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Abstract

A model of fish distribution in time and space and a single-beam sonar model are pre

sented. Simulated sonar data are obtained and analyzed using the echo-counting method 

to determine the estimated number of fish. The results show that (1) when the fish rate 

is less than 1 fish/s, the error is within ±15% and fish are overcounted more often than 

undercounted, (2) this method underestimates the number of fish by 57% of the actual 

number of fish for a fish rate of 5 fish/s, (3) fish counts are dominated by the noise if the 

threshold is lower than the noise level, (4) by varying the ping rate, the error could be as 

much as 72% for a fish rate of 10 fish/s and a ping rate of 10 pings/s, (5) by varying the 

pulse width, the error could be as much as 80% for a fish rate of 10 fish/s and a pulse 

width of 1.0 ms.
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Chapter 1

Introduction

The main objective of this thesis is to provide an estimate of fish escapement using an 

echo-counting method and to determine the uncertainty inherent in this method of fish 

enumeration. The background of this thesis (essentially the importance of this thesis) is 

first provided in section 1.1, followed by a brief introduction to sonar systems in section 

1.2. Section 1.3 presents an introduction to fish swimming behavior. The new approach 

to the fisheries acoustics problem as well as the problem itself is introduced in section 

1.4. The contributions to the present work are listed in section 1.5, followed by the 

organization of the thesis in section 1.6.

1.1 Background

Fishery is the second largest industry in Alaska after petroleum. Fish reproduce each 

year, thus renewing the food resource. However, if fish are harvested too much or too 

young, the resource can be seriously depleted [MacLennan and Simmonds, 1992]. Ob

taining accurate estimates of fish escapement in Alaskan rivers is important for two 

reasons. First, information on total returns from past escapement levels provides a basis 

for harvest policy evaluation. Secondly, escapement estimates are used during the fishing 

season to ensure optimal escapement [Mesiar et a/., 1990].

Acoustic techniques have become increasingly important in fisheries research over 

the years. Sonar has contributed greatly to the understanding of life under water and



especially to the distribution of fish in space and time in the last four decades. Exper

imental and theoretical investigations have been reported in the literature [MacLennan 

and Simmonds, 1992; Burwen et aZ., 1995; Burwen and Bosch, 1996; Maxwell et aZ., 

1997; Osborne and Daum, 1997; BioSonic, 1998; Ransom et aZ., 1998; Dahl et aZ., 2000].

Counting migrating fish in rivers is one of the more challenging applications for 

fisheries acoustics. Unlike typical marine mobile survey applications [MacLennan and 

Simmonds, 1992], riverine applications use stationary transducers with beams aimed at 

a relatively small water volume, surrounded by acoustically reflective boundaries (river 

surface and bottom). Rivers typically have high reverberation levels and uneven bottoms. 

Flow conditions can change rapidly and thus increase background noise. In addition, fish 

location, orientation, and swimming characteristic in the river may vary [Ransom et aZ., 

1998].

Although other methods of counting fish exist such as net fishing and tower counts, 

the sonar method is the only method that can be operated continuously without the help 

of the operator. In 1998, an experiment was conducted on the Wood River to investigate 

the accuracy of fish counts obtained from sonar data. For this purpose, tower counts 

were collected simultaneously with sonar counts. Figure 1.1 shows a comparison between 

sonar data and tower counts. The diamond shows the ordered pair representing number 

of fish counted in 10 minutes by the tower method and by the sonar method. The dashed 

line represents the ideal condition when sonar counts are the same as the tower counts. 

The solid line is a regression line fit to the data. For low fish rates, up to about 600 fish 

per 10 minutes, that is 60 fish per minute, the tower and sonar counts match well. As 

the fish rate increases, the sonar counts underestimate the number of fish even as much 

as 50% of the tower count. Usually the tower counts are considered to be reliable. So the 

sonar counts give a good estimate only up to 60 fish per minute. But the sonar method 

is still needed because there’re difficulties counting fish using tower counts. Tower counts 

can only be conducted in rivers with very clear water. Also, humans can only observe 

for a limited amount of time.

In order to obtain reliable estimates of escapement, several major issues, such as 

acoustic equipment (sonar systems), site selection, transducer employment, and fish
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swimming behavior, must be addressed. This work considers fish swimming behavior 

in Chapter 2 and the effects of the acoustic equipment on the fish count estimates in 

Chapter 3 and Chapter 4.

3

Tower Counts (# fish / 10 min)

Figure 1.1 Comparison between sonar and tower counts. The diamond shows the ordered 
pair representing number of fish counted in 10 minutes by the tower method and by the sonar 
method. The dashed line represents the ideal condition when sonar counts are the same as the 
tower counts. The solid line is a regression line fit to the data. Adapted from Sonwalkar and 
Adams [1999].

1.2 Introduction to Sonar Systems

A Brief History

Sonar is a general term for any device that uses sound for the remote detection or 

observation of objects in water [MacLennan and Simmonds, 1992]. Initial evaluations 

used single-beam sonar systems, with dual-beam sonar systems being introduced in the 

mid-1980’s [Ransom et a/., 1998]. Several authors have reviewed single-beam and dual

beam fixed-location techniques applied to rivers [Gaudet, 1990; Mesiar et a/., 1990;



4

Ransom and Steig, 1994; Johnston and Steig, 1995; Ehrenberg and Torkelson, 1996; 

Ransom et a/., 1996]. The first application of split-beam sonar systems to adult salmonid 

escapement estimation occurred in 1992 on the Yukon River [Johnston et a/., 1993]. Since 

then, digital split-beam sonar systems have been widely used in North America [Ransom 

et a/., 1998; Enzenhofer et a/., 1998; Daum and Osborne, 1998].

Basic Principle of Single-beam Sonar

Single-beam sonar is the oldest and still most widely used sonar system. Figure 1.2(a) 

shows the basic components of a single beam sonar. The transmitter produces a burst of 

electrical energy at a particular frequency (typically 38 kHz, 120 kHz, 200 kHz, or 420 

kHz) and applies it to a transducer that converts the electrical energy to acoustic energy. 

The transducer projects sound in a directional beam. The transmitted pulse of sound 

propagates through the water away from the transducer. It may encounter various 

targets (e.g., fish, bubbles, or the river-bed) that reflect or scatter the pulse. Some 

energy returns towards the receiver. This backscattered sound (the echo) is detected 

by another transducer and converted to electrical energy as the received signal, which is 

used to determine the properties of the targets [MacLennan and Simmonds, 1992]. Many 

sonar systems, including the one considered in this thesis, use the same transducer for 

transmission and reception. The multi-beam systems are basically combinations of many 

single-beam systems [Medwin and Clay, 1998].

Sonar Equation

The sonar equations were first formulated during World War II as the physical basis for 

calculations of the maximum range of sonar equipments. The sonar equations are simple 

algebraic expressions used to quantify various aspects of sonar performance.

As shown in Figure 1.2(b), the transducer generates sound in a certain pattern based 

on its physical design. The spatial pattern of the intensity of the sound is called the 

beam pattern factor. The acoustic wave is a rectangular pulse modulated at a certain 

frequency:

where Pt(^) is the pressure of the transmitted acoustic pulse at a distance of 1 m on the

(i.i)
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Timer

Transmitter

Display

Fish
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Seabed or 
riverbed

Figure 1.2 Principles of single beam sonar, (a) Separate transmitting and receiving trans
ducers are shown. Many sonar systems use the same transducer for transmission and reception, 
(b) The sonar transmits a pulse to the water. The transmitted pulse travels away from the 
transducer. When it encounters a target, some energy is reflected as an echo that travels back 
to the transducer.



acoustic axis, A is the pulse amplitude, Y\(^) is the rectangular pulse with pulse width 

r, and f c is the carrier frequency or the sonar frequency determined by the range and 

the size of the objects of interest.

As the wave-fronts travel outwards from the transducer, they spread over a larger 

area. The total energy of the transmission is fixed, so the intensity decreases as the 

beam spreads. Also, as the sound propagates through the water, acoustic energy is lost 

through the process of absorption. This also causes a decrease in intensity. The decrease 

in intensity resulting from beam spreading and absorption is called transmission loss.

When the sound wave encounters a target, the difference in acoustic impedance 

between the water and the target forces the wave to reflect off the target with a certain 

amount of reflectivity. The reflected wave is called an echo. Usually the pulse width of 

the echo is longer than the original pulse because it is composed of echoes from various 

parts of the target at various time. The measure of the intensity of the echo as compared 

to the original intensity of the ping is referred to as the target strength.

As the echo travels back through the water to the sonar receiver, it again loses 

intensity due to spreading and absorption.

The pressure of the received echo is thus denoted as

pR(t) =  A ■ b2(0, 4>) • T  • lO-2' ^  ■ y/a -Y l  ' +  0) (1.2)

where R is the range of the range of the target, 6(0, <j>) is the beam pattern factor, a 

is the absorption coefficient, a is the backscattering cross-section related to the target 

strength, cw is the sound speed in water, t' is the pulse duration of the echo, and (j) is 

phase of the echo. Equation (1.2) can be recast in the so-called “sonar equation”

RL = SL +  B F +  TL + TS (1.3)

where RL is the received signal level at the receiver in d B //l  /iPa, SL is the sonar source 

level at 1 meter range in d B //l  ^Pa, B F  is the beam pattern factor in dB, TL is the 

transmission loss in dB, and TS is the target strength in dB [Urick, 1983]. Each variable 

is further discussed in Chapter 3.



