum are produced, the volume emission rates (photons 
cm_3s_1), can be calculated. From the volume emission rates the observed quantity, the 
column emission rate (photons cm~3s_1), is obtained. In this chapter the model developed 
for carrying out these calculations is described, compared with similar models of previous 

investigators, and compared with dayglow observations of the VK spectrum.

4.1 Model overview

The basic causal sequence that the model represents is as follows. Short wavelength solar 
radiation impinges on Earth’s atmosphere, ionizing neutral atmospheric species, predom

inantly N2, O2, and O. The photoelectrons thereby produced then collide with neutral 
ground state N2. The energy transferred in this collision is responsible for exciting the 
A3E+ state, as well as the higher energy nitrogen triplets which themselves decay to E+.
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Due to its relatively long lifetime the A3S+ state may transfer its energy to other atmo
spheric species before it is able to radiate. This chemical reaction is known as quenching, 
the effect of which is to decrease the AZY,+ populations. In the decay of A3S+ to the ground 

state the VK emission spectrum is produced.
The processes determining the A3S+ vibrational populations are shown in Figure 4.1. 

In addition, Figure 4.1 shows that the sunlit atmosphere of the dayglow can also excite 
the metastable AZY,+ state up to the B 3Ug state, a process known as resonant scattering, 
previously described in Section 3.5.3 in the experiment of Carleton and Oldenberg [1962]. 
The dayglow model of Broadfoot et al. [1997] includes resonant scattering of the A3S+ 
state, and finds a less than 3% change in the steady state E+ vibrational populations. 
Resonant scattering is thus ignored for this work. Likewise, excitations due to direct photon 
absorption by -V1£+ are neglected since the change in spin makes these singlet-triplet 

transitions unlikely.

Figure 4.1. Illustration of the processes determining the dayglow A3Y>+ populations. From 
Broadfoot et al. [1997].
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The algorithm that has been developed for describing this sequence of events takes as 
primitive inputs the orientation, bandpass, and resolution of an ideal photometer located 
at an altitude of 70 km or higher above a user-specified geographical location for any day 
and time between 1998 and 2003. It then calculates the theoretical observed VK spectrum 
in Rayleighs (R), which is a unit of brightness defined as 1 R=106 photons cm-2 s-1 , more 

fully described in Section 4.5.

4.2 Steady-state vibrational populations

In this section the steady-state vibrational populations of the nitrogen triplet system are 
calculated. Rotational populations are considered afterwards. Only the following electronic 
states are modelled, as shown in Figure 4.1: X 1E;j",4.3£+, B 3Ug, C3II„, IV3A U.
The modelled production and loss mechanisms include direct electron impact excitation, 
cascade between electronic levels, and, where rate coefficients are available, quenching by 
neutral atmospheric species. These are the same processes described in the pioneering work 

of Cartwright et al. [1971] and Cartwright [1978]. Each of these mechanisms is described 
in its own subsection, after which, following Cartwright [1978], they are summed and set 
equal to zero. This yields the steady-state vibrational populations.

4.2.1 Electron impact excitation rates

In the dayglow, the process responsible for exciting the N2 triplets is the interaction of 

ground state N2 with a photoelectron. The process may be written as

JV2 +  e* -> iV2* +  e, (4.1)

where the * superscript indicates an excited N2 triplet and e* is an energetic photoelectron. 
In the collision, the N2 is electronically excited by the transfer of kinetic energy from the 
photoelectron. Quantitatively, the rate at which these excitations occur is called the volume 

excitation rate (cm- 3s-1 ) and is given by
h r00
|[iV2(y ,z)]pe =  yo [N2(X ,v =  0 (4.2)

where [A^F, z)\pe represents the number density (cm-3 ) of excited N2 molecules in the 
electronic level, V, as a function of altitude, 2, produced through collisions of ground state
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N2 with photoelectrons (pe). The three terms that the volume excitation rate depends on are 
i) <p{E, z), which is the photoelectron flux (electrons cm-2  eV- 1s-1 ) at a given altitude and 
energy, E, ii) [N%(X,v =  0, z)], which is the number density (cm-3 ) of nitrogen molecules 
in the X 1S+(u =  0) ground state at a given altitude1, and iii) the excitation cross-section 
<7 y {E) (cm2), which is a measure of the likelihood that a photoelectron with energy, E, will 

excite the ground state N2 to electronic level Y .

Figure 4.2 shows the photoelectron fluxes, ), at a few altitudes as generated by
the glow airglow model [Bailey et al., 2002]. For a given time, date, and geographic location 
glow returns photoelectron fluxes binned by altitude and energy, taking as inputs the solar 

soft x-ray measurements of SNOE.
As described in Chapter 1, photoelectron spectra reflect their origin in solar radiation, 

showing peaks at energies corresponding with prominent solar UV emissions. Bailey [1995], 
for example, explains the photoelectron peak at 25 eV seen in Figure 4.2 by way of the 
prominent solar He II emission at 30.4 nm (~40 eV). Since the ionization energies of N2 

and O are both about 15 eV, the photoelectron peak at 25 eV is to be expected. The 
minimum wavelength photons needed for ionization of the major atmospheric species, N2, 
O2, and O are 79.6 nm, 102.6 nm, and 91.1 nm, respectively, corresponding to 15.5, 12.0, 
and 13.6 eV. Since the excitation potential of the is 6.23 eV, only photoelectrons
with energy > 6.23 eV are able to excite the VK bands. Thus only solar photons of «  20eV 

energy or higher (i.e. wavelength< 60nm) are relevant to VK production.
The range of photoelectron energies covered by glow is from 0.25 eV to 13.7 keV, in 

165 bins. The contribution above 500 eV is practically zero, and has been omitted from 
Figure 4.2. The first twenty bins, beginning with 0.25 eV, are 0.5 eV wide, after which 
they grow in proportion to the energy. Altitudes are chosen to match the neutral profiles 
generated by MSIS, which here range from 70 km to 580 km in 131 bins; from 70-200 km 
the bin sizes are 1.66 km, for 200-270 km they are 3.33 km, and from 270-580 km they are

1The assumption that the target atmospheric nitrogen is composed entirely of molecules in the 
N 2X 1 E ^(u  =  0) ground state can be justified by examining the Boltzmann factors of the =  1 and 

v =  0 states for a high-end thermospheric temperature of T = 10 00  K. To first order,

=  e xp (-h c [G (v  =  1) -  G{v  =  0)] /kBT)  =  e x p ( -h c w e/ k BT) =  .033, (4.3)|iV2(A, v — UjJ 
where, from Table 3.1, u e for X l 'E~£ is 2358.57 cm 1.
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10 km. Figure 4.2 shows the results of glow at a few altitudes; for a more comprehensive 
discussion of the glow model see Bailey et al. [2002]. For the general theory underlying 

photoelectron production in the dayglow see Green and Barth [1967].

Photoelectron Spectro

Energy (eV)

Figure 4.2. Photoelectron spectrum generated by glow. DOY:1999/078, 58,200 s (UT) 
32.4°N, 254°E.

The number density of ground state nitrogen as a function of altitude, [iV2(X, 0, z)],
is provided by the MSIS-90 neutral atmosphere [Hedin, 1991], and shown in Figure 4.3. 
MSIS-90 (Mass Spectrometer-Incoherent Scatter, 1990) is a widely used empirical algo
rithm for representing the composition of the neutral atmosphere. Because the atmosphere 
expands with increasing solar activity, the algorithm utilizes the daily solar radio flux at 

a wavelength of 10.7 cm (F10.7). For years the F10.7 index has been treated as a proxy 
for solar activity; over the course of the 11-year solar cycle it is seen to range from near 70 
(Iq-22 m~2 Hz-1 ) for times near solar minimum to 250 (10-22 mW m-2 Hz-1 ) for times
near solar maximum. For a given day, time, and location, the MSIS algorithm computes
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the atmospheric composition based upon a vast database of pbservational data, in addition 
to the F10.7 value for that day, the F10.7 for the previous day (F10.7p), and the 81-day 
(three solar rotations) average F10.7 (F10.7a). That MSIS is truly empirical, as opposed to 
causal, can be seen by realizing that F10.7a is not an average of the three solar rotations 
prior to the day in question, but an average of the three solar rotations centered on that 

day.

Neutral Atmosphere (MSIS 90)

Number Density(crrr3)

Figure 4.3. Neutral atmosphere provided by MSIS-90. DOY:1998/078, 58,200 s (UT), 
32.4°N, 254°E.

Figure 4.4 shows the cross sections as a function of photoelectron energy. The curves 
in Figure 4.4 were generated from the parameters given by Broadfoot et al. [1997] who 
used the method of Green and Stolarski [1972] to fit the Cartwright et al. [1977a, 1977b] 
electron-impact excitation data as renormalized by Trajmar et al. [1983].
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Analytic cross sections of relevant trip le t states

Electron energy (ev)

Figure 4.4. Electron-impact excitation cross-sections 

4.2.2 Calculation of the volume excitation rates

Now that cross-sections, photoelectron fluxes, and neutral nitrogen densities have been 
obtained a finite difference scheme may be used to integrate eqn. (4.2) numerically:

, 165

^-[N2(Y,z))pe =  £ [  N2(X ,v =  (4.4)
k= 1

Assuming the electronic and vibrational energies can be separated (i.e. the Born- 
Oppenheimer approximation), the volume excitation rates can be distributed among the 
vibrational levels using Franck-Condon factors, in which case eqn. (4.2) becomes

j { [N2(Y, „ ,* ) ] „  =  (4.5)

where the RKR-derived Franck-Condon factors of Gilmore et al. [1992] have been used for 
all electronic states. Franck-Condon factors for the A3H,+ state are presented in Figure 4.5
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which shows that the vibrational level of the A3E+ state most populated by electron-impact

is v =

Figure 4.5. Franck-Condon factors qbetween A ^E ^v =  0) and A3E+. A3E+ vibration 
numbers listed on horizontal axis.