Fish Counting

Counting fish populations using a single-beam sonar can be done with processing tech

niques called echo-counting and echo-integration. Echo-counting is the simplest quanti

tative hydroacoustic technique. This technique is useful in cases when fish are distributed 

randomly and the fish rate is low. This is an important limitation of echo-counting. Most 

of the single-beam echo-counting models make the simple assumptions that the observed 

fish are of the same acoustic size, that a single species of scatterer dominates, and that 

the number of echoes from the insonified volume is proportional to the density of fish. 

For the methods to work, echoes must not overlap [Clay and Medwin, 1977]. These 

unrealistic assumptions may lead to a biased fish density estimate. Attempts have been 

made to develop an unbiased, stochastic echo-counting model that accounts for the wide 

distribution in acoustic fish sizes [Kieser and Ehrenberg, 1990]. Mulligan and Kieser 

[1996] proposed an echo-counting model that addressed the problem of non-uniform de

tection probability combined with non-uniform fish density over the beam cross-section. 

To apply this model to real data, statistical procedures to estimate three-dimensional 

density functions have been developed [Mulligan and Chen, 1998].

In the case of fish that aggregate in schools or layers, the density is usually too 

high for echo-counting to give reliable estimates of fish abundance, thus an alternative 

method, echo-integration, can be used. Echo-integration is a simple technique where all 

of the energy in the returned echoes is summed. This integrated energy is then divided 

by an average energy expected for one fish, providing a quantitative measure of the 

number of fish present [MacLennan and Simmonds, 1992]. Several problems exist with 

echo-integration. The echoes from the river bottom must be removed from the echo data 

before integration, possibly leading to errors if the fish being counted are near the bottom. 

Also the average fish echo energy can lead to large errors in the fish count because fish 

target strength can vary by as much as 30 dB depending on the orientation and size 

of the fish in the transducer beam [MacLennan and Simmonds, 1992]. A few attempts 

have been made to improve the echo-integration algorithm, such as using an alternative 

to thresholding through noise cancellation by Nunnallee [1990], and comparing results 

collected from both the narrow and wide beams with a dual-beam system presented by

7



Takao and Furusawa [1996].

With the advancement of technology, more sophisticated methods of processing are 

employed by sonar systems. Processing methods include not only echo-counting and 

echo-integration, which can be used with any of the systems, but also target-tracking 

based on the data received by the split-beam sonar. Target tracking attempts to link 

simultaneous echoes together through grouping by location and target strength values. 

The linked echoes are called a track. Based on various parameters and filters, the track 

may be deemed as a fish and thus the enumeration of fish is obtained [Osborne and 

Daum, 1997].

Despite the hardware and processing techniques employed, the basic idea of the sonar 

method involves fish passing through the sonar beam, being detected as targets, and the 

subsequent generation of the sonar data. Understanding fish swimming behavior, par

ticularly their spatial distributions, temporal distribution (diel or hourly passage rates), 

and travelling velocities, is critical for developing accurate fish population assessments.

1.3 Introduction to Fish Swimming Behavior

Fish swimming is a multidisciplinary area of research that encompasses biomechanics, 

physiology, ecology and behavior. Knowledge of fish swimming is not fully understood 

due to the lack of understanding in what a fish does to the water. Reviews on fish 

biomechanics are available in literature [Webb and Weihs, 1983; Blake, 1983; Videler, 

1993; Jobling, 1995]. More recently, Sfakiotakis et al. [1999] presents an overview of 

fish swimming modes and analytical methods that have been applied to some of their 

propulsive mechanisms.

Fish Spatial Distribution

Experiments have been conducted mostly in Alaska to determine the fish spatial distri

bution in rivers under varying conditions. Upstream migrating fish tend to swim near 

the river bottom or the banks, while the downstream migrating fish are more spread 

out across the river [Ransom and Steig, 1994; Burwen et a/., 1995; Daum and Osborne, 

1996, 1998; Osborne and Daum, 1997; Ransom et a/., 1998]. During nighttime hours,

8
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Table 1.1 Typical swimming velocities and approximate sizes. Adapted from Videler [1993].

Species Velocity (m/s) Length (m)
Blue whale 10 30
Tuna 10 3
Mackerel 3.3 0.3
Herring

Adult 1 0.2
Larvae 0.5 0.1

0.16 0.04
0.06 0.02
0.02 0.01

Copepods 0.002 0.001
Sea urchin sperm 0.0002 0.00015

fish tend to be located higher in the water column and closer to the shore than in day

light hours. Spatial distributions can vary by species. On the Kenai River most chinook 

salmon are located offshore, while smaller, more abundant sockeye salmon are located 

predominantly near shore [Daum and Osborne, 1998; Ransom et a/., 1998].

Fish Velocity

During the past three decades or so, a great deal of work has been done on the swimming 

velocities of fish in relation to their length [Blake, 1983; Webb and Weihs, 1983; Videler,

1993]. Table 1.1 shows a list of typical swimming velocities and approximate sizes for 

marine animals. It can be seen that the velocities are roughly 1 to 10 times the body 

length per second.

On both the Yukon River and the Chandalar River, fish (adult salmonoid) velocities 

calculated using three-dimensional target tracking techniques are reported within this 

expected range [Ransom et a/., 1998]. Downstream fish usually have higher velocities 

(0.9 to 1.5 m/s) than upstream fish (0.8 to 1.0 m/s). Fish with higher target strength 

usually have higher velocities. A decrease in average fish velocity always corresponds to 

an increase in river flows.

Chen [2001] modeled the fish velocity based on the analysis of the sonar data collected

RASM USON LIBRARY
UNIVERSITY OF ALASKA-FAIRBANY.



by David Daum in the Chandalar River in 1995. The average velocity for chum salmon 

ranges from 0.5 to 4.0 m/s . In his work, fish were observed to change direction and/or 

speed at random and the velocity distribution roughly followed Gaussian fits.

Fish Rate

In this thesis, fish rate is defined as the number of fish crossing a fixed river cross-section. 

Some patterns have been observed in different rivers. For instance, fish rates (chum 

salmon) are higher during nighttime than daytime in the Chandalar River [Daum and 

Osborne, 1998]. Depending on the size of the river, the fish rate normally ranges from 1 to 

60 fish/min and peaks at nearly 600 fish/min for most Alaskan rivers (typically a few tens 

to two hundred meters wide and less than ten meters deep) [Ransom and Steig, 1994; 

Maxwell et aZ., 1997; Osborne and Daum, 1997; Daum and Osborne, 1998; BioSonic,

1998]. Considering just one specific river, the fish rate can be addressed independent of 

the size of the river.

1.4 Direct and Inverse Approach

A major problem in fisheries acoustics is that the actual fish count is most often not 

known and no other method can be used to determine it. The direct and inverse approach 

to the fisheries acoustics problem provides this other method of ground truthing the 

sonar fish counts [Sonwalkar, 1999]. Figure 1.3 schematically shows various building 

blocks of the theoretical and numerical model used as the approach presented here to 

the fisheries problem. The direct problem assumes a fish distribution and determines 

the corresponding sonar data. This same sonar data becomes the input into the inverse 

model. The objective of the inverse problem is to estimate the fish distribution for the 

given sonar data. Once a fish distribution is estimated using the inverse model, then it 

is compared to the known fish distribution. This comparison allows for calculation of 

uncertainties and errors and leads to improved assumptions and analysis models. Many 

people have contributed to the various parts of this approach [Pham, 1999; Sonwalkar 

and Adams, 1999; Sonwalkar, 1999, 2000; Ayers, 2001; Chen, 2001; Adams, 2002]. This 

thesis focuses on improvement in the transmitter/receiver model, the fish distribution

10



model, and the noise model. An echo-counting technique is used for the analysis model.

11

Figure 1.3 Direct and inverse problem approach. This figure schematically shows various 
building blocks of the theoretical and numerical model used as the approach presented here 
to the fisheries problem. The direct problem assumes a fish distribution and determines the 
corresponding sonar data. This same sonar data becomes the input into the inverse model. The 
objective of the inverse problem is to estimate the fish distribution for the given sonar data. 
Once a fish distribution is estimated using the inverse model, then it is compared to the known 
fish distribution. This comparison allows for calculation of uncertainties and errors and leads to 
improved assumptions and analysis models. Adapted from Sonwalkar [1999].

1.5 Contribution of Present Work

First, a model of fish distribution in time and space in a river is presented after studying 

videos of real fish and using results from previous work [Chen, 2001]. Chen set up his 

model based on the data collected by David Daum using a split-beam sonar system in 

1995. He treated fish as point objects, allowing simultaneous existence of two fish at 

the same location. In this thesis, each fish is assumed to have a finite size and so an 

algorithm for determining collision between two fish is established. Also discussed in this 

model are fish spatial distribution and fish velocity distribution. Analysis on simulated 

fish track data is performed to check the validity of the model.

This thesis also presents a single-beam sonar system in a river using the sonar equa

tion. The transducer beam pattern, acoustic propagation, target strength, and sonar



pulses are modeled based on previous work [Pham, 1999; Ayers, 2001; Chen, 2001]. This 

work uses an elliptical model instead of the planar model is to calculate the pulse elon

gation. The properties of the reverberation are investigated and modeled as well as the 

background noise.

Sonar data are generated using the single-beam sonar model along with the fish 

track data through the sonar equation. Finally, an algorithm for echo-counting applied 

to sonar data is established based on echo identification rules. Sonar data are analyzed 

using this algorithm to estimate the fish escapement and the inherent uncertainty using 

this method of enumeration.

1.6 Organization of the Thesis

The thesis is organized as follows. In Chapter 1, a scientific background to the work done 

in this thesis is provided. Also discussed are a brief introduction to the sonar system 

and studies on fish swimming behavior.

Chapter 2 presents a description of the model of fish distribution in time and space 

in a river. Fish are initially treated as point objects. Fish tracks are generated after 

modeling the river cross-section profile, fish track initial time, fish size distribution, 

fish spatial distribution and fish velocity distribution. An algorithm for fish collision 

detection is developed after the analysis on fish body overlaps.

Chapter 3 describes a model of single-beam sonar system based on the sonar equation. 

Transducer beam pattern, acoustic propagation, target strength, and noise (background 

noise and reverberation) are modeled.

Chapter 4 shows the simulated sonar data, which are analyzed using an echo-counting 

technique to determine the uncertainty of fish enumeration inherent in this method.

Lastly, Chapter 5 gives the conclusions and discussions of simulation results as well 

as suggestions for future work.

Matlab (Version 6.0.0.88 (R12)) is used to perform the numerical simulation in this 

thesis. The details of the simulation model as well as the source codes are given in a 

separate report [Sonwalkar, et a/., 2002].

12
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Chapter 2

A Model of Fish Distribution in 

Time and Space

In this chapter, a model of fish distribution in time and space is developed. A river 

coordinate system is set up for the mathematical description of the model. A Cartesian 

coordinate system with the origin located at the center of the transducer face and z-axis 

perpendicular to the river bank with positive z-values pointing away from the transducer 

is used (Figure 2.1). The x-axis lies along the upstream-downstream direction of the river 

with positive x-values pointing upstream for a system located on the left bank relative 

to the upstream direction. The y-axis is determined by the right-hand rule (positive 

y-values pointing vertically upward) [Ayers, 2001].

Fish are initially treated as point objects. The fish motion is modeled after studying 

videos of real fish and using results from previous work [Chen, 2001]. The fish tracks 

are modeled as zigzag paths comprising of a set of line segments in 3-D space. Fish 

swim along each line segment at constant velocity and change direction and/or speed 

randomly at the end point. All tracks start at the start plane and end at the end plane. 

Astart and A end in Figure 2.1 are chosen to cover at least the main lobe of the sonar 

beam.

This fish movement model includes the modeling of the river cross-section profile, the 

fish size distribution, the fish distribution in time and space, the fish velocity distribution
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Yr ZR

J
Region of interest

Figure 2.1 River coordinate system. A Cartesian coordinate system with the origin located at 
the center of the transducer face is used. The z-axis is perpendicular to the river bank with posi
tive z-values pointing away from the transducer. The x-axis lies along the upstream-downstream 
direction of the river with positive x-values upstream. The y-axis is determined by the right-hand 
rule. Ob is the sonar beam angle in the horizontal plane.

in 3-D space, and the fish track constraints.

2.1 River Cross-section Profile

The river cross-section profile in ZnlR-plane is modeled as a polygon (Figure 2.2). In 

the river coordinate system, this profile can be expressed as the following matrix [Chen, 

2001]

RcP —

yi zi 
2/2 *2

(2.1)

JJn zn_

where yi and z\ (i =  1, 2,--- , n) are the coordinates of the n vertices in the river coor

dinate system.

From the definition of the river coordinate system,

Vi =  Vn =  0 (2.2)

yi < 0 for 0 < i < n (2.3)
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Figure 2.2 River cross-section profile in ZrI r plane. This profile is taken as a polygon with 
a finite number of vertices. In the river coordinate system, it can be expressed as a matrix with 
each row representing the coordinates of the corresponding vertex.

zn > zn- i  >  • • • > Zi =  0 (2.4)

2.2 Fish Track Initial Time

The initial time of a fish track is defined as the time when the fish enters the region 

of interest (i.e., crosses the start plane). Suppose is the initial time for the ith track 

and Atiis the time interval between the ith and (i +  l)th tracks =  1, 2, • • •), then the 

initial times for all the tracks are given by [Chen, 2001]

f h  =  0
\ (2-5)

=  ti +  Ati 1, 2, • • •)

The time interval Ati in equation (2.5) depends on the fish rate, which is defined as the 

average number of fish crossing the start plane per unit time.

In this thesis, fish rate is given by its average value and is generated randomly through 

a Poisson distribution for each fish track. Then Ati is simply given as

Ati =  (2.6)
/̂ f,i

where /jf^ is the instantaneous fish rate for the zth track.

For most Alaskan rivers, the fish rate ranges from 1 to 60 fish per minute and peaks

at about 600 fish per minute. Notice that the Poisson distribution is a one parameter

discrete distribution that takes nonnegative integer values. The parameter, A, is both the



mean and the variance of the distribution. So a too small value of A (say, A < 1) might 

result in zeros and a too large value of A (say, A > 100) makes the standard deviation 

(y/X) too small compared to the mean value. For this reason, the unit of the fish rate 

is chosen to be fish per minute, thus values of the fish rate generated by the Poisson 

distribution are within a reasonable range to generate reasonable fish track initial times.

Figure 2.3 shows an example of fish track initial times (1000 fish tracks). The fish 

rate is generated randomly using a Poisson distribution, with an average fish rate of 10 

fish per minute. The top left panel shows the distribution of instantaneous fish rates for 

all fish. It roughly follows a Poisson fit. The top right panel shows the distribution of 

time intervals between two consecutive fish. The bottom panel shows the initial times 

for the first 20 fish. The dashed line indicates the time when the fish rate is exactly 10 

fish per minute. The simulated data are consistent with this fish rate.
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Figure 2.3  Example of fish track initial times. This figure shows an example of when the 
fish enter the region of interest as a function of time. The top left panel shows the distribution 
of the instantaneous fish rate for each fish. It roughly follows a Poisson fit. The left right panel 
shows the distribution of time interval between two consecutive fish. The bottom panel shows 
the initial times for the first 20 fish. The dashed line represent the time when the fish rate is 
exactly 10 fish per minute.



2.3 Fish Shape and Size Distribution
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A fish is modeled as an air filled swimbladder inside a fish body composed mainly of 

flesh [Sonwalkar and Adams, 1999; Adams, 2002]. Rather simple models have been 

used for the fish body [Haslett, 1964; Furusawa, 1988; Sonwalkar and Adams, 1999]. In 

this thesis, both the swimbladder and the fish body are modeled as ellipsoids for the 

calculation of target strength. A fish coordinate system is set up for the mathematical 

description of the model. A Cartesian coordinate system with the origin located at the 

center of the fish body is used (Figure 2.4). The y- and z-axes are defined as the the 

ventral-to-dorsal and the tail-to-head directions, respectively. The x-axis is determined 

by the right-hand rule [Ayers, 2001].

Figure 2 .4  Fish coordinate system. The y- and z-axes are defined as the the ventral-to-dorsal 
and the tail-to-head directions, respectively. The x-axis is determined by the right-hand rule 
[Ayers, 2001]. Both the fish body and the swimbladder are modeled as ellipsoids. Zf, /if, and 
bf are half-length, half-height, and half-breadth of the fish body, Zs, hs, and bs are half-length, 
half-height, and half-breadth of the swimbladder, respectively.

The size of each fish is chosen randomly by using a fish size distribution function 

[Sonwalkar and Adams, 1999; Adams, 2002]. The fish body and swimbladder parameters 

are not independent. Suppose Zf, /if, and bf are the half-length, the half-height, and the 

half-breadth of the fish, /s, /is, and bs are the half-length, the half-height, and the half

breadth of the swimbladder as shown in Figure 2.4, where XpYpZv is the fish coordinate



system. The relation between these parameters are given as [Sonwalkar and Adams,

1999]

ls =  pit, 0.25 < p <0.35 (2.7)

{0.02 < q < 0.06 (seawater)
(2.8)

0.05 < q <0.11 (freshwater)

where 14 =  and Vf =  are volumes of the swimbladder and the fish,

respectively. Sonwalkar and Adams [1999] show that the following relation holds between 

the height and the breadth of the swimbladder

7  ̂ =  r =  0.75 to 1.0 (2.9)
bs

Given the fish body parameters (bf, hf, and If) and the model parameters q, and r),

the swimbladder parameters (5S, hs, and ls) can be determined completely from equations

(2.7) to (2.9).

2.4 Fish Spatial Distribution

As mentioned in Chapter 1, upstream migrating fish (from ocean to river) tend to swim 

close to the river bottom or the banks as shown in Figure 2.5.

A statistical model generating the spatial distribution of upstream fish in YfiZR-plane 

is built in this thesis. A parameter D called scale length is used to generate fish initial 

locations for a given river. Scale length is defined as the average distance of a fish from 

the river bottom or banks. By choosing an appropriate value of Z), the distribution 

of fish or essentially how close they are to the river bottom or banks can be decided. 

Exponential distribution is used for this model and the probability density function is 

defined by

P(d) =  ^ e ~ d'D (2.10)

where D is the scale length and d is the distance of fish to the river bottom or banks. 

Fish can not swim outside the river, so d is restricted to 0 < d < dmax, where dmaLX is 

the maximum possible value of d for a given river [Chen, 2001].
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Figure 2.5 Spatial distribution of upstream fish. This figure shows an example of spatial 
distribution for upstream migrating salmon in the Kuskokwim River in Alaska in 1994. Most 
of the fish are distributed close to the river bottom or the banks. Adapted from Vaught and 
Molyneaux [1995].