As seen in eqns. (4.2) and (4.5), after summing over the photoelectron energies, the 
volume excitation rates depend only on altitude. The notation can thus be simplified by 

writing
^ [N 2{Y,V,z)]pe (4.6)

where ppe(Y,v,z) represents the production rate (cm "3s_1) of electronically excited nitro
gen, Y, and vibrational level, v, due to photoelectron impact as a function of altitude, 

z.
Before leaving this section and turning to other production and loss mechanisms, it is 

worth mentioning that the Born-Oppenheimer approximation breaks down for electronic 
states which mix significantly with repulsive bonding orbitals. In such cases the likelihood 
of predissociation is greatly enhanced and Franck-Condon factors alone cannot be used to 
distribute the electronic excitation among the vibrational levels. In particular, predissoci
ation of the N2C3n 9 state remains an outstanding question in the literature [Hill et al.,
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2000]. It is generally agreed upon that predissociation is complete for C3II9(i; > 4), so that 
these states do not occur in nature.2 Less agreement exists on the role of predissociation 
for C3Ug(v < 4). Meier [1991] suggests a predissociation factor of .5 for > 2).
Following Hill and the most recent experimental work [Shemansky et al., 1995], it is here 
assumed that excitation of the C3Iig follows Franck-Condon theory up to v =  4. Likewise, 
predissociation of the N2{B,v  > 12) states is not considered, the importance of which is 
suggested by Gilmore et al. [1992]. See Lofthus and Krupenie [1977] for more details on N2 

predissociation.

4.2.3 Cascade within the nitrogen triplets

Other than the ground state, the electronic states of a molecule are unstable. The energy 
transferred to each excited electronic state by photoelectron collisions will eventually be 

emitted as a photon as the molecule decays back to the ground state. Because of the 
A S =  0 selection rule, direct transitions from each of the excited N2 triplets to the singlet 
ground state are unlikely. Although the final decay product is the ground state, except 
for A3£+(u < 7) and W 3A u{v =  0), each of the modelled triplets will intermediately 
decay to a lower electronic level. The electric-dipole selection rules from Sections 2.4.1 and 
2.4 .2, plus the selection rule AA =  0, ±1, imply the following allowed transitions: the 2PG, 
C3Uu-> B3Ug] the IPG, B 3Ug -> A3S+; the infrared afterglow, B'3T,~ O  B3Ug- the 

Wu-Saum-Benesch W 3A u(v> 0) o  B3Ug-, and the reverse IPG A3£+(u > 6) -»  B3Ug.

The cascade process is comprised of this set of transitions. The likelihood of each of these 
transitions is determined by a transition probability given by the Einstein coefficient,
As was first shown by Broadfoot and Hunten [1964], in order to model the A3£+ populations, 
intrasystem transitions within the triplet system need to be considered. Because A3S+ is 
metastable and the lowest energy triplet, nearly all of the energy deposited to the N2 triplet 

system eventually ends up in the A3E+ state, as is now illustrated.
Consider a 1-cm3 box of ground-state N2 through which photoelectrons are flowing.

2The lack of observed emissions from C sU g(v >  4) has been noted at least since the time of Kaplan 
[1931] who convincingly explained this feature by reference to the mixing of these states with Heitler and 
London’s newly discovered repulsive bonding orbitals. These were progressive times, however; three years 
later Kaplan [1934c] presented the Berkeley APS meeting with new observations of 2PG bands with v > 4 , 
although the claim was quickly retracted [Kaplan, 1934d]. For more on the historical work of Heitler and 
London see Bantz [1980].
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When the photoelectrons collide with the ground state N2, both B 3Ug and E+ state 
molecules will be produced, as well as molecules in the C'3IIU, E~, and ex
cited triplet states. Since the typical lifetime of the B 3Ug state is six orders of magnitude 
smaller than A3£+, over the course of one second nearly all of the ground state nitrogen 
molecules that were excited to the B3Ug state will have decayed to molecules in the A3£+ 
state. Meanwhile, hardly any of the A3E+ molecules produced by photoelectron impact 

will have decayed. Thus, since so many of the B 3Iig state molecules have ‘turned into’ 
A3£,t molecules, the number of A3£,t molecules in the box at the end of this second will beU 1 l*
much greater than the number that are produced by direct photoelectron excitation alone. 
However, the effect of cascade is even greater because in the course of this second many of 
the ground state molecules that were excited to the C3UU, B'3T,~, and states will
have also decayed to the A3E+ state, although they first must decay to the state.
This is the reason why the cascade process must be included in calculating the steady-state 

A3£+ vibrational populations.
As this illustration shows, the B 3Iig state is central to the cascade. The fastest decay 

channel of all modelled excited states above A3£+(v =  7) is to B 3Ilg. As shown in Figure 4.6 
the B 3n e potential curve strongly overlaps the curves of the E“  and IT3 A u states. Due 
to the u-v* uselection rule, the W 3A uand B /3S “  states cannot directly decay into each
other. Instead, both decay to the B 3n s state. Because the energy differences between these 

three levels are so small, transitions among them are responsible for the nitrogen infrared 

spectrum.
The result of the cascade is that the number of molecules in a given electronic level is 

increased by the decay from higher energy states and decreased because the state itself can 
decay to lower energy states. For each of the nitrogen triplets, these production and loss 

terms can be written

i [ N 2(Y, Vi z )\cascade — £  l « 2(l', »,*)] +  £  Au/ V [JV2(£7, *)], (4.7)
L,v"

where the first term represents the loss to energetically lower electronic and vibrational 
levels ( L,vand the second, the gain from energetically higher ones {U,v'). The Einstein
coefficients A \̂L„ and A ĴY.t are similarly defined. The number density, [N2{Y,v,z)], may beU j U U y u
taken out of the first sum, which, by eqn. (3.42), then reduces to the natural lifetime of the
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Figure 4.6. Nitrogen triplet levels involved in cascade. C3Ug is higher in energy and not 
shown. From Roux et al. [1983]

state, leaving

^-[N2(Y,v,z)]cascade =  -  ( — )  [N2(4.8)
dt \ty,vJ UjV,

The most recent compilation of nitrogen transition probabilities and, hence, natural 
lifetimes is Gilmore et al. [1992], As described in Section 3.5.3, two computational methods 
are used by Gilmore et al.: direct integration of the electronic transition moment, and the 
r-centroid approximation (see Appendix B). All of the transition probabilities used in the 
cascade model are taken from the direct integration of Gilmore et al., except for the following 

cases.
The values of Piper et al. [1989] and Piper [1993] are used for the IPG and VK proba

bilities, respectively. The most recent determination of the electronic transition moment for 
the 2PG system is Shemansky et al. [1995], and the model uses the transition probabilities 

there obtained.
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4.2.4 Quenching

There are three collisional effects of concern to this thesis: photoelectron impact, rotational 
thermalization, and collisional or radiationless deactivation. The first has been discussed, 
and the second will be revisited in Section 4.2.7. The third is also known as quenching and 

occurs when the energy stored in an excited species is collisionally transferred to another 
species rather than radiated in the form of a photon. Quenching is thus a loss mechanism 
that forms the third and final modelled process to determine the £+ state populations.

Throughout the upper atmosphere, the natural lifetimes of non-metastable excited states 
(i.e. those with accessible electric-dipole or spin-allowed transitions) are much smaller than 
the typical collision frequencies, so that losses due to collisions are small in comparison. 
That is, these states don’t exist long enough for a collision to be likely. Because of their 

long lifetimes, metastable states such as N2A3E+ are much more susceptible to collisions 

than other excited electronic states.
While the model includes quenching for many of the other nitrogen triplets, the subse

quent treatment is specific to the A3S+ vibrational levels, after which the discussion returns 

to the other triplets.
The quenching reaction for A3Ejj" can be symbolized as

N2A3Z+{v) +  M  ^  N2X 1E+ +  M\(4.9)

where M  is the quenching species and the asterisk indicates that the energy of the A3S+ 
state has been transferred to the quenching species, M. More formally, the overall quenching 
loss rate of the vibrational levels of the N2A3E+ state may be written, including altitude 

dependence, as

— [iV2(v4, V, z)]qUench =  ~ ^  ̂ (z)] • [iV^-A, z)], (4.10)
i

where the negative sign indicates a loss process and, as is customary, the number densities 

have been placed in square brackets. The reaction rate coefficient, kN2(AlV),Mi (cm3 s_1)> 
a measure of the effectiveness of species M* at quenching the N2^ 3E^ state in vibrational 
level, v. Quenching by O, O2, and N2 is here considered with densities taken from MSIS- 
90. Taking the [AT2(A, u, z)] term out of the sum in eqn. (4.10), the total loss rate due to
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quenching by these three species is expressed as

(4.11)

where k^2̂ ,v,z) *s the total reaction rate coefficient as a function of altitude, z, and summed 
over the species M j=0, O2, N2. The total reaction rate coefficient is thus given by

Coefficients have been taken from a variety of sources. For k^A,v),o  values were taken from 
Thomas and Kaufman [1985] for i>=0-4, and from Morrill and Benesch [1996] for v > 4. The 

kN2(A,v),o2 values come from Piper [1980] for w=0,l, from Thomas and Kaufman [1985] for 
v=2,3, from Dreyer et al. [1974] for v=4-8, and from Morrill and Benesch [1996] for v > 8. 

And for k^2̂ ,v),N2 the values come from Dreyer and Perner [1973] for u=0-7 and from 
Morrill and Benesch [1996] for v > 7 . A vast compilation of A3S+ quenching coefficients 

can be found in Herron [1999].
Due to its larger density, quenching by O2 predominates in the lower thermosphere. 

However, through most of the thermosphere the most important reaction is between N2A3E+ 
and O. After a quick examination of the quenching of the other modelled nitrogen triplets, 

this reaction will be reexamined.
Total loss rates and rate coefficients for the remainder of the excited triplet states are 

similarly defined via

although outside the N2A3S„ reaction, relatively little is known about the rate coefficients. 
Guesswork is needed. By comparing eqn. (4.13) with the first term in eqn. (4.8), it is 
seen that the larger the lifetime, rytV,the more significant the losses due to quenching will 
be. Because its lifetime is so small, the C3n „ is assumed unquenched (i.e. fc/v2(c,u,z)= 0) 
following Hill [1999].

Quenching is more relevant to the remaining triplets, B3Ug, and Because
their transitions occur in the infrared and visible, they have considerably longer lifetimes 
than the C'Tl,,. which decays through the mainly ultraviolet 2PG. Data are sparse, however, 
on reactions of B 3n 9, B '3and W 3A uwith O and O2. Following Hill [1999], the rate

(4.12)

(4.13)



64

coefficients for these reactions are set equal to those of the A3S+ state. Two justifications 
of this are offered. First, since the molecular geometry of the states are roughly similar 
(i.e. the B'3E~ and W 3A U have the same electron configuration as the A3S+), the same 
is anticipated for the quenching cross-sections. Second, because all three of these states 
have electric-dipole allowed transitions available, compared to the loss due to spontaneous 

emission, quenching is not expected to be significant.
However, because the W 3A u(v =  0) is metastable and therefore prone to quenching, the 

validity of this assumption should be questioned when the concern is with W 3A u{v =  0). 
Yet because all its decay channels are via forbidden transitions, the W 3A u(v =  0) state can 
only contribute to the A3 E+ population by transferring its excitation energy in a collision 

with X 1̂  (see next paragraph and attached footnote).
For the lower vibrational levels, experimental work is available [Polak et al., 1972; Dreyer 

and Perner, 1972] on kN2(B v̂^N2(X), the coefficient for quenching of N2S 3n^(u) by N2X xE+. 
These results are used in the model, supplemented by the recommendations of Morrill and 
Benesch [1996] for the higher vibrational levels. Following Morrill and Benesch, the corre
sponding coefficients for quenching of N2 W 3A u(v) and N2B ,3H,~(v) by ^A^E^" are scaled 

to that of fcjv2(£,v),Ar2W* However, because quenching by ^ A ^ E ^  is most important at 
auroral altitudes where ground-state N2 is plentiful, Morrill and Benesch’s intersystem col- 
lisional transfer of excitation (ICT) is ignored and the reaction with N2Y 1E+ is considered 

a simple loss process. 3
While little is known about the rate coefficients for the vast majority of these reactions, 

even less is known about their temperature dependence. As a result of its importance 
in producing the OlS state, responsible for the auroral green line, the reaction between 
N2A3E^ and O has been studied extensively in the lab and the atmosphere, and estimates 
as to its temperature dependence have recently been made [Hill et al., 2000]. This reaction 
and its temperature dependence are now examined in more detail.

3The idea of IC T is that when AT2( £ )  collides with JV2P O 1 the electronic energy of the Af2(l?) state 
need not merely be transferred as kinetic energy. Rather, because Y 2(R ) has energy resonances with 
N 2 (A ,v  >  7 ),A^2(5 ') , and AT2(kF) ,the excitation itself may be transferred, resulting in the production 
of additional AT2 (A ), A ^ fB ') , or N 2 CW) states. And the same process presumably occurs when Y 2(IT) or 
AT2(B ') collides with AT2(X )
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4.2.5 Temperature dependence of N2A3T,  ̂+  0

Laboratory studies of this reaction began in the early 1930s with Kaplan, who first suggested 
it as a means of producing the auroral green line. The central experimental difficulty to 
studying it was rapid diffusion to the walls of the tube, where the N2A3E+ would be 
deactivated. Zipf [1964] measured the diffusion coefficient. For a review of the many 

investigations since then see Hill [1999] or Herron [1999].
Atmospherically, most of the studies have concerned the aurora. Assuming the energy 

distribution of the auroral electrons scales linearly up to a certain altitude (Broadfoot et 
al. [1997] say 200 km), the relative production rates of N2C 3n„, N2-B3n 9, and N2A3E+ 
should not vary with altitude. Therefore, neglecting quenching, the emission ratios of the 
VK and IPG, relative to the 2PG, should also be constant. Auroral rocket observations of 
Sharp [1971] revealed the relative depletion in the VK emission due to quenching, allowing 
quantitative determinations of the quenching rates for the 0,1 levels of A3S+ [Sharp, 
1971; Shemansky et al. 1971]. Ground-based observations [Vallance Jones and Gattinger, 
1975] enabled Vallance Jones and Gattinger [1976] to extend these to 3, and give upper 

limits for v =  4,5 , 6.
In principle, all chemical reactions should depend exponentially on temperature. The 

reaction rate coefficent as a function of temperature, k(T), is given by the Arrhenius equa-

where Ea is the minimum kinetic energy needed to initiate the reaction (i.e. the activation 
energy), ^ is the reduced mass of the reactants, is the cross section of the reaction at 
a known temperature, and ksis the Boltzmann constant.

In practice, most experimental determinations of rate coefficients are done at room 
temperature. Bucsela et al. [1998] noticed that at all thermospheric altitudes, but especially 
below 200 km, the observed VK emission was overestimated by models using available rate 
coefficients. Hill et al. [2000] scaled kNi^,v),0 by the most conservative value suggested by 
the Arrhenius equation, (T/298K)1/2, the result of which immediately accounted for the 
discrepancy nicely quantified by Bucsela et al. [1998].

Following the success of this treatment, all reaction coefficients included in the model

tion
(4.14)
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are scaled by the same temperature dependence. Thus eqn. (4.13) then becomes

j t [N2(Y, v, z)]quench =  - k N , z)] (4.15)

where the temperatures as a function of altitude, T(z), are taken from MSIS-90 and the 

temperature dependent total rate coefficient is given by

f  T(z) \ 1//2
k N 2(Y,v,z,T( * ) )  =  k N 2(Y,v  ̂ ^ 9^  J  ' ( 4 ' 1 6 )

4.2.6 Steady-state vibrational populations

Putting the results from the last three sections together, the steady-state vibrational popu
lations of each of the nitrogen triplet states can now be calculated. To find the steady-state 
population rate for any given electronic level, Y, the production and loss terms arising from 
photoelectron impact excitation, cascade, and quenching are summed and set equal to zero. 

This results in

— [N2(Y,V,z)] =  — [N2(Y,V,z)]pe +  — [N2(Y,V,z)]cascade+ — [N2(Y,V,z =  0. (4.17)

This result and eqns. (4.5), (4.7), and (4.15), yield the following five equations for the 
steady-state vibrational populations of the five modelled triplets:

-  =  0 (4.18)
TC,V

pPe{A,v,z) -  ( kN2(A,v,z,T(z)) +  ~—  ̂[N2{ ̂  = 0  (4.19)
V  TA,vJ v,

Ppe(B',v,z) -  ( k m B > l, lT( ,„  +  [AT2( F > , 2)1 +  = 0 (4-2°)V TB',vJ v,

P p e { W , v , z )  -  ( k N2(w,v,z,T(z)) +  -— 1 [-̂ 2(1 Y  +  ^  =  0 (4.21)
V  Tw,v /

pPe { B , v ,z )  -  ( k N2(B,v,z,T(z)) +  -—
\ TB, v J V'

+ E * ) ] +E »'• z>] + E < / , =  o (4.22)
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These are solved simultaneously, at each altitude, for the steady-state number densities,

[N 2 ( Y , v , z )].

Due to the coupling terms, the entire set of equations must be solved computationally. 

To do so, the set is first written in the form

A • [N2{Y, v, z)\ ,v, z), (4.23)

where [A^T, w, z)\is a ninety-three by one dimensional array representing the steady-state 
vibrational populations of the five modelled triplet states at a given altitude. Each electronic 
state is modelled for v =  0 -  21 except for C3Ug, which predissociates for > 4 , giving 
ninety-three modelled states. A  is a square ninety-three by ninety-three matrix carefully 
constructed to contain the loss terms (quenching and emission), as well as the coupling term, 
production from upper electronic levels. At a given altitude the photoelectron production to 

each state is a constant; ppe(Y,v,z) in eqn. (4.23) is thus a ninety three by one dimensional 
array containing the constant photoelectron production terms of eqn. (4.5). The Interactive 
Data Language (IDL) algorithm laludc is then used to solve eqn. (4.23) at each altitude.

The algorithm laludc first decomposes the square matrix A  into a lower triangular 
matrix A'. Thus there is only one nonzero element in the top row of A'. The first term 
of [N2 {Y,v,z)] is then easily obtained. Being a lower triangular matrix, the second row of 
A' will have two nonzero elements. Using the result for the first term in allows
the solution of the second term in [iV2(y,u, z )].Subsequent iterations yield all ninety three 
terms of [A^T, v, z )\at a given altitude. The laludc algorithm is repeated at each altitude 
yielding the steady-state vibrational populations of the nitrogen triplets throughout the 

thermosphere.

4.2.7 Comparison I: Steady-state vibrational populations

For validation of the steady-state vibrational populations produced by solving eqn. (4.23), 
the results of Morrill and Benesch [1996] are shown in Figure 4.7. The results of the current 
model are shown in Figure 4.8 for a sunlit neutral atmosphere. Both figures use the volume 
excitation rates (i.e. ppe(Y)) of Cartwright [1978] and show vibrational populations for 
all triplets at an altitude of 130 km with all quenching terms set to zero. Also shown 
are the A3£+ and IU3A U states at 110 km including quenching but without temperature
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Vibrationcl Level

Figure 4.7. Steady-state populations of Morrill and Benesch [1996] at 110 and 130 km using 
the auroral excitation rates of Cartwright [1978].

dependence. Quantitative differences between the two figures are difficult to assess due 
to the logarithmic scaling; qualitatively, the figures compare well, with the most obvious 
difference occurring for A3£+(v =  7), which is underestimated in Figure 4.8 by between 
10-20% compared with Figure 4.7.

As said, the excitation rates of Cartwright are derived from a precipitating auroral 
electron, not photoelectron, distribution, so that the steady-state populations expressed 
in Figure 4.7 and Figure 4.8 are not representative of the dayglow. However, because 
resonant absorption by A3£+ has been ignored, when using the auroral excitation rates the 
dayglow model gives results in good agreement with Morrill and Benesch’s auroral model, 
in spite of the differing neutral atmospheres. Both figures show that the shorter a state’s 
natural lifetime, the smaller its steady-state population. Also notice the rapid depletion in 
population for AsY,+ (v > 7) due to the reverse IPG.
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Steady Stote Vib. Populations at 110 ond 130 km

Vibrotionol level

Figure 4.8. Modelled steady state N2 triplet populations at 110 and 130 km using auroral 
excitation rates of Cartwright [1978]. Compare with Figure 4.7.

4.3 Steady-state A3E+ rotational populations

After obtaining the steady-state A3E+ vibrational populations, the model calculates the 
rotational populations within each vibrational level. Because of its long lifetime, it is as
sumed that all rotational information from higher electronic levels is lost, and that the 
rotational levels are in thermal equilibrium at all relevant altitudes. Thus, the temperature 
corresponding to rotational equilibrium is the same as the ambient kinetic temperature, 
an assumption that makes the VK emissions, when instrumental resolution is sufficient 
to resolve individual rotational lines, useful as an indicator of thermospheric temperature 
[Ahmed, 1969]. In order to calculate the A3£+ rotational populations without this thermal- 
ization assumption, the rotational levels of each electronic state would have to be included 
in the cascade calculations of eqns. (4.18)-(4.22). The calculation then becomes significantly 
more difficult. First, the number of equations needing simultaneously solved increases from 
93 to 9300 (assuming 100 rotational levels are modelled for each states). Second, the cor
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responding Honl-London factors for each vibrational level of each of the electronic levels 

would need to be determined.
However, this is exactly what is required in order to calculate the rotational popula

tions at the rarefied higher altitudes where thermalizing collisions are infrequent. Ahmed 
[1969] and Sharp [1971] both quote the suggestion of Broadfoot and Hunten [1964] that 
below 220 km thermalization is valid. Ahmed says 10 collisions/second are required for 
the thermalization of the A3S+ state rotational populations. Hill [1999] takes a different 
approach, arguing that if the collision rate is less than 1 collision/second, then thermaliza
tion does not occur, while if it is more than 100 collisions/second then thermalization is 
valid. The consequence of Hill’s position is that in the dayglow thermalization of the A3£+ 

rotational populations definitely holds below 150 km and definitely does not hold above 270 
km. Since nearly all of the A3£+ population is found below 200 km, it is assumed that the 
A3£+ rotational populations are in thermal equilibrium throughout the thermosphere.