Once d is determined, the profile that has equidistance of d to the river cross-section 

profile can be determined as shown in Figure 2.6. Given the river cross-section profile 

Rcp discussed in section 2.1, angles a and /3 can be found using

a =  arctan

/3 — arctan

2̂ 
lift I
Zn—1 — Zn

71 — 1 I
Then z[ and z’n are given as

d
cos (a)

cos (/3)

Notice line QQr is the bisector of Z.PQR, i.e.,

* \- “ (pill)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

where (jfi  and C^ft are two dimensional vectors in ZrYr plane. The angle 02 between 

and the horizontal axis can be calculated similarly. Then the angle between line
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Figure 2.6 Initial location in ZrYr plane. The red line represents the river cross-section 
profile and the blue line represents the profile that has equidistance of d to the river cross-section 
profile. The green point represents an example of the initial location. The z-coordinate of this 
initial location in the ZRYk-plane is chosen from [z\ z'n] using a uniform distribution and the 
y-coordinate is calculated by interpolating the new generated profile at z.

QQ' and the horizontal axis is given by

03 =  0i -I- sign (y-  yQ)02 (2.16)

where yR and yq are the y-coordinates of points R and Q, respectively, and sign is the 

signnm function, which returns 1 if the input is greater than zero, 0 if the input equals 

to zero, and -1 if the input is less than zero. Then the coordinate of Q' is given by

V Q ‘  =  +  ( 2 1 7 )

=  2«  +  i t a ^ ) C08((’3) (Z18)

where y Q  and z q  are the coordinates of point Q. Coordinates of other points in this 

profile can be calculated similarly.

Finally, the z-coordinate of the initial location in the ZRYR-plane is chosen from 

[z[ zrn] using a uniform distribution and the y-coordinate is calculated by interpolating 

the new generated profile at z.

The range of D  is obtained by inspecting cross-sectional fish distributions given in

Burwen et al [1995], Vaughe and Molyneaux [1995], Burwen and Bosch [1996], Daum



and Osborne [1996], Huttunen and Skvorc [1996], Vania and Huttunen [1996], and Os

borne and Daum [1997]. Typically D varies from 0.4 m to 1.0 m for most Alaskan rivers. 

Figure 2.7 shows an example of the spatial distribution for 200 upstream fish (river width 

=  70 m, depth =  4m , and D =  0.5 m). The dots represent the initial locations for all 

fish, the solid line is the river cross-section profile, and the dashed lines represent loca

tions of equidistance to the river bottom or banks. Of the 200 fish, 64.5% (129 fish) are 

within distance D , 89% (178 fish) are within distance 2D, and 97% (194 fish) are within 

distance 3D. This distribution is roughly consistent with the exponential distribution.
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Figure 2 .7  Example of spatial distribution for upstream fish (200 fish). The river is 70 
m wide and 4 m deep. The scale length is D — 0.5 m for this example. The dots in the figure 
represent the initial locations for all fish, the solid line is the river cross-section profile (river 
bottom and banks), and the dashed lines represent locations that have equidistance to the river 
bottom or banks. The distribution is roughly exponential.

Figure 2.8 shows several examples of fish spatial distribution for different values of 

D. It can be seen that for a small value of D, fish are quite close to the bottom or banks 

as shown in the top panel. As D increases, fish are more widely distributed in the river 

cross-section as shown in the next three panels. The bottom panel shows the case when 

D is very large compared to the river depth. Here it can be seen that fish are roughly 

evenly distributed. Thus by choosing a proper value for D the initial locations for all 

the fish tracks are generated properly.
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70

Figure 2.8 Spatial distributions of upstream fish with different scale lengths (200 fish).
The dots represent the initial locations for all fish and the solid line is the river cross-section 
profile. D is the scale length. Top panel shows the fish distribution for a small value of D. Fish 
are quite close to the bottom or banks. As D increases, fish are more widely distributed in the 
river cross-section as shown in the next three panels. The bottom panel shows the case when 
D  is very large compared to the river depth. Here it can be seen that fish are roughly evenly 
distributed.



2.5 Fish Velocity Distribution
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Although some patterns of fish velocity distribution have been observed [Ransom and 

Steig, 1994; Steig and Johnston, 1996; Ransom et a/., 1998], in general fish swim along 

the river, changing direction and velocity at random as shown in Figure 2.9 [Chen, 2001]. 

The left top panel shows a fish track recovered from the sonar data collected by David 

Daum using a split-beam sonar in the Chanadar River in 1995. It can be seen that the 

fish swims along the river changing direction and/or speed at random. The histograms 

in other panels show the velocity distribution form the same data. They roughly follow 

Gaussian fits.
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Figure 2.9  Fish velocity distribution. The left top panel shows a fish track recovered from the 
sonar data collected by David Daum using a split-beam sonar in the Chandalar River in 1995. 
The histograms in other panels show the velocity distribution from the same data. Adapted from 
Chen [2001].

Thus fish tracks in this thesis are modeled as zigzag paths comprising of a set of line 

segments. It is assumed that a fish swims along each line segment at a constant velocity 

and changes its direction and/or speed randomly at the end point. The fish velocity at 

each line segment is generated using a Gaussian distribution given its average value and



standard deviation [Chen, 2001]. Suppose ^ is the kth point of the ith track, then

ti 1 — t{
(2.19)

ti,k+ 1 — tî h -K A tijz (i — 1 , 2 ,  • • • , fc =  1 , 2 ,  * * •)

where ti is the initial time for ith track described in the earlier section and A t^k is the 

time interval between the kth and (fc-hl)th points of the ith track. A parameter /i  ̂called 

fish direction rate is used to determine this time interval. Fish direction rate is defined as 

the average number of fish direction changes per unit time. An estimate of fish direction 

rate (about 1 to 5 per second) was conducted by observing videos of chum salmon in 

the Chandalar River (personal communication with Professor Vikas Sonwalkar). In this 

model, /id is generated through Poisson distribution given the average fish direction rate. 

The time interval A i s  then simply given as

A titk =  —  (2.20)

where Hd,i,k is the instantaneous fish direction rate for the A;th point of ith track.

Also included in this model is the modeling of the fish orientation (tail-to-head direc

tion) relative to the river coordinate system. In this thesis, fish are assumed to have no 

rolling about Zp-axis (tail-to-head direction). So fish orientation is determined by fish 

velocity relative to the river coordinate system. In stationary water, fish orientation is 

assumed to be the same as the direction of the fish velocity. If water velocity has to be 

considered, fish orientation is then determined by the fish velocity relative to water as 

shown in Figure 2.10, where X rY rZ r is the river coordinate system (fixed), Xy/YwZw 

is the coordinate system consistent with water movement. Suppose Vw and Vf are water 

and fish velocities, respectively, then the orientation of fish can be determined by the 

following equation

(2.21)

24

VT Vf -

where VT is the fish velocity relative to the water.
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Figure 2 .10  Fish orientation. X rYrZr (Zr not shown) is the river coordinate system (fixed) 
and XwYwZw (Zw not shown) is the coordinate system consistent with water movement. Fish 
orientation is determined by the relative velocity of fish with respect to the water.

2.6 Fish Track Constraints

Four constraints are considered in this model. (1) For upstream migrating fish, the 

average fish velocity along x-axis is set to be non-negative. So fish will go upstream on 

the average. (2) Fish can not swim outside the water. Using the model with random 

velocity and time interval, the new location obtained does not necessarily follow this 

restriction. Each new location must be checked upon generation to ensure fish are 

located in the water. (3) A fish track starts at the initial plane and ends on each point 

that goes outside the end plane. (4) With a random velocity distribution, it is possible 

that a fish might stay inside the region of interest for a long period of time. A time 

constraint is used to stop these fish tracks that stay too long inside the region of interest 

[Chen, 2001].

2.7 Generation of Fish Tracks assuming Fish to be Point 

Objects

Fish tracks are generated one by one. The flow diagram for generating multiple fish tracks 

is shown in Figure 2.11. Each block in this figure is implemented by one or several m-files 

in Matlab. The detailed information about the implementation of this diagram is given



in Sonwalkar, et al. [2002]. A brief discussion about this diagram follows.

The inputs for this diagram include the river cross-section profile, the scale length 

for the fish spatial distribution, the average fish rate, the average fish direction rate, the 

fish velocity parameters (average values and standard deviation in three directions), the 

water velocity, and the time constraint described in section 2.6.

Two generation modes are defined: (1) generate a specific number of fish tracks or 

(2) generate fish tracks in a specific time period. In the first case, a fish track number N  

is given by the user. (N — 1) time intervals are generated using a Poisson distribution. 

Initial times for all the fish tracks are thus calculated by equation (2.5). For the second 

case, time intervals are generated one by one until the sum of them are larger than 

the given time period. Again, initial times for all the fish tracks are calculated by 

equation (2.5).

Fish sizes and swimbladder sizes for all the fish are generated before the generation 

of fish tracks as described in section 2.3.

The next step is to generate fish tracks one by one until all the fish tracks are 

generated. The block for generating one fish track in Figure 2.11 is further expanded 

in Figure 2.12. The inputs for this block are the fish track initial time, existing fish 

track data, and all the fish sizes (actually only the current and existing fish sizes are 

needed). At this stage, the fish body is still considered a point object. So the initial 

location is generated and then new locations for the track are generated until the stop 

conditions are met. Note that all the locations are checked upon generation to ensure 

fish are located in the water.