Before proceeding to the calculation, it is important to recall that the concept of a 
collision between two particles becomes inappropriate in the context of quantum theory. A 
more appropriate line of thought is to consider the ‘collision’ as a perturbation; a strong 
perturbation is required to quench the A3£+ state, while the strength of the interaction 

needed to redistribute the rotational levels is much weaker. Quantum mechanically, the 
likelihood of both quenching and rotational redistribution, as well as all other collisional 
processes, is measured by an effective cross section depending, among other things, upon 
the energy of the incident particle, as was seen with the cross sections for collisions with 
photoelectrons.

4.3.1 Thermal equilibrium

In thermal equilibrium the .A3£+ rotational levels are populated according to their Boltz
mann factors. As shown in the previous chapter, because S =  1 for A3£+ associated with 
each value of the rotational quantum number, AT, are three different values of the total 
angular momentum quantum number, J = N  +  5, each of which has a different rotational 
term value, namely Fi(AT), 1*2 (AT), and F$(N). Thus, for each of these spin substates, the 
number of A3S+ molecules in vibrational level, t>, in a given level of the rotational quantum
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number, N, and at an altitude z is given by

0 (2J +  l)exp [ ^ F ^ N )
[N2 (A ,v ,N ,J  =  N +  l,z)] = [N2( A , v , z )\----------------- ---------—   (4.24)

Wrot

</>(2 +  [ kgT(z)
[N2 (A ,v ,N ,J  =  N,z)] =  [N2( A , v , z )]   ^  1 (4.25)

0(2J +  1 \ k ^ ) F3(N )
[.N 2( A , v , N , J =  N - 1 , z )} =  [N2( A , v , z )]-

Qrot
(4.26)

where it should be recalled that for the N  =  0 level only the F\ state exists. The A3 E+ vibra
tional populations at each altitude, [N2 (A,v,z)\, are taken from the solution of eqn. (4.23), 
Qrot is the rotational partition function associated with each substate, and 2J +  1 is the 
degeneracy (which, since J =  N +  S, implicitly includes the spin degeneracy.)

The statistical weight, 0, is 2/3 for odd N  and 1/3 for even N. These values follow 
from the 2 It +  1 degeneracy of the nuclear spin states and the symmetry requirements of 
homonuclear molecules under nuclear exchange, as described in Appendix C. Briefly, the 
two nitrogen nuclei are bosons with nuclear spin 1, so that the total nuclear spin may 
assume three values, It =  0,1,2 (from eqn. 2.8). Each of these states has a degeneracy 
of 2It +  1 so that there are nine accessible nuclear spin substates. Exchange symmetry 
requires that states with odd N  have even It , s o  that there are 5 +  1 =  6  nuclear spin 
substates for odd N. Likewise, rotational levels with even N  must have odd It , and so have 

only three available nuclear spin substates.
Tatum [1967] shows that for temperatures above ~273 K, true for most of the atmosphere 

above the mesopause, the rotational partition function may be approximated by

^  (4 2 7 )

where Bv is the first-order term in the rotational term values, F\(N), F2 (N) and F^(N) 
(see eqns. 3.23-3.25). Although each rotational level is split into these three nondegenerate 
substates, since each has the same value of Bv, their partition functions are assumed to be 
the same. Thus, the number density of A3E+ molecules with the quantum numbers v, N,
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and J at an altitude 2 are given by the following three equations:

— hn
(4.28)hcB

[N2 (A ,v ,N ,J  =  N +  l ,z)]  = [N2 {A ,v ,z ) ]2 4 > j£ ^ {2  + 1

[N2(A,v, N , J =  N , z)} =  [N2 + 1

[N2 {A ,v ,N ,J  = N - 1  , z ) ] =  [N2{A + 1

kBT(z) 
—he 

kBT{z) 
—he

he ^
Fi

F2 (N)

kBT (z)
F3 (N)

(4.29)

(4.30)

The model contains 101 modelled upper state rotational levels (IV =  0 — 100). These 
equations represent the steady-state vibrational and rotational 3E+ populations at each 
altitude. From them the model calculates the VK volume emission rates (photons cm-3 s-1 ).

4.4 VK volume emission rates

The VK spectrum is produced by the decay, .43E~ --> A' 1 . Since there are no selection
rules on vibrational transitions between different electronic states, each of the twenty-two 
(i.e. v' =  0 — 21) modelled A 3S + (v') vibrational states can decay to any of the twenty-two 
(i.e v" =  0 — 21) modelled lower vibrational levels, A’1E^"(u//), where the primes have been 
reintroduced to denote upper and lower levels. Thus there are 484 modelled vibrational 

transitions.
Within each vibrational transition the rotational selection rules allow only four rotational 

transitions4 from a given upper rotational level, N' (c.f. Figure 3.8). Equation (4.28) 
thus represents the number density of A3E+ molecules in vibrational quantum number, 
v1, rotational quantum number, N', and at an altitude, z, that can decay via the PQ 
branch. Likewise eqn. (4.29) represents the number density that can decay via the pP  and 
r R branches, while eqn. (4.30) represents the number density that can decay via the RQ 

branch.
The rate at which photons are emitted by each of these four branches is found by 

multiplying each of equations (4.28-4.30) by the corresponding VK Einstein coefficient, 
Av>yi,and normalized Honl-London factor, Tn• Since there are two branches for J' = N',

4Recall from Figure 3.8 that for N ’= 0 , only one rotational transition, the PQ  branch, exists.
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this leads to the following four equations for the volume emission rates at each altitude for 
a specified vibrational transition v' —> v" from rotational level, N'\

£ % w ( z )  =  [N2 (A ,v ',N ',J ' = N ' +  (4.31)

C PNl.y .(z ),=  [N2 (A ,v ',N ',J ' =  2(2j / +\ ) (4‘32)

Iv'RN';v"(z) =  [N2 (A ,v',N ',J ' =  y _  (4.33)

C QN,y i (z)=  [N2 (A ,v ',N ',J ' (4-34)

where J" and TV", have been implicitly specified through the branch label. At each of the
131 modelled altitudes these four equations are calculated by looping over the 101 upper

rotational levels (N r =  0 — 100) and 484 vibrational transitions (vf =  0 — 21, v" =  0 -  21). 
The wavelengths of each of these transitions are then calculated from eqn. (3.28). At each 
altitude the volume emission rates of eqns. (4.31)- (4.34) are matched with the wavelengths, 
and the number of emitted VK photons as a function of wavelength is obtained.

4.4.1 Comparison II: Steady-state rotational populations in thermal equi

librium

A direct comparison with the rotational populations is not made. Instead the populations 
are indirectly validated by comparing the intensity of the rotational transitions as given by 
eqns. (4.31-4.34) for the VK(0,5) band.

The relative intensity of each branch is presented graphically in Figure 4.9 for the VK 
(0,5) band at T =  400 K. An arbitrary altitude was chosen in eqns. (4.31)- (4.34), and the 
temperature at that altitude set equal to T =  400 K. The relative intensities are found by 
dividing by the [N2(A ,v=0)] number densities at that altitude. In order to facilitate the 
comparison, the Einstein coefficient of Shemansky [1969] for the VK (0,5) transition was 

used.
The ratios of the intensities of the pP  and RQ branches ending on a given value of the 

lower rotational level N " =  J" are then calculated and compared with the same calculation 
of Shemansky [1969] and the experimental observations of Miller [1965]. The same is then
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RR bronch

Wovelength(nm)

PQ bronch

Wavelength(nm)

pP branch

Wovelength(nm)

RQ branch

Wovelength(nm)

(a) r R  and PQ  (b) p P  and RQ

Figure 4.9. Model results for emission rates of the rotational branches of the VK (0,5) band 
at T=400 K. The alternating intensities of the lines are due to nuclear exchange symmetry 
(see Appendix C).

All branches of VK(0,5)

Wavelength(nm)

Figure 4.10. Model predictions for full rotational structure of VK (0,5) band at T=400 K.
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Table 4.1. Theoretical and experimental relative rotational line intensities for N2 VK (0,5) 
emission band at T=400 K. M^Miller [1965] (experimental). S=Shemansky [1969] (theo
retical). ___________________________________________________

II M
rR/pQ 

S Model M
pP/RQ 

S Model

0 3.8 3.9 4.0 - - -

1 - 1.9 2.0 - - -

2 1.8 1.6 1.6 0.23 0.40 0.40

3 - 1.4 1.4 0.51 0.58 0.57
4 1.8 1.3 1.3 0.56 0.68 0.67

5 0.82 1.3 1.3 0.67 0.74 0.73

6 1.6 1.2 1.2 0.66 0.77 0.77

7 1.3 1.2 1.2 0.74 0.81 0.80

8 1.4 1.2 1.2 0.76 0.83 0.83

9 1.3 1.2 1.2 0.82 0.84 0.85
10 1.4 1.2 1.1 0.68 0.86 0.86

11 1.1 1.1 1.1 0.96 0.87 0.87
12 1.3 1.1 1.1 0.83 0.88 0.88

13 1.5 1.1 1.1 - 0.89 0.89

14 1.3 1.1 1.1 0.79 0.90 0.90

done for the r R and PQ branches. Table 4.1 shows the results of the comparisons. Some of 
the ratios show very slight differences relative to those of Shemansky. These differences can 
presumably be explained by noting that Shemansky’s rotational populations were calculated 
by explicitly terminating the rotational partition function, while the model used Tatum’s 
approximation, eqn. (4.27). Both the model results and Shemansky’s results compare fairly 
well with Miller’s observations, the average error for the results in Table 4.1 being 19%.

All four branches are overplotted in Figure 4.10, representing the entire rotational struc
ture of the VK (0,5) band at 400 K. Note how the rotational structure degrades towards 
longer wavelengths. This is characteristic of transitions such as the VK for which the 
equilibrium internuclear distance decreases.
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4.4.2 Comparison III: Volume emission rates at 800 K

Degen [1986] generated synthetic spectra for several important auroral species. His results 
for the VK spectrum between 3450 A and 3950 A at T=800 K at an instrumental resolution 
of 4 A are shown in Figure 4.11. The auroral steady-state vibrational populations used by 
Degen’s model are shown at the bottom of Figure 4.11.

Substituting these vibrational populations and the transition probabilities of Sheman
sky [1969] into the current model, the volume emission rates of eqns. (4.31)- (4.34) were 
calculated and put into 4 A bins. These were then matched with line positions obtained 
by substituting the molecular constants of Shemansky [1969]. These line positions differed 
by less than .03% with those given in Degen [1982], Figure 4.12 shows the model results 
obtained for a temperature at T —800 K.

In general, the figures compare very well, with a slight discrepancy seen to exist for the 

(11,17) band. More noticeable is the difference between the (0,10) band, underestimated by 
our model relative to Degen’s result. These features are puzzling and remain unexplained.

4.5 VK column emission rates

Similar to how one will see the light from the stars above the aurora in addition to the aurora 
itself, actual observations of dayglow spectrum will record emissions from all altitudes within 
the field of view of the instrument. This is shown in Figure 4.13 for a photometer on board 
a rocket. In order to compare with observations a method is needed to determine how much 
of the emission from each altitude will contribute to the observation. The final component 
of the model transforms the volume emission rates, I  (photons cm-3  s-1 ), as given by 
eqns. (4.31)-(4.34), into a single measurement result, the column emission rate, 77 (photons 
cm-2  s-1 ).

As originally defined by Hunten et al. [1956], the units for the column emission rate are 

given in Rayleighs (R) with

, ^ i • i 106 photons tA oc.1 Rayleigh = —    , (4.35)cmz (column) sec

where the denominator indicates that these photons are being emitted within a column of 
unit cross sectional area extending away from the photometer. The unit is named for the
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V ?brW >'S N2flV1  llG100°83863 47 36 28 27 28 28 24 20 17

Figure 4.11. Theoretical VK synthetic spectrum from 3450 A to 3950 A. T-800 K. Reso
lu tion ^  A. From Degen [1986].

Wavelength (A)

Figure 4.12. Current results for VK spectrum from 3450 A to 3950 A. T —800 K. Resolu- 
tion=4 A. Compare with Figure 4.11
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Figure 4.13. Rocket viewing geometry. From Cleary [1985].

work of Lord Rayleigh IV, an excellent review of which can be found in Baker and Romick 

[1976].
Observations do not include all of the photons emitted by a radiating source because the 

field of view of the instrument is restricted to look into a cone of solid angle fl steradians 
(sr). The rate at which the radiation is being emitted by the source per unit area and solid 

angle is called the angular surface brightness, B ,having units of photons cm 2s *sr lk  
where the A "1 is included because the photometer records all photons within a wavelength 
interval determined by its resolution. For the rest of this discussion the resolution of the 
photometer is ignored, assuming it records only photons of a particular wavelength. How
ever, observations are most commonly expressed in units of R /A , which takes into account

the finite wavelength resolution of the photometer.
As shown by Chamberlain [1961], if the following two conditions are fulfilled then the 

brightness of the source in Rayleighs may be obtained by integrating the volume emission
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rate of the source along a line extending perpendicular to the sensitive surface area of the 
photometer: i) the source must be emitting isotropically within the angular field of view 

of the instrument, and ii) the atmosphere through which the photon propagates must be 
optically thin at the wavelength of the emission (i.e. no scattering or self-absorption). 
This latter assumption ensures that the photons observed by the photometer have not been 
scattered into the field of view and similarly that no photons emitted within the field of view 
of the photometer have been scattered out of the field of view. With these assumptions, by 
multiplying the angular surface brightness, Bby sr, the total rate of photon emission 
within the column, the column emission rate, is obtained in units of Rayleighs. When 
the above two assumptions are relaxed, the quantity 47 is called the apparent surface

The forbidden nature of the transition that made the VK bands so difficult to observe 
in absorption (c.f. the quote by Mulliken in Section 3.5.3) justifies the assumption of 
an optically thin atmosphere. Thus in travelling through the atmosphere an emitted VK 
photon follows an unimpeded straight line to reach the instrument, exactly as if it was

propagating through a vacuum.
Returning to the model, consider the volume emission rates of a specific branch (say 

PQ) of a specific A3E+ rotational level, N ',of a specific VK band (v', v") at a specific 
altitude, z. The photometer is assumed to be on board a rocket at altitude, , and that 
only photons emitted perpendicular to the line of sight are observed. As can be seen in 
Figure 4.13, the instrument on the rocket looks through a series of spherical shells. The 
path length through each shell, Ax, decreases depending on the distance of the shell from 
the rocket. The orientation of the photometer relative to the zenith is called the overhead

zenith angle (OZA); for zenith viewing, O ZA-0°.
Integrating along the entire column extending away from the photometer, the column 

emission rate of the PQ branch from a given upper state rotational level, N', within a fixed 

vibrational band (v',v"constant),expressed in Rayleighs is given by

where dx is the differential length element of the column. For the purposes of numerical 
calculation it is assumed that the volume emission rates are uniform within each atmospheric

brightness.

(4.36)
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shell. The column emission rate of this particular emission is thus given by

rlv\N'\v" =  Y  Iy\N(zi )^ x ii (4-37)
i

where the length of the column through the ith shell, A X{, will vary depending on the OZA. 
The vertical thickness, A o f  each shell is a model parameter (see the discussion on the 
glow model, Section 4.2.1). The path length of the column through each shell, A i s  
calculated from the OZA, the rocket altitude, z, and A z%. The geometric formula used for 
this calculation, as well as an excellent explanation, was found in Cleary [1985]. It can also 
be found in many texts on radiative transfer.

4.6 Model comparisons with observations

The most important test of any scientific model is how well it compares with observations. 
However, a central obstacle to modelling dayglow emission spectra is that the solar fluxes are 
typically poorly known. Since radiation by the sun is the fundamental driver of the entire 
dayglow spectrum, errors in solar flux will propagate through the model. As described in 

the introduction, the photoelectron code of the model takes as inputs the 2-20 nm solar 
soft x-ray measurements of the SNOE satellite, which was in operation from March of 1998 
to December of 2003. Because only solar radiation shortward of ~60 nm is relevant to VK 
production (c.f. Section 4.2.1), this knowledge of the solar spectrum in the 2-20 nm provides 
the opportunity for very accurate modelling of days falling within this range. Although no 
VK observational data could be found during this time period, the SNOE measurements 
provide an excellent starting point for observations taken outside of this range of dates.

The model predictions are thus compared with dayglow measurements obtained in 
the following experiment. At 58,200 s (UT) (Local Time 9:10 AM) on March 19, 1992 
(DOY:1992/079), a sounding rocket was launched from White Sands, NM (32.4°N, 254°E) 
carrying the MUSTANG (Middle Ultraviolet Spectral Analysis of Nitrogen Gases) instru
ment. The index for the solar flux at 10.7 cm for this day was F10.7=166.1. The overhead 
zenith angle (OZA) on the downleg was 90°, and 100° on the upleg. To compare with the 
MUSTANG data, the model is run for the same time, location, and day of year in 1999. 
Since 1992 was a leap year, this means March 19, 1999 (DOY:1999/078). The solar 10.7-cm
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flux index for this day was F10.7=138.1.
There is an obvious problem with this comparison that arises because of the differing 

solar activity between the observations made in 1992, which was close to the 1989 solar 
minimum, and the model results for 1999, which was near the 2000 solar maximum. In 
comparing the model with the data it must be kept in mind that the model is ultimately 
driven by knowledge of the solar ionizing irradiance. Above 150 km, the solar ionizing 
irradiance is dominated by the solar He II 30.4 nm emission [Bailey, 1995]. The variation 
of this emission for all levels of solar activity is known to within 30% [Woods et al., 2005]. 
Below 150 km, the solar ionizing irradiance is dominated by shorter wavelengths in the solar 
spectrum with wavelengths as short as 2 nm contributing. The magnitude of this irradiance 
is known to within 100% uncertainty [Bailey et al., 2000]. Thus in comparing the model 
with observations initial agreement is expected to within 30% above 150 km and within 
100% at lower altitudes.

4.6.1 Comparison IV : Observed V K  spectrum at 195 km

Figure 4.14 shows the upleg MUSTANG observations of the dayglow spectrum between 
2500 A and 3100 A taken at 195 km at an OZA=100° with instrument resolution 3.13 A. 
Several VK bands are prominent, as well as the atomic oxygen line at 2972 A. The model 
results for DOY:1999/078 are depicted in Figure 4.15. Differences in wavelengths from 
the MUSTANG observations are negligible. Table 4.2 compares the peak intensities of the 
model with the MUSTANG observations and shows that the errors in observed intensity 
are within 25% for the more prominent VK bands in this region. In particular, the error is 
less than 20% for the VK (0,5), (0,6), and (0,7) emissions, which are among the brightest of 
all VK dayglow bands. Considering the unknown solar spectrum of the 1992 observations, 
that the predictions of the model are within the 30% range of expected variability is a good 
indicator of its fundamental soundness.

4.6.2 Comparison V : Observed altitude dependence of V K  emission

The downleg MUSTANG observations of the set of VK emissions originating on v' =  1 
(i.e. summed over N' and vn) are presented in Figure 4.16. Unlike Figure 4.14, the data 
in Figure 4.16 are not pure observations, but have been obtained by summing over the VK
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wavelength (A)

Figure 4.14. Observed VK dayglow spectrum on upleg of MUSTANG launch at 195 km, 
OZA=100°. From Cleary et al.[1995].

Modelled VK spectrum at 195 km. 0ZA=100o

2500  2600 2700 2800  2900  3000  3100
W ave len g th  (A )

Figure 4.15. Modelled VK dayglow spectrum for DOY:1999/078, 58,200 s (UT), 32.4°N, 
254°E, OZA=100°. Compare with Figure 4.14.
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(t/ =  1) emissions observed at each rocket altitude. This is a difficult task in data analysis 
as it requires the ability to discern each VK (vf =  1) emission from among the multitude of 
dayglow emissions present in a spectrograph, many of which are blended by the multitude 
of other dayglow emissions. The predictions of Hill et al. [2000] are shown fitted to the data 
points in Figure 4.16. The dashed line fit is for the use of quenching coefficients independent 
of temperature, and the solid line is for a scaling of the quenching coefficients by (T /298 K). 
The results of Hill et al. [2000] in Figure 4.16 are seen to stay within the experimental error 
bars for altitudes above ~150 km. The solar inputs used by Hill et al. [2000] to make the 
plots in Figure 4.16 are unknown.