Figure 2.13 shows an example of three upstream fish tracks between the start plane 

and the end plane in 3-D space using this model (200 fish tracks are generated). And 

Figure 2.14 shows the projections of the fish tracks along x-, y-, and z-axes with respect 

to time. The river is 100 m wide and 4 m deep. The scale length for the fish spatial 

distribution is 0.5 m. The average fish rate is 10 fish/s. The average fish velocities are

1.0 m/s in x-direction and zeros in y- and z-directions. The standard deviations are 0.5 

m/s in x-, y-, and z-directions. Fish are seen to swim upstream and change directions 

randomly. Note that due to the water velocity (1.0 m/s in the negative x-direction), fish

26
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Save fish track data

Figure 2.11 Flow diagram for generating multiple fish tracks. The simulation program first 
generates fish track initial times after loading the inputs. Once the number of fish tracks are 
determined, the program generates fish sizes and swimbladder sizes as described in section 2.3. 
Then fish tracks are generated one by one until all the fish tracks are generated.
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Figure 2 .12  Flow diagram for generating one fish track. The simulation generates the initial 
location as described in section 2.4. This location is checked to ensure the fish is located in the 
water. At this stage no collision detection (will be discussed in the section 2.8) is considered since 
fish are treated as point objects. New locations are generated by applying the velocity model 
discussed in section 2.5. Again each new location is checked upon generation to ensure the fish 
is in the water. The generation is stopped once the stop conditions (section 2.6) are met.
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ZR (m)

Figure 2.13 Three fish tracks in 3-D space. The river is 100 m wide and 4 m deep. The 
scale length for the fish spatial distribution is 0.5 m. The average fish rate is 10 fish/s. The 
average fish velocities are 1.0 m/s in x-direction and zeros in y- and z-directions. The standard 
deviations are 0.5 m/s in x-, y-, and z-directions. Fish are shown as line segments with their 
directions corresponding to their orientations. The solid lines represent the fish tracks. Fish are 
seen to swim upstream and change directions randomly.

time (sec)

Figure 2.14 Projections of the fish tracks along x-, y-, and z-axes with respect to time.
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orientations are not the same as the instantaneous direction of the fish tracks.

2.8 Generation of Fish Tracks with Collision Detection

In the previous model, fish are assumed to be point objects. Once the fish sizes are taken 

into account, another constraint, i.e., overlap of fish body, must be considered. For the 

purpose of collision detection, each fish is assumed to take the shape of a capsule, i.e., a 

cylinder with two hemispherical caps on the ends. A capsule is defined as the set of all 

points that have the same distance from a line segment, thus it is a natural extension of a 

sphere based on equidistance. It’s known that the relative position (intersected, tangent, 

or disjointed) of two spheres can be determined by comparing the distance between their 

centers to the sum of their radii. Similar result holds for capsules. The relative position 

of two capsules can be determined by comparing the minimal distance between their 

center line segments to the sum of their radii. This is the reason to use a capsule instead 

of a cylinder.

The length and radius of the capsule are determined by the fish length (head to 

tail) and half height (ventral to dorsal), respectively. Most fish of commercial interest 

have larger height than breadth (side to side) [Mitson, 1983]. To be conservative, the 

half-height instead of the half-breadth is used as the radius of the capsule.

Using the fish size distribution supplied by Sonwalkar and Adams [1999], the sim

ulation program shows that the fish body overlap happens when the fish rate is high. 

Figure 2.15 gives a snapshot of fish distribution at time t =  4.0 second. In this example, 

200 fish tracks were generated. The inputs for this example were: the river width 100 

m and depth 4 m, the average fish rate 10 fish/s, the start plane x =  10 m and the 

end plane x =  10 m, the scale length for fish spatial distribution D =  0.5 m, and the 

average fish velocity 1.0 m/s in x-direction and zeros in y- and z-directions (the standard 

deviations are 0.5 m/s in all three directions). The color line segments represent the fish 

bodies with finite sizes. It can be seen that two fish overlap because of their finite sizes. 

By looking at snapshots like this, it can be further shown through a simulation program 

that overlap occurs more frequently as the fish rate increases.
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Figure 2.15 Example of fish body overlap. Two hundred fish tracks are generated in this 
example. The average fish rate is 10 fish/ s for a river that is 100 m wide and 4 m deep. The start 
plane and the end plane are chosen as x = -10 m and 10 m, respectively. The scale length 
for fish spatial distribution is 0.5 m. The average fish velocities are 1.0 m/s in x-direction and 
zeros in y- and z-directions (the standard deviations are 0.5 m/s in all three directions). Fish are 
shown as line segments in this figure. Not all the fish are shown.

In Figure 2.16, thirteen sets of fish tracks are generated with different fish rates 

during the same time period (30 sec) in a river that is 100 m wide and 4 m deep. Again 

the start plane and the end plane are chosen as =  —10 m and =  10 m, respectively. 

The scale length of fish spatial distribution is 0.5 m. The average fish velocities are 1.0 

m/s in x-direction and zeros in y- and z-directions (the standard deviation is 0.5 m/s in 

all three directions). The simulation program checks the relative location between any 

two fish at different times (say, every 0.1 s) and counts the total number of overlaps for 

each set of fish tracks. It can be seen clearly the number of overlaps increase as the fish 

rate increases. Notice that when fish rate is low (less than 1 fish/s), the overlap problem 

is negligible.

Since an overlap of the physical fish bodies is not possible in reality, a new fish 

movement model with collision detection must be developed.
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Figure 2 .16  Fish body overlap counting. Thirteen sets of fish tracks are generated with 
different fish rates during the same time period (30 sec) in a river that is 100 m wide and 4 m 
deep. The start plane and the end plane are chosen as x = -10 m and x = 10 m, respectively. 
The scale length of fish spatial distribution is 0.5 m. The average fish velocities are 1.0 m/s 
in x-direction and zeros in y- and z-directions (the standard deviations are 0.5 m/s in all three 
directions). The simulation program checks the relative location between any two fish every 0.1 s 
and counts the total number of overlaps for each set of fish tracks. This figure shows that overlap 
occurs more frequently as the fish rate increases.

2.8.1 Introduction to Collision Detection

Collision detection is used to determine if, when and where two objects intersect. Deter

mining if two objects intersect means testing intersection -  typically easy to implement 

and inexpensive in CPU time. It provides only a Boolean result -  the objects either do 

or do not intersect. Determining when two moving objects intersect involves computing 

the first time of contact. This is more expensive to compute than the Boolean result 

from testing for intersection. Determining where two objects intersect means finding 

intersection. This is the most difficult part of collision detection in terms of CPU time, 

as it involves finding the first point (s) of contact [Eberly, 2001].

Collision detection has been extensively studied in such areas as geometric modeling, 

computer graphics, robotics, and computational geometry. Since collision detection is 

needed in a wide variety of situations, many different methods have been proposed. Most



of them make specific assumptions about the objects of interest and design a solution 

based on object geometry [Ponamgi et a/., 2001; Lin et a/., 2002].

In this thesis, only the first scenario, i.e., testing intersection, is addressed. As de

scribed earlier, fish are assumed to be capsules of different sizes. Collision detection 

algorithms for two dynamic capsules are developed. Intersection testing on two dynamic 

capsules is equivalent to computing the minimal distance between the medial line seg

ments and comparing the result to the sum of the radii. Both capsules can have non-zero 

velocities, but without any loss of generality one of the capsules can be assumed to be 

stationary and the other moving by subtracting the velocity of one from the other. A 

moving line segment will construct a parallelogram in space, so the problem becomes 

to determine the minimal distance between a line segment and a parallelogram in 3-D 

space. This can be further simplified to find the minimal distance between two line seg

ments in 3-D space. All algorithms in the following sections are adapted from Eberley 

[2001].

2.8.2 Mathematical Models of Standard Objects

The types of objects that are handled in this thesis are points, line segments, and paral

lelograms. A point in 3-D space is defined by a column vector P  =  [x y z]T', where x, y, 

and z are coordinates of this point. A line segment is defined by L(t) =  B +£M , where B 

is one end point of the line segment, M  is the line direction, and t 6 [0 1]. Notice that M  

is also a column vector with its three elements corresponding to its projections in three 

axes of the given coordinate system. A parallelogram is defined by T(s, t) =  B +sE o+tE i 

for (s,t) =  {(-M) : s E [0 l] ,i  € [0 1]}, where B is one of the vertices, Eo and E\

are the directions of the corresponding two sides of the parallelogram.

2.8.3 Distance Methods

Calculations of distances between points, line segments, and parallelograms are based on 

the minimization of a quadratic function. The solution can be found through calculus. 

Generally, if two objects are parameterized as X (s) and Y(t) for s £ A C W1 and 

t € B C Mm, then the squared-distance between two points, one from each set, is
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Q ( s , t )  =  |X(s) —Y  (£) |2 for (5, €  A x B c P x  R m . This is a continuously differentiable

function whose minimum occurs either at an interior point of A x B, in which case 

V(Q) =  0, or at a boundary point of d  x B, in which case the problem is reduced to 

minimizing a quadratic function in spaces with dimension smaller than n +  m. Thus, 

the algorithm is recursive in dimension [Eberley, 2001]. A detailed description of this 

algorithm is given in Appendix A.

2.8.4 Collision Detection Algorithm

A collision detection algorithm is used to ensure that two fish do not collide during fish 

track generation. The collision detection block in Figure 2.12 is further expanded in 

Figure 2.17. Notice that collision detection is conducted each time a new location is 

generated for a new fish track by comparing it with every other existing track. The basic 

idea of collision detection is to calculate the minimal distances between the new generated 

line segment and all other existing fish tracks using the distance method discussed in 

Appendix A. The inputs to the detection algorithm are the current fish velocity, previous 

location, previous time and current time, all other existing fish track data, and all fish 

sizes. The other existing fish track data, including time and location information, are 

needed for comparison purposes. Lastly, since each fish is modeled as a capsule, the size 

information is essential in determining possible collisions.