Before comparing the model predictions with Figure 4.16, in Figure 4.17 the modelled 
steady state dayglow N2 vibrational populations at 150 km are shown, as well as the alti
tude variance of the N2A3£+(u =  1) populations for DOY:1999/078, UT=58,200 s (UT), 
at White Sands, NM. Overplotted on both graphs are the unquenched, quenched, and 
temperature-dependent quenched results. As expected, due to their long lifetimes, these 
are indistinguishable for all but the A3£+ and W 3A u(v — 0) states. Note that without 
quenching, the A3S+(u =  1) populations are maximized near the auroral altitudes of 100 
km. Including quenching, the maximum population occurs between 160 and 170 km.

To compare with Figure 4.16, the calculation of eqn. (4.37) is repeated at each rocket 
altitude for OZA=90°. All emissions arising from A3£+(u =  1) are summed over. The 
model results are depicted in Figure 4.18. Table 4.3 compares the model results at various 
altitudes with the results of Hill et al. [2000] as approximated from Figure 4.16.

Table 4.3 reveals the agreement to be poorest at lower altitudes which is where the

Table 4.2. Comparison of observed and modelled peak intensities of VK dayglow spectrum.
Observed va ues approximated from Figure 4.14. Model resu.

VK Band Observed(R/A) Modelled (R/A) % Difference)
(0,5) 130 136 5
(5,9) 48 37 23
(0,6) 168 144 14

(0,7) 170 136 20

(1,8) 70 76 9

ts shown in Figure 4.15
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Figure 4.16. Downleg MUSTANG observations of VK (v’= l)  emissions for a day near solar 
minimum in 1992, with fits to the data from Hill et al. [2000].

short-wavelength solar radiation is predominantly deposited. The maximum discrepancy is 
50% at 130 km, and the general trend is for the agreement to become increasingly better 
above 130 km. Again, these results are within the expected range of solar variability and 
permit the claim that the model gives acceptable results.

4.7 The full dayglow VK synthetic spectrum

Before concluding it is useful to make a demonstration of the full capabilities of the model. 
By matching the column densities of each VK rotational and vibrational emission (eqn. 4.37) 
with the respective line positions (eqn. 3.28), Figure 4.19 is generated, which shows the entire 
predicted VK spectrum for the DOY:1999/078 model parameters for a satellite viewing
geometry at a tangent height of 167 km with resolution of 10 A. Since isotropy has been
assumed within each altitude shell, rocket measurements are easily converted into those
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Model populations at 167 km Altitude variation of A3E* ( v = l)
106| 1 1 1 1 i 1 1 1 1 | 1 1 1

0 .5 0 0  1000 1500 2000 2500  
Number density (c m '3)

Figure 4.17. Model results for DOY:1999/078, UT=58,200 s (UT), 32.4°N, 254°E. Left 
graph: Steady-state triplet dayglow populations at 150 km. Right graph: Altitude variation 
of =  1) population. Both graphs include unquenched, quenched, and temperature-
dependent quenched populations.

of a satellite, a satellite viewing geometry a given tangent height being twice those of a 
rocket-bound photometer with OZA=90° located at an altitude equivalent to the tangent 
height. The general features in Figure 4.19 correspond closely to the auroral VK synthetic 
spectrum of Degen [1982].

Quantitative comparison with the model of Degen is complicated due to the smallness 
of many of the intensities, and because Degen presents volume emission rates at 800 K, as 
opposed to the column emission rates shown in Figure 4.19. However, several important 
features are present in both graphs. The wavelengths and relative intensity of the con
tributions between 1500 A and 2500 A are nearly identical, as are the regions longward 
of 3500 A. The most important difference is seen by comparison of the emissions between 
~  2500 A and ~  3500 A, the spectral region in which the brightest VK emissions lie, namely
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VK v'=1

Brightness (R)

Figure 4.18. Model predictions of A3 H,+ (v =  1) emission near solar maximum in 1999. 
Compare with Figure 4.16

Table 4.3. Comparison of selected altitudes from Figure 4.16 and Figure 4.18. Hill’s values 
are approximated from Figure 4.16.______________________________________________

Altitude (km) Hill et al. [2000] (kR) Current Model (kR) % Difference
110 10 14 40
130 12 18 50
150 13 18 38
175 11 14 27
200 8.0 8.9 13
220 5.0 5.4 8
250 2.2 2.3 5
280 1.0 0.92 8
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those originating on A3 Y,+ (v =  0) and =  1). While the relative intensities within
the (v =  0) and (v =  1) progressions are the same for both the dayglow and auroral models, 
the intensity of the (v =  1) emissions relative to those of the (v =  0) is uniformly larger 
in the auroral model of Degen. This suggests that the populations of (v =  1) relative to 
(v =  0) are larger in the aurora than the dayglow.

This observation is in accord with what is known about the typical auroral and photo
electron fluxes. Relative to a typical photoelectron distribution (see Figure 4.2), the typical 
auroral energy spectrum has more electrons at higher energies [Broadfoot et ah,1997]. These 
differences in energy would be expected to show up in the steady state populations; since 
the (v =  1) level is higher in energy than (v =  0) the enhanced production of the former, 
as well as higher vibrational levels, is to be expected.

VK spectrum fo r satellite viewing at tangent height of 167 km

Wavelength (A)

Figure 4.19. Full VK synthetic spectrum for satellite viewing at tangent height of 167 km. 
10 A resolution. DOY:1998/078, 58,200 s (UT), 32.4°N, 254°E.



4.8 Conclusion

In this chapter, it was shown how the model for the dayglow Vegard-Kaplan synthetic 
spectrum was constructed. Model results were compared with the model results of previous 
investigators. The comparison with dayglow observations was complicated by a lack of 
knowledge of the solar spectrum for a set of VK observations in 1992. Using the solar 
spectrum measured by SNOE for a day in 1999, the model results were shown to be within 
the acceptable range of solar variability.
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Chapter 5

Conclusion

The Vegard-Kaplan bands of molecular nitrogen are emitted in the spin-forbidden transition 
from the first excited electronic state of molecular nitrogen, N2A3E+, to the stable ground 
state, N2X 1E+. In the dayglow thermosphere, the A3E+ populations are excited through 
collisions with photoelectrons produced by solar radiation shortward of 60 nm. The model 
here developed for the VK synthetic spectrum takes as inputs the MSIS-90 neutral atmo
sphere [Hedin, 1991] and the SNOE measurements of the 2-20 nm solar soft x-ray spectrum 
as recorded between March of 1998 and December of 2003 [Bailey et al., 2000]. Model 
results were compared with models of previous investigators and with dayglow observations 
from 1992. The following are the main results of these comparisons:

• Using a standardized auroral electron distribution the steady-state modelled vibra
tional populations of the nitrogen triplet system were compared with the results of 
Morrill and Benesch [1996]. On the whole differences in the two models were negligi
ble, with and without the inclusion of quenching terms. An unexplained difference of 
10-20% was seen for the unquenched A3S+(u =  7) populations at 130 km.

• The A3E+ rotational populations were modelled by assuming a Boltzmann distribu
tion at all thermospheric altitudes. Using these populations, the ratio of the intensi
ties of the rotational branches for the VK (0,5) band at a temperature T=800 K were 
nearly identical to the same calculation of Shemansky [1969]. Comparisons with the 
observations of Miller [1965] were within 19%.
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• Substituting molecular constants of Shemansky [1969] and vibrational populations of 
Degen [1982] into the model, volume emission rates were calculated and compared to 
those of the Degen [1986] model over a wavelength range 3450 A to 3950 A. Results 
for all band heads were within .03% of the published values of Degen [1982]. Relative 
emission rates differed only for the (11,17) and (1,10) bands. These features remain 
unexplained.

• An observed VK dayglow spectrum at 195 km from a day in 1992 was compared with 
the model results for the same day in 1999. The differences were less than 20% for 
the strongest VK emissions. This agreement is within the 30% variability of the solar 
irradiance above 150 km.

• The 1992 observations of the altitude dependence of the VK (v — 1) emission were 
compared with the model predictions for the same day in 1999. The model results 
stayed within 50% of the observations for altitudes between 110 km and 130 km. This 
agreement is within the 100% uncertainty of the solar irradiance below 150 km. Also, 

the difference between the model and the observations steadily decreased with altitude 
above 130 km, reaching a minimum of 8% at 280 km. As in the previous item, this 
agreement is within 30%.

• The relative intensities of the full modelled VK dayglow spectrum from 1500 A to 
6000 A as observed by a satellite at a tangent height of 167 km were compared 
with the full auroral VK spectrum modelled by Degen [1986]. The ratio of the v= l 
intensities relative to the v=0 intensities was seen to be larger in Degen’s model. This 
is to be expected due to Degen’s use of an auroral electron distribution, rather than 
the photoelectron distribution of the current model.

Considering the unknown solar conditions for the 1992 observations, the model com
parisons with observations fall within the allowed 100% range of variability below 150 km, 
and within the 30% range of variability above 150 km. Thus the model results are deemed 
acceptable. A much better comparison would be obtained by comparing the model results 
with a VK dayglow spectrum observed during the days of SNOE operation, days for which 
data is available on the solar soft x-ray spectrum. It is unknown to the author whether 
such observations exist.
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Planned future refinements to the model are the inclusion of the intrasystem collisional 
transfer of excitation (ICT) mechanism of Morrill and Benesch [1996], as well as the resonant 

scattering of sunlight by the A3S+ state [Broadfoot et ah, 1997].
In addition, certain model assumptions could be relaxed. For example, due to the lack of 

thermalizing collisions, above approximately 200 km the A3E+ state rotational populations 
are not in thermal equilibrium as the model assumes. The Honl-London factors needed to 
model the non-thermalized VK emission are available in the literature [Kovacs, 1969] and 
would be need to be included for precision modelling of the VK emission above 200 km. 
Also, as in Morrill et al. [1998], by relaxing the steady-state assumption on the triplet 

vibrational populations, the time-dependence of the VK and other triplet emissions could 
be studied. Such a calculation would be useful for studying the response of the upper 
atmosphere to pulsed drivers such as sprites or gamma ray bursts.
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The Born-Oppenheimer 
Approximat ion

One should never forget, however, that in every case the molecule 

has solved its own Schrddinger equation exactly, and is probably 

laughing at our attempts at attaining to some approximate solution.-  

J.I. Steinfeld [1985]

Born and Oppenheimer’s principal result is that the total molecular wavefunction, is 
approximately separable into electronic and nuclear motions according to

ip =  ipe(x,r)ipn(r,6,(A.l)

where x represents the electron coordinates, r is the internuclear distance, and 6 and (p are 
the angular coordinates of the nuclei. Ignoring the rotation of the molecule, this reduces to

ip =  ipe(x,r)ipv(r)/r(A.2)

where ipv(r)/r is the radial wavefunction for the vibrating nuclei.
The physical justification for the separation of the electronic and nuclear coordinates 

depends on the smallness of the quantity ( me/M)* where me is the electron mass and M  
the nuclear mass. Thus it mat be assumed that the electrons carry out many cycles of their 
motion (i.e. their motion is smeared out) in the time it takes the nuclear configuration to 
change appreciably [Pauling and Wilson, 1935, p.263]. In other words, the electrons adapt

Appendix A
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approximately instantaneously to changes in the internuclear distance. In this appendix, 
consideration is given to how the separation of the nuclear vibrational and electronic orbital 
motions is accomplished.