Figure 2.18(a) shows the algorithm for detecting collision between two fish. Suppose 

Ve and Vc are the velocities for the existing fish and the current fish, respectively. As 

mentioned earlier in section 2.8.1, the existing fish can be assumed to be stationary while 

the current fish has a velocity Ve — Vc. Orientations for current fish and the existing fish 

are shown as blue and red bold line segments. The moving line segment constructs a 

parallelogram in space. The distance method calculates the minimal distance between 

the blue parallelogram and the red bold line segments and compares the result to the 

sum of the radii of the capsules. If the minimal distance is less than the sum of the radii, 

then a collision occurs. Otherwise, no collision exists between these two fish.

To correctly compare distances between two fish tracks, each track must be parti

tioned into equivalent time lengths based on time data from both tracks. An example of
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Figure 2 .17  Flow diagram for collision detection. The collision detection is conducted each 
time a new location is generated for a new fish track by comparing it with every other existing 
track. The basic idea is to calculate the minimal distances between the new generated line 
segment and all other existing fish tracks using the distance method discussed in Appendix A.
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current fish

existing fish
/

(a)
stationary

(b)
Figure 2.18 Collision detection, (a) The blue and red bold line segments represent the orien
tations for current fish and the existing fish. The existing fish can be assumed to be stationary 
while the current fish has a velocity Ve -  Vc, where Ve and Vc are the velocities for the existing 
fish and the current fish, respectively. The moving line segment constructs a parallelogram in 
space. The distance method calculates the minimal distance between the blue parallelogram and 
the red bold line segments and compares the result to the sum of the radii of the capsules, (b) 
The new generated line segment is divided into several segments as determined by the time data 
of the existing fish tracks. Distance method is applied to each of these segments. If a collision is 
detected for any of these segments, then the new generated point B is rejected and regenerated. 
Otherwise, B is accepted and the generation of the new fish track continues.



the fish track partition is illustrated in Figure 2.18(b). Point A is the current point for 

the new fish track. The next point to be generated is B according to the program. As 

can be seen, the existing fish is changing its velocity during the time period t\ to t2. To 

apply the previous algorithm, we have to look at each of these segments, as determined 

by the time data of the existing fish track. If a collision is detected for any of these seg

ments, then B is rejected and regenerated. Otherwise, B is accepted and the generation 

of the new fish track continues.

2.8.5 Generation of Fish Tracks

Figure 2.19 shows three fish tracks between the start plane and the end plane in 3-D 

space using this new model (total of 200 fish tracks generated). And Figure 2.20 shows 

the projections of the fish tracks along x-, y-, and z-axes with respect to time. The 

river used in this example is 100 m wide and 4 m deep. The scale length for fish spatial 

distribution is 0.5 m. The average fish rate is 10 fish/s. The average fish velocities are

1.0 m/s in x-direction and zeros in y- and z-directions (the standard deviation is 0.5 m/s 

in all three directions). It can be seen that fish are separated enough to avoid collision. 

Recall in Figure 2.13 and Figure 2.14, an example of three fish tracks are generated 

treating fish as point objects. The green one and the red one are very close (the first 

collision happens at about t =  7.0 s).

2.9 Analysis on Simulated Fish Track Data

2.9.1 Fish Velocity Extraction

The simulated fish track data contains times, locations, and orientations of all points for 

each fish track. Suppose t^k and k are the time and location of the kth point of the 

ith fish track, the fish velocity at this point is simply given by

Vijk =  ~  f * *  (* =  1 ,2 , - . .  *  =  1 ,2 , . . .  ,iVi)P- l )  (2.22)
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Figure 2.19 Example of three simulated fish tracks considering collision. The river used 
in this example is 100 m wide and 4 m deep. The scale length for fish spatial distribution is 0.5 
m. The average fish rate is 10 fish/s. The average fish velocities are 1.0 m/s in x-direction and 
zeros in y- and z-directions (the standard deviations are 0.5 m/s in all three directions). Fish are 
separated enough to avoid collision.

Figure 2.20 Projections of the fish tracks along x-, y-, and z-axes with respect to time.
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where Nf is the total number of fish tracks and p is the number of points for ith track. 

The average velocity for ith fish is thus given by

*  = Ni i,k (2.23)
l*k=i

Figure 2.21 shows an example of velocity extraction from 200 fish tracks. The veloc

ity parameters for generating these tracks are the average velocities in three direction
r IT iT
1.0 0.0 0.0 m/s and corresponding standard deviations 0.5 0.5 0.5 m/s. The

left three panels show the distributions of the average velocities and the right three pan

els show the corresponding standard deviations in x-, y-, and z-direction, respectively. 

This figure provides a distribution (Gaussian distribution) that matches the expected 

outcome using these inputs.
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Figure 2.21 Fish velocity extraction. Two hundred fish tracks are generated using an average 
velocity of |̂1.0 0.0 O.oj m/s and corresponding standard deviation jo.5 0.5 0.5] m/s. The
left three panels show the distributions of average velocities and the right three panels show the 
standard deviations in x-, y-, and z-direction, respectively. This figure provides a distribution 
(Gaussian distribution) that matches the expected outcome using these inputs.
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2.9.2 Fish Rate Extraction

The average fish rate crossing any given plane x (xsta_n xend) can also be extracted

from the fish track data by using

N (x)
Vf{x) =

T (x)
(2.24)

where /if (x) is the fish rate and N (x) is the number of fish crossing plane x in time period 

T(x). Figure 2.22 shows an example of the fish rate extraction result. The average fish 

rate for generating these tracks is 60 fish/min and 200 fish tracks are generated. Time 

period T(x) in this example is chosen to be the time difference between the first and the 

last fish crossing plane x. This figure shows that the average fish rate crossing any given 

plane between the start plane and the end plane is roughly the same as the input (60 

fish/min).

61 r
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Figure 2 .22 Fish rate extraction. The average fish rate for generating these tracks is 60 
fish/min and 200 fish tracks are generated. Time period T(x ) in this example is chosen to be the 
time difference between the first and the last fish crossing plane x. This figure shows that the 
average fish rate crossing any given plane between the start plane and the end plane is roughly 
the same as the input (60 fish/min).



2.9.3 Fish Spatial Distribution

Given a proper value of the scale length, the initial locations fall in the region correctly 

as shown in Figure 2.7 and Figure 2.8. With zero average velocities in the y- and z- 

directions, the fish are not expected to move outside that region much.

However, the end plane shows a more uniform distribution of the fish locations after 

applying this fish distribution model. Figure 2.23 shows an example using a scale length 

D =  0.3 m (with 200 fish tracks generated). The river is 70 m wide and 4 m deep in 

this example. The average fish velocities are 1.0 m/s in the x-direction and zeros in 

y- and z-directions (standard deviation of 0.5 m/s in all three directions). The start 

plane and end plane are x =  — 7 m and x =  7 m, respectively. The top panel gives the 

fish distribution in the start plane. Fish are close to the river bottom or the banks as 

generated. The bottom panel gives the fish spatial distribution in the end plane. Here, 

fish are seen distributed more evenly over the river cross-section.

The reason for this “dispersion” is due to the large standard deviations of fish veloc

ities in the y- and z-directions. Figure 2.24 shows the result after using smaller standard 

deviations in y- and z-direction (the average velocities are 1.0 m/s in x-direction and ze

ros in y- and z-directions, and the standard deviations are 0.1 m/s in all three directions). 

The fish spatial distributions in the end plane is roughly the same as the distribution in 

the start plane (fish are close to the river bottom and banks).

2.10 A Brief Summary

A model of fish distribution in time and space is presented in this chapter. This allows 

for the interpretation of fish size distribution, fish spatial and temporal distributions, 

and fish velocity distribution in a river. The next chapter models a single-beam sonar 

system following which sonar data are generated and analyzed.
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Fish spatial distribution in the start plane

V . . . •#
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**̂ v

Figure 2 .23  Dispersion of fish spatial distribution. Two hundred fish tracks are generated in 
this example. The dots represent the initial locations for all the fish and the solid line represents 
the river cross-section profile. The river is 70 m wide and 4 m deep in this example. A scale 
length of 0.3 m is used. The average fish velocities are 1.0 m /s in the x-direction and zeros in 
y- and z-directions (standard deviation of 0.5 m /s in all three directions). The start plane and 
end plane are x =  — 7 m and x =  7 m, respectively. The top panel shows the fish distribution in 
the start plane. Fish are close to the river bottom or the banks as generated. The bottom panel 
shows the fish distribution in the end plane. The fish are expanded all over the river cross-section.
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Figure 2 .24  Fish spatial distribution when using small standard deviations of velocities 
in y- and z-direction. The dots represent the initial locations for all the fish and the solid line 
represents the river cross-section profile. The river is 70 m wide and 4 m deep in this example. 
A scale length of 0.3 m is used. The average fish velocities are 1.0 m /s in the x-direction and 
zeros in y- and z-directions (the standard deviations are 0.1 m /s in all three directions). The 
start plane and end plane are x — — 7 m and x — 7 m, respectively. The fish spatial distributions 
in the end plane (bottom panel) is roughly the same as the distribution in the start plane (top 
panel).
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Chapter 3

A Model of Single-beam Sonar

Single-beam sonar is the oldest and still widely used sonar system. As shown in Fig

ure 1.2, a single-beam sonar system usually includes a transmitter to generate a burst of 

electrical energy, a transducer to convert an electrical signal to sound, a transducer to 

convert sound to an electrical signal, an electrical receiver, and a display system. This 

chapter presents a simulation model of single-beam sonar based on the sonar equation 

discussed in section 1.2. The transducer beam pattern, the acoustic propagation, the tar

get strength, and the noise (including background noise and reverberation) are modeled. 

The fish is modeled as an ellipsoid with its size chosen by using a fish size distribution 

function described in Chapter 2.

3.1 Transducer Beam Pattern

The transducer used in a single beam sonar system is often constructed as an array of 

individual elements. The response of the array varies with direction in a manner specified 

by the beam pattern of the array. This property of array directionality is highly desirable, 

for it enables the direction of arrival of a signal to be determined and enables closely 

adjacent signals to be resolved [Urick, 1983].

A sonar coordinate system is set up for the mathematical description of this model. 

It is defined to allow the sonar to be tilted downward into the river, as is usually the case. 

In this thesis, a Cartesian coordinate system with the origin located at the center of the



transducer is used (Figure 3.1). The z-axis is defined as the direction of the acoustic axis 

of the transducer with positive z-values pointing away from the transducer. The x-axis 

lies along the upstream-downstream direction of the river with positive x-values pointing 

upstream for a system located on the left bank relative to the upstream direction. The 

y-axis is determined by the right hand rule. The angle Ot is the tilt angle in the YrZr. 

plane, where -XrTrZr is the river coordinate system defined in Chapter 2.

Yr Z r
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Figure 3.1 Sonar coordinate system. The z-axis is defined as the direction of the acoustic 
axis of the transducer with positive z-values pointing away from the transducer. The x-axis lies 
along the upstream-downstream direction of the river with positive x-values pointing upstream 
for a system located on the left bank relative to the upstream direction. The y-axis is determined 
by the right hand rule. The angle 0T is the tilt angle in the Y rZ r  plane.

If the response is written as b(0, </>) to indicate that it is a function of 6 and <j> in the 

sonar coordinate system, then

b (0 ,$ = b (O ,O )« (M )  (3.1)

where b (0, 0) is the response in direction 6 =  0, =  0 and v(6,</>) is a response function 

normalized so that f (0 ,0) =  1. The direction (0,0) is arbitrary, but is ordinarily taken 

to be the direction of maximum response. In typical arrays, the beam pattern is sym

metrical, and the direction (0, 0) to which the axial response b (0,0) refers is the acoustic 

axis of the array. Beam patterns are commonly expressed in decibels [Urick, 1983].



In their simplest form, many arrays are arranged with elements along a line or dis

tributed along a plane. The acoustic axis of such line or plane arrays lies at right angles 

to the line or plane. The beam pattern b of a line of equally spaced and phased elements 

is given as
= sinlm.asmOT/A] 

rmrasin(a)/\
where 0 is the angle from the acoustic axis, m is the number of the array elements, a 

is the separation between array elements and A is the acoustic wavelength. The beam 

pattern of a circular plane array of diameter D of closely spaced elements can be shown 

to be
2Ji[7r£>sin(0)/A] 

b(#) ~  7rZ)sin(0)/A (3'3)

where Ji[7rZ)sin(0)/A] is the first-order Bessel function of argument ttD sin(0)/X. The

sound pressure at a fixed range R 2> a is proportional to b($), and the intensity varies

as b 2 (9). An example of beam patterns of a line (m =  4, a = 0.01 m) and a circular

plane array (D =  0.04 m) is shown in Figure 3.2.

In a two-dimensional rectangular planar array, which is used in this thesis, the beam

pattern may sometimes be written as the product of the beam patterns in the two planes

that contain the acoustic axes of the transducer [Skolnik, 1962]. Thus

ura a\ _  sin[m7rasin(6>i)/A] sin[n7r6sin(02)/A] 
b(yi, V2) • fQ \ / \ ' U * (n \ / \ (3*4:)ra7rasm(#i)/A n7r&sm(02)/A

where m and n are the numbers of the array elements in the two acoustic axis directions,

respectively, a and b are the corresponding element separations. An example of this type

of beam factor (m =  n — 4, a =  b — 0.01 m) is shown in Figure 3.3. In this thesis, the

beam angles are chosen to be 2° (in the vertical plane) by 10° (in the horizontal plane).

Solving
sin(rr) y/2
~ i r  =  -  <3-5>

gives x =  1.3893. So the array parameters are chosen to be

1.3893A 1.3893A , x
ma =  — : . . , nb =   —- (3.6)

7rsin(l°) 7rsin(5°)

For a 200 kHz sonar (the sound speed in water is 1450 m/s), equation (3.6) gives

ma =  0.1837 m, nb =  0.0368 m (3-7)
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on
Figure 3.2 Beam patterns of a line and a circular plane array (a) Beam pattern of a line 
array with 4 elements and the separation between elements are 0.01 m. (b) Beam pattern of a 
circular array with diameter 0.04 m.

(K

Figure 3 .3  Beam pattern of a two-dimensional, rectangular planar array. Array numbers: 
m =  n — 4, element separations: a — b =  0.01 m.
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3.2 Acoustic Propagation

The sound field in the water between the transducer and any target which generates an 

echo is discussed in this section.

3.2.1 Beam Spreading

As the wave-fronts travel outwards from the transducer, they spread over a larger area. 

The total energy of the transmission is fixed, so the intensity decreases as the beam 

spreads. At ranges that are large compared to the transducer size, said to be in the far 

field, the range dependence of the intensity obeys the inverse square law:

The constants /q and |po| (usually called the source level) are the intensity and the 

pressure amplitude, respectively, normalized to 1 m range [MacLennan and Simmonds, 
1992].

Acoustic intensity is important as a concept and for calculation, but in practice, 

pressure is normally used, because this quantity can be measured by the receiving trans

ducers. From the electronic power and the transducer beam widths, po (in d B //l  //Pa) 

can be calculated by

where 170.8 is a constant related to the water density and the acoustic speed in the water. 

77 is the efficiency conversion factor. P  is the electrical power in Watts. 6 and <f> are the 

transducer beam angles in the vertical and horizontal planes in radians. Typically po 

(i.e., the source level) ranges from 200 to 220 d B //I  //Pa for a 200 kHz sonar in the field.

3.2.2 Absorption

As sound propagates through water, acoustic energy is lost through the process of ab

sorption. It involves a process of conversion of acoustic energy into heat and thereby

= I0/R2

It follows that the pressure amplitude is inversely proportional to the range:

\p\ (3.9)

(3.8)

d B //I  //Pa (3.10)



represents a loss of acoustic energy to the medium in which propagation is taking place. 

Urick [1983] showed theoretically that the frequency dependence of the absorption coef

ficient has the form

a = A-]0^p+BĴ dB/m (3-U)
where A and B  are constants found to be equal to 2.03 x l0 ~5 and 2.93 xlO-5 , respectively,

S is the salinity in parts per thousand (ppt), /  is the frequency in kilohertz, and / t  is

the temperature-dependent relaxation frequency given by

a 1520
/ T =  21.9 x 106 T + 2 7 3  kHz (3.12)

where T is the temperature in degrees Celsius.

3.3 Target Strength

When acoustic waves encounter a target, some of the incident energy is scattered, gen

erating a secondary wave that propagates in all directions away from the target. Most 

fisheries applications depend upon one transducer, which is used both to transmit acous

tic pulses into the water and to detect echoes from targets within the transducer beam. 

In that case, only the backscattered waves are important, namely those travelling in 

exactly the opposite direction to the incident waves generated by the transmitter.

Much research has been done to understand the target strength through theory, 

experiments and empirical studies [Foote, 1980; Furusawa, 1988; MacLennan and Sim

monds, 1992; MacLennan and Menz, 1996; Sonwalkar and Adams, 1999]. In this thesis, 

target strength is modeled using a geometric model based on radii of curvature. Both 

the swimbladder and the fish body are modeled as ellipsoids for this model as described 

in section 2.3. The size (6f, /if, and Zf) of each fish is chosen randomly by using the fish 

size distribution function. Given the fish body parameters and the model parameters (p, 

q, r), the swimbladder parameters (6S, /is, and Zs) can be determined completely from 

equations (2.7) to (2.9).

Foote [1980] shows that most of the target strength contribution comes from the 

swimbladder. Assume that the reflection coefficient of the swimbladder is roughly 1, a
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good assumption for air-filled swimbladder, then the expression for target strength is 

given as [Sonwalkar et ai, 1999; Adams, 2002]

rji Qj  2 0  lo g  ^S^S^s/2 1 0 \
[6f cos2(0jn) +  /if sin2(('/)in)] sin2(0in) +  Zf cos2(0in)

9-m and (j)jn are the incidence angles of the sound wave, which are defined as the azimuthal 

and the polar angles of the incident sound wave with respect to the fish coordinate system 

when the wave is normal at a point on the surface of the fish (Figure 3.4).
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Figure 3 .4  Incidence angles of the sound wave with respect to the fish coordinate system.
X fYfZf is the fish coordinate system discussed in section 2.3. The incidence angles are defined 
as the azimuthal (0jn) and the polar (0in) angles of the incident sound wave with respect to the 
fish coordinate system when the wave is normal at a point on the surface of the fish.

3.4 Sonar Pulse

3.4.1 Pulse and Ranging

Sonar transmits a short burst of sound, called a pulse or ping. A sonar pulse is modeled 

as a finite duration rectangular pulse with finite rise and fall time, modulated at the 

sonar operating frequency [Pham, 1999]. Figure 3.5 shows a 200 kHz noise-free pulse 

with a pulse duration of 0.1 ms, rise and fall times of 0.01 ms, and a sampling frequency 

of 1200 kHz. Notice in the bottom panel (the spectrum), the frequencies are centered at



200 kHz (sonar carrier frequency) and the 3 dB bandwidth is about 10 kHz (10 kHz =  

1/0.01 ms).