The total Hamiltonian for a diatomic molecule is dominated by the electrostatic inter
action. In a first approximation, spin effects may be ignored, and the molecule’s potential 
energy written as the sum of the electron-electron, electron-nuclei, and nuclei-nuclei elec
trostatic interactions. For N2 the Hamiltonian in CGS units is

T„  , (Ze ) 2 , ^  f  —Ze2-Z e 2 ^  e 2 \
V(x,r)  =  ±— -  +  V  r= ^  +  ̂ ---^ 7  +  7 T=----------- r I (A.3)

r 7 ^ y Xi - r '\ f ^ \ xi - xj \ )

where X{and Xj refer to the coordinates of the ith and jth  electrons. The nuclear coordinates 
are r i and r2 with the internuclear distance, r, given by =| Fi -  r2 |, and Ze the nuclear 
charge. The Schrodinger equation for N2 then takes the form

= ( i  ̂ + 1 J7  ̂ + v ̂ r̂) ̂ = Ê’ Â-4)
where the V 2 terms represent the individual kinetic energies of the fourteen electrons and 
two nuclei and the reduced nuclear mass is fi — M/2.

Consider now the solution of this equation for a fixed internuclear distance, r = rQ. The 
nuclear coordinates, r̂ , are then fixed, because of which the V 2. terms will vanish. This 
means that the electron coordinates, X{, are the only variables, and that the relevant part of 
the separated wavefunction (eqn. A.2) is the electronic part, 'ipe(x,r). For r =  r0, eqn. (A.4) 
may then be written

14

Ez=1
- f t 2 t -,2 , -7 e 2  , _7e2 , v ” '  e2

-  V j p .  +  T~ZZ 3 — 7 " b  T~ZZ 3 — 7 " h  /  7" H ---------- 3 -
2 m e \ X i - r i \  \ X i ~ r 2 \ “  I -  a?*j> i  1 • 3

^e{x,r0) (A.5)

=  ( ^ E e { r 0 )  -  f p e ( x , r 0 ) ,

where the constant nuclei-nuclei electrostatic energy has been moved to the r ig h t -h a n d  

side and, appropriate to N2, Z =  7. This equation is denoted the electronic Schrodinger 
equation. Its eigenvalues are

U(r0) =  Ee(r0) -  (A.6)
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where Ee(r0) is the total electronic energy at the fixed internuclear distance r0. This energy 
is quantized and corresponds, since spin has been ignored, to the electronic energies of the 
N2 singlet system (i.e. X 1E ’̂ ,o 1IIj, etc.) when the nuclei are separated by r0.

Ignore for the moment the fact that the electronic Schrodinger equation cannot, in 
practice, be solved for Ee(r0). By iteratively choosing different internuclear distances, a 
curve U(r) may, in principle, be generated which is given by

U(r) =  Ee(r)-  1 ^ 2 .  (A.7)

The assumption that the electrons adapt instantaneously to changes in the internuclear 
distance means that the energies obtained by solving the electronic Schrodinger equation 
at each iterative step are valid approximations to the energy at that particular internu
clear distance. This curve may then be used as the potential function parameterizing the 
vibrational motion, but, as said, this curve can be known only “in principle” .

Morse’s insight [1929] was to approximate the function U(r) by

U(r) =  De~2<r~r^ -  2De~a{r~r^ (A.8)

where re is the equilibrium internuclear distance, and D the dissociation energy. Using this 
potential, he then showed that the Schrodinger equation for the vibrational motion of the 
nuclei

—Y? d?
+U(r)tpv Evrpv(r) (A.9)

was analytically solvable for the nuclear vibrational wavefunctions, ipv{r)- And perhaps 
more importantly, Morse found that the energy eigenvalues of this equation took the form

Ev =  - D  +  hu0[(v +  -  x(v +  i ) 2] (A.10)

which, dropping the constant D and rewriting the coefficients in modern notation, may be 
written as a term value

G(v) =  ue{v +  1) -  uexe(v +  i ) 2. (A .ll)

Even for large v, where third and higher order terms become significant, this expression 
accounts for the experimentally determined vibrational energies of the N2A3E+ state to 
within .05 %.
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Electric-Dipole Transition 
Probabilities Calculated by the 
r-Centroid Approximation.

For electric-dipole transitions, the probability (s-1 ) of a transition between distinct elec
tronic molecular states ( v ' , J') and (v", J") is given by

64vr4 | R|2 , x
=  3M» ~  2 J' +  1 (B'1)

where R  is the transition moment (esu ■ cm), is the energy difference between the 
states (cm), 2 J1 +  1 is the degeneracy of the higher-energy state, and J' is the total angular 
momentum quantum number. In this appendix the treatment is illustrated by which the 
transition moment, R, may be decomposed into the product of three terms. The first two 
are the dimensionless Honl-London and the Franck-Condon factors, jn, and re
spectively, both of which are calculationally tractable quantities. The third is the electronic 
transition moment, R e(r), a routinely unknown function of the internuclear distance, r, that 
is a measure of the gross change in a molecule’s electronic structure occuring as a result of 
the transition. Until relatively recently, analytic determinations of the electronic transition 
moment were unavailable, so that it was invariably determined through the r-centroid ap
proximation. This supposes that R e(r) can be evaluated at the so-called r-centroid, f , / y / , 
a measure of the average internuclear distance of a transition. The r-centroid is easily

Appendix B
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calculated from the vibrational wavefunctions of the states in the transition.
Using the r-centroid approximation the transition moment, R, and thereby the transi

tion probability, Avi tj ", are expressed solely as a function of the electronic transition 

moment evaluated at the point determined by the r-centroid, R e(ry>t)//). When supple
mented by experimentally determined spectral intensities, the variation of R e(ry it,») with 
r m a y  be found. If the Franck-Condon and Honl-London factors are known, the transi
tion probability between distinct electronic states may be determined. That is, the transi
tion probability for each rotational transition within each vibrational band of the electronic 
transition will also be known.

B .l The electronic transition moment, Re(r)

For transitions like the VK that obey the selection rules from Chapter 2 for electric-dipole 
radiation, the molecular electric-dipole moment is what determines the likelihood of tran
sitions between different molecular states. Classically, it is given by

M = M e +  M„, (B.2)

where

M e = ^  -ex* (B.3)
i

and

M„ =  (B.4)
j

with X* and rj the coordinates of the electrons and nuclei respectively, e the elementary 
charge, and Z  the nuclear charge.

For distinct electronic states the transition moment, R, is then given by

R — R-eiec d" R nuc =  J j  [!VIe +  lVIn],0 / , (B .5 )

where ip" is the final-state wavefunction of the transition and ip' that of the initial state.
Substituting the separated Born-Oppenheimer wavefunctions (Appendix A), and dividing
the nuclear wavefunction into vibrational and rotational terms, this equation becomes

R = /  J d3xd3rip*e„ ( x , r ) iprotn(0,<p)*[M + iprot'(0 ,<P)

(B.6)
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where, because the electronic eigenfunctions i/je(x,r) are solutions to the same Schrodinger 
equation, they are orthogonal (see Appendix A). Because all of the x dependence of the 
integration over M n is contained in the electronic wavefunctions 'ipe(x^r)) the integration 
over M n can be separated into

R -n u c  =  J  d?r J  r ) ^ v

(B.7)
which vanishes due to the orthogonality of the \pe terms. This gives the following expression 
for the transition moment

R  =  y  J d 3xd3r'ip*ell{x ,r) 0 )M e^e/(x ,r) V’rot'(^>0)- (B-8)

The angular part of the vector M e can be expressed in terms of the angular coodinates 
of the nuclei [Kovacs, 1969, p. 117] so that

M c = M (*)/(0 ,0 ),. (B.9)

where M(x)  represents the resultant radial dependence of the electron configuration. Ex
pressing the nuclear volume element, d3r, in spherical coordinates and observing that the
internuclear distance is real leads to

R = / I  d3xdr'ip*e,l(x,r)ipZ„(r)M(aO^Mas, r)̂ (r) J
(B.10)

Defining the Honl-London factor, as

( Cj,,j,,)1/2 =  J  d9d4>ipiot„(9,(l))f{9,(f))sin9'iprot'{9,(l>) (B .ll)

and the electronic transition moment, R e(r), as

R e(0  =  J  d3̂ * //(x ,r )M (rr)^ (a :,r ), (B.12)

eqn. (B.10) becomes

R  =  (C/ ' , J " ) 1/2 J dr'ip(r ) R e(r) (B.13)
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B.2 The r-centroid approximation

The electronic transition moment is, in general, a very complicated function of the electronic 
coordinates, the determination of which is one of the more formidable tasks facing the 
spectroscopist. The most widely used approximation scheme is known as the r-centroid 
approximation which begins by expanding R e(r) in a power series [Fraser, 1954]

R  e(r) =  a +  br +  cr2 +  ..(B.14)

so that

J  drift̂ ,, (r)R e(r)iftv> (r) =  a J drift*„(r)iftv>(r) +  b J  J  driftl„(r)r2 ipvi (r),

(B.15)
where terms higher than second order have been ignored.

When the region of vibrational overlap is appreciable and constructive, the contributions 
of the vibrational wavefunctions to the above integrals will be significant only in a very small 
region of r. The need for a local peak, even a relatively broad one, is stressed by Nicholls 
[1974]. In such cases the r-centroid approximation works excellently. The center of this 
region is called the r-centroid, ry y i ,and it is defined by

v y , -  (B .16)
J

In general the nth power of the expectation value of a function (i.e. < /( r )  >n) is 
not equal to the expectation value of the nth power of that function (i.e. < f ( r )n » .  
As described by McCallum [1979], Jarmain was originally led to the r-centroid concept by 
noticing the following approximate equivalence

f  drifts (r )n M r ) /drifts (r)rn^/y(r)
f  drift*i, (r)ipv/(r) ~  f  '

Fraser [1954] found this relation to hold for up to n < 10 for the vibrational wavefunctions 
of several molecular band systems

By assuming that R e(r) is a slowly varying function of r at the r-centroid, the r- 
dependence in eqn. (B.15) may be appoximated by the constant r-centroid leaving

driftv"(r)*Re (r )iftvi(r) =  [a +  6r„/)V» +  (B.18)/ '
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1 /2where qj, „is the Franck-Condon factor. The approximation in eqn. (B.17) can be made
exact by including factors of Y$y, = <  r̂ , v„> < rv<>v" > n for the second and
higher order coefficients [McCallum, 1979], but Nicholls [1974] shows that Y$ v„ is typically 
within one or two percent of unity. Gilmore et al. [1992], studying several N2 and 0 2 
systems, find the maximum deviation to be ten percent, so that eqn. (B.18) may, for most 
applications, be written

S 'dr'ipv,,(r)*Re{r)i>v,(r) «  ? J y R e( v y - ) .  (B.19)

The transition moment, R, can then be expressed as

R- =  (G  ',7")1/29 ^ " R e (V y 0  (B.20)

where the right-hand side is the quantity typically referred to as the rotational line strength, 
and the quantity

Sj',j" =  q l!y ,R e(B.21)

is known as the band strength.

The total transition probability as defined in eqn.( B.l) then becomes

. 647T4 I 12 Cjf J "
=  3^ 3  ~ qV'v"lRe(G 'y')| Y (B.22)

which is the result obtained from eqns. (3.33) and (3.34).

Experimental determinations of |Re(f„/y/)|2 through band intensity measurements have
historically been the only means of obtaining transition probabilities. Recently, however,
Gilmore et al. [1992] appear to have met with considerable success in the theoretical calcu

lation of R e(r), the results of which on the whole compare very favorably with traditional, 
r-centroid based calculations of the transition probabilities, differences appearing, as ex
pected, when the vibrational overlap as measured by the Franck-Condon factor is small. 
Why Piper [1993] finds r-centroid based calculations of the VK transition probabilities to 
differ by as much as 60% from those of Gilmore et al. [1992] remains unexplained.



110

Appendix C

Alternating Intensities of 
Vegard-Kaplan Rotational 
Transitions

In this appendix the symmetry properties of homonuclear molecules with respect to ex
change of the nuclei are discussed. By way of this operation the alternating VK rotational 

intensities seen in Figure 4.9 can be explained. The development here parallels that of 
Brown and Carrington [2003, p.255].

C .l Rotational wavefunctions: spherical harmonics

As was shown in Chapter 3, for the rigid rotator the Schrodinger equation for the nuclear 
rotation is

where, as the concern is solely with the Hund’s case (b), N2A3E+ state, N  is used to 
label the rotational levels. Also called the surface harmonics, the first few are listed in

b  ' t f t r o t 0) — E 'lfjrot($> 4*) (C.l)

the solutions to which are the spherical harmonics,

(C.2)
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Table C.l. Spherical harmonics, Y ^ N
N Mn aaM n

y n

0 0 J _ i / 2
4n

1 0 £ 1/2cose

1 ± 1 T ^ ^ s i n Q e ^

Table (C.l).

The actual rotational wavefunctions differ from the spherical harmonics, as can be seen 
by comparing the rotational energy expressions for the A3£+ state (eqns. 3.23-3.25) with 
those given by the spherical harmonics (i.e. h2 N (N  +  1)). However, due to the molecular 

symmetry of homonuclear molecules, the actual rotational wavefunctions will have the same 
symmetry properties as the spherical harmonics. The symmetry properties are all that is 
of concern here.

C.2 The nuclear exchange operation, Pl2

For homonuclear molecules the generalized Pauli principle requires that, depending on 
whether the nuclei are bosons or fermions, the total wavefunction have even or odd parity, 
respectively, with respect to an exchange of the nuclei. This exchange is denoted by the 
operation _Pj2 and is equivalent to the sequential application of the following two operations 
on the molecular coordinates: A*, which inverts the entire molecule at the origin, and then 
E*, the inversion operator of the electrons described in Section 2.4.1.

Atmospheric N2 is overwhelmingly composed of two identical 14AT nuclei, each of which 
has a nuclear spin quantum number, 7 =  1, making them bosons. The Pauli principle then 
requires that

Pntp =  (+1)V> (C.3)

where ip is the total molecular wavefunction of N2.
Spin effects are important here, and in addition to the Born-Oppenheimer separation, 

is now further factored to explicitly include spin terms. For £  states there is, to first order, 
no spin-orbit coupling, and the electronic wavefunction can be factored into a coordinate- 
dependent orbital part, ipe and a coordinate-independent spin part, ipes. In most envi-
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ronments the nuclear wavefunction can also be separated into the coordinate-dependent 
vibrational wavefunction ipv/r, and a coordinate-independent part, the nuclear spin wave
function, ipns. Thus the total molecular wavefunction, may be written

'fhy
Ip Ipe ' Ipes ‘ ' Ipns ' ( ^ . 4 )

where the explicit coordinate dependence of each term has been dropped.

The parity of the total wavefunction is determined by looking at the parity of its com
ponent parts so that for the A3£+ state, we have

P12ip =  (E*A*)i’e(3 ^i)i>esyPsirot(N)ipns(IT) (C.5)

where the rotational wavefunction, iprot, has been labelled by the quantum number, IV, 
appropriate to Hund’s case (b), and the nuclear spin wavefunction, ipns, has been labelled 
by the total nuclear spin quantum number, ItAs in eqn. (2.8), for two nuclei with 1 =  1 , 
the total nuclear spin quantum number may have three values, / T=0,l,2. The analysis of 
eqn. (C.5) begins by looking at ipns.

Under A*, the entire molecule is subject to an inversion. In spherical coordinates, r 
doesn’t change, and A* is thus equivalent to the following two rotations: (p —» <p + ir, 
9 n — 9. For the nuclei, this is the exchange operation. As Brown and Carrington 
[2003, p.255] demonstrate, the nuclear spin wavefunctions corresponding to It =  0,2 are 
symmetric (s) under exchange, while those for which =  1 are antisymmetric (a). All 
three possibilities may be combined in the term ( -1 ) / t , so that

A*1pns{lT) =  ( - 1  (C.6)

The effect of the electronic wavefunction, ipe, under A* is now considered. For the 
<p ~* +  7r transformation, the nuclei and the electrons are rotated by the same amount. 
They keep the same locations relative to each other. Thus nothing happens, and so no 
parity changes occur in ipe. The 9—>■ n — 9transformation completes the inversion, but 
here a relative difference appears. If the nuclei are considered as lying at tt/2, this 
transformation will have no effect on them. For the electronic coordinates, this transforma
tion amounts to a reflection in a plane containing both nuclei, which is exactly the same
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situation dealt with in Section 2.4.2: the electronic wavefunctions may have + /-  symmetry 
for this transformation. Thus for the A3S+ (likewise the X 1S+), we have

43S + ) =  ( + l ) ^ ( ^ l 3S + )  (C.7)

where for a E~ state the factor would be (-1).

For the rotational wavefunction, iprot,Table (C.l) shows that the parity of under A*

is determined by the oddness or evenness of N. Although the actual rotational wavefunctions
will differ from the spherical harmonics, the same parity relations will be maintained. This
introduces a factor (—1)^:

A * A o t ( N )  =  (C.8)

A* has no effect on the remaining two terms in eqn. (C.5). According to Herzberg, 
Kronig [1930] showed that for Hund’s case (b) the electron spin term, in eqn. (C.4) 
is unchanged under A*. The same goes for the vibrational term, tpv/r, as it depends only 
on the magnitude of the internuclear distance, unchanged under this inversion [Herzberg, 
1950, p. 129]. Putting all of this together, the effect of A* on is given by

A*ip =  ( + l ) M A 3 X + ) ^ v / r ( - l ) NiPro t (N )(- l ) lTipns(IT) (C.9)

Other than comprising the first half of the nuclear exchange operator P12, the operation 
A * has an additional use. Rotational levels are classified according to the parity of the total 
wavefunction, eqn. (C.4) under A*. If the total wavefunction has even parity, the rotational 
levels are labelled positive (+); if odd, negative(-) as in Figure 3.8.1

The second part of P12, the inversion E*, is more briefly dealt with since it affects
only the electronic part of the total wavefunction. In Section 2.4.1, it was shown that the
electronic wavefunctions are g/u with respect to P*, so that

E*A*iP =  ( - 1 )  . (+ l)V ’a(A3S +)^e Ŝ / r ( - l ) N^ o t ( i V ) ( - l ) ^ V ’nS(/T) (C.10)

where a factor of (-1) has appeared due of the odd (u) parity of E+. For ATXE+, this factor 
would be +1. Recalling eqn. (C.3), the total wavefunction must be even under exchange so 
that the product of all constants in eqn. (C.10) must be +1. For A3S+ then

( - l ) - ( + l ) - ( - l Ar) - ( - l ^ )  =  + l  (C .ll)

lrThis notation should not be confused with the previously mentioned + / -  of the electronic wavefunctions, 
although, as shown in eqn. (C .9), the + / -  parity of ipe in part determines the overall + / -  of ip.
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so that rotational levels where the quantum number N  is even/odd combine only with 
odd/even values of total nuclear spin It - This can be said another way: since the 1

state is antisymmetric (a), while the It —'0,2 states are symmetric (s), states of even/odd
N  combine only with a/s nuclear states. This is seen in Figure 3.8, which also shows that, 
due to its g parity, the opposite is true for AAE;/.

C.3 The effects of nuclear spin: occupation numbers

As was said, the nuclear spin wavefunctions are labelled a/s if they are antisymmet
ric/ symmetric under nuclear exchange. N2 has 1 so that the total nuclear spin may be 
It =  0,1,2. In addition, each nuclear state has 2 +  1 accessible nuclear substates. This
is extremely important as regards the occupation numbers which determine the number of 
molecules in a particular state. For the a levels, 1 and the occupation number is 3.
The s levels have It =  0 or It =  2, implying a combined occupation number of 1+5=6. As 
was just shown, the a and s levels of A3Ej/ are respectively paired with the odd and even 
rotational quantum numbers, N, so that we expect the levels with N  odd to be twice as 
populated (i.e. 6/3) as those with N  even.

But this isn’t quite what is observed. Because the rotational energy of a level is propor
tional to N, the number of molecules in any given rotational level is also determined by the 
temperature, with large N  becoming more common with increasing temperature. The effect 
of this is that for an aggregate of A3E+ molecules at a given temperature approximately 
(not exactly) twice as many molecules will be in levels having odd N  than those with even 
N.

Similar considerations must apply to transitions from these levels. So for the Vegard- 
Kaplan transition, transitions from levels of odd N  are typically twice as intense as transi
tions from levels of even N. That is, alternating intensities in the Vegard-Kaplan rotational 
branches are seen if the instrumentation is sufficiently precise.