Pulse generated by 
a 200 kHz sonar
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pulse width 0.1 ms 
rise/fall time 0.01ms

Pulse envelope

~ 1 rCOc

« °-5>
CDcr oL50

Figure 3.5 Illustration of the transmitted sonar pulse. The pulse is generated by a 200 kHz
sonar (noise free). The envelope is the curve of maximum amplitudes. The spectrum shows the 
frequency composition as the intensity of power relative to the peak value.

The transmitted pulse travels away from the transducer. When it encounters a target, 

some energy is reflected as the echo which travels back to the transducer (Figure 1.2). 

The echo is received at time t after the transmission. The distance R between the target 

and the transducer is estimated by measuring t. The two-way path length is 2i?, so

t =  2R/c or R =  ct/2 (3.14)

Suppose there are two targets at ranges i?i and R2 (R2 > R\)- In order to resolve the

targets and measure them individually, the range difference (R2 — R\) must be large

enough for the two echoes not to overlap. The echo from the nearer target is detected 

first at time t\ =  2R\jc and continues until time t\ +  T, where T is the width of the 

pulse. The second echo produces a signal that begins at time t2 =  2R2/c. To resolve 

these two targets, we must have

2̂ ^ t\ ~\~T or R2 — R\ > cT/2 (3.15)

100 150 200
Frequency (kHz)

250 300 350



Thus targets must differ in range by at least 2. half the pulse length in water, to 

produce separate echoes [MacLennan and Simmond, 1992], In this thesis, the sonar pulse 

width is chosen to be 0.5 ms and hence the half pulse length is 0.36 m, when the sound 

speed is 1450 m/s.

3.4.2 Pulse Elongation

Fish are extremely complex acoustic scatterers and to analytically predict the exact 

relationship between the physical parameters of fish and the returned pulse width would 

be nearly impossible. However, two simple scattering models, planar model and elliptical 

model, have been investigated in the past to predict this relationship [Ehrenberg and 

Johnston, 1996].

In the planar model, all the acoustic scattering is assumed to take place at the surface 

of the fish closest to the acoustic transducer. Figure 3.6 shows the geometry of planar 

model for pulse elongation. A fish is modeled as a simple scattering surface of length 

D. The scattering level is assumed to be constant along the range extension of the fish 

body. The axis of the fish body is at an angle 6 relative to the incident sound wave.
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Figure 3 .6  Geometry of planar model for pulse elongation. Fish is modeled as a simple 
scattering surface o f length D. The scattering level is assumed to be constant along the range 
extension o f the fish body. The axis o f the fish body is at an angle 6 relative to the incident 
sound wave [Ehrenberg and Johnston, 1996].



When the length of the fish D is much less than the range from the transducer to the 

fish, curvature of the wave front can be ignored and the pulse elongation is simply due to 

the range extent of the fish body in the direction of propagation. The pulse elongation, 

Pe, is thus given as [Ehrenberg and Johnston, 1996]

2D cos
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PP = (3.16)

where cw is the velocity of sound in water. It can be seen that the aspect angle 6 has a 

dominant effect in pulse elongation. The thickness of the fish is not important at all in 

the planar model.

In the elliptical model, it is assumed that acoustic scattering occurs throughout the 

volume of the fish. Pulse elongation is caused by the acoustic wave front scattering 

throughout the thickness of the fish. Here the thickness of the fish becomes more im

portant in determining pulse elongation than small changes in aspect angle. Figure 3.7 

gives the geometry of the elliptical fish model showing angle of incident acoustic energy 

relative to orientation of the fish.

Figure 3 .7  Geometry of elliptical model for pulse elongation. Fish is assumed to have an 
elliptical cross section. 0 is the angle of incident acoustic energy relative to orientation of the fish 
[Ehrenberg and Johnston, 1996].

In order to enable an analytic solution, a fish is assumed have an elliptical cross-



section described by
2 2 x y

*  +  ¥  =  1 <3-17> 

where 2a is the minor axis and 26 is the major axis of the ellipse. The pulse elongation 

is given as [Ehrenberg and Johnston, 1996]

2d 4abp  — __ — /Q 1 g\
cf Cf \/a2 cos2 (9) T 62 sin2 (0)

where Cf is the velocity of sound in the fish.

The elliptical model is used in this thesis since it takes both the length and the 

thickness of the fish into account, while the planar model is too sensitive to the aspect 

angle. Using the ellipsoid model, the equation of the fish body in the fish coordinate 

system is given by
y2 \r2 r?2

A r  I  r Zj r

~q +  q  +  J  =  1 (3-19)
where 6f, hf, and If are the half-breadth, the half-height, and the half-length of the fish. 

The cross-section in the 6{n plane (Figure 3.4) is used to calculate 0, a, and 6. 6 and 6 

are simply given as

0 -  9in (3.20)

b — If (3.21)

Setting If =  Xftan(#in) and Zf =  0 in equation (3.19), and solving for X f  gives the 

x-coordinate of the point where the ellipse intersects with the XplF-plane

X f =  h(h{ =  (3.22)
y /i f  +  tan2(0in)
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Then a is given as

Xf bfhf
a =  — = i (3*23)os(̂ >m) y /b‘l sin2(^in) +  /?| cos2(0i„)

3.5 Noise Sources

In the foregoing discussion the pulse is assumed to be the only signal that the receiving 

system is subject to receive. In practice there are other factors to be considered, which



may limit the performance of a sonar: (a) reverberation (which is a special case of noise) 

and (b) background noise (including system noise). Noise from one source or another is 

an unavoidable factor in underwater acoustics.
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3.5.1 Reverberation

Reverberation is a general term used to describe the echoes from unwanted targets (Fig

ure 3.8). There are several significant causes of scattering that result in reverberation. 

Reverberation originating from biological sources other than fish is called volume rever

beration. Inhomogeneities and roughness at the top and bottom surfaces of the water 

give rise to surface reverberation. For simplicity the sources of volume reverberation are 

assumed uniformly distributed throughout the volume region of interest, and the sources 

of surface reverberation are assumed uniformly distributed over the surface region of in

terest [Burdic, 1991].

T ransducer

Riverbed

Figure 3 .8  Sources of the reverberation. Reverberation is a general term used to describe the 
echoes from unwanted targets, such as the riverbed, bubbles and small organisms in the water.

To examine the properties of reverberation, assume that both the sonar and the 

scattering elements are immobile. The transmitted waveform (sonar pulse) is a finite- 

duration pulse with a bandwidth typically small compared with the center frequency.



The statistical properties of the envelope of the reverberation waveform and its spectral 

density are discussed below.

Let the transmitted waveform be s(t) and the returning signal from the ith scattering 

element be Ais(t — U) (i =  1,2,*-- , N )1 where N  is the number of scattering elements. 

N  is typically a large number. Thus the total returning signal may be expressed as

N

S R (t)= Y 2 Ais(t ~ ti) (3-24)
i—1

Let s(t) be expressed in analytic form as

s(t) =  n (3.25)

where II is a single symmetric rectangular pulse with pulse duration T. It can be 

shown that the spectral density of sR(t) has the form of [Burdic, 1991]

* R =  \S(f)\2N a2A (3.26)

where is the variance of At (i =  1,2, ••• ,1V). Equation (3.26) indicates that the 

spectral density of the reverberation signal has the same form as the power spectrum of 

the transmitted waveform.

Rewriting equation (3.24) as

N

sR{t) =  s{t) * Ai8(t-  ti) =  s(t) * c(t) (3.27)
i~ 1

The function c(t) is the impulse response of the collection of scattering elements. For 

large N, U is more or less uniformly distributed over the interval, and A{ is a zero- 

mean finite-variance Gaussian random variable with A{ independent of Aj for all i ^  j  

according to the central limit theorem. So c(t) can be modeled as Gaussian distributed 

white noise with zero mean.

Figure 3.9 shows an example of a simulated reverberation signal. The source signal 

in this example is a rectangular pulse modulated at 200 kHz. The reverberation level is 

50 d B //l  fiPa (randomly chosen). The power spectrum in the bottom panel shows that 

the reverberation signal is a narrow band signal, centered at the carrier frequency, which 

is 200 kHz in this example.

56



57

x 10 reveberation signal

frequency (kHz)

Figure 3 .9  Illustration of the simulated reverberation signal. This figure shows an example 
of 50 dB //l /iPa reverberation signal. The source signal in this example is a rectangular pulse 
modulated at 200 kHz. The power spectrum in the bottom panel shows that the reverberation 
signal is a narrow band signal, centered at the carrier frequency, which is 200 kHz in this example.

3.5.2 Background Noise

Background noise is any unwanted signal other than the reverberation. It is caused 

by independent factors and is present in the receiver output even when the transmit

ter is switched off [MacLennan and Simmond, 1992]. The typical sources generating 

background noise are [Mitson, 1983]:

(a) river-state noise due to wind blowing, waves breaking, rain and other disturbances 

in the river;

(b) thermal noise in the water due to the random movement of molecules causing 

pressure fluctuations at the transducer face;

(c) ship noise due to machinery, propellor cavitation and water flow over the hull;

(d) thermal noise in the receiving amplifier due to the random movement of electron

ics;



(e) electrical interference from other shipboard equipment.

Excellent detailed descriptions of the background noise are available in the literature 

[Urick, 1983; Burdic, 1991]. In this paper, background noise is simply modeled as Gaus

sian white noise with zero mean and finite variance (noise level). Figure 3.10 shows an 

example of a simulated background noise with noise level 50 d B //l  /iPa. The middle 

panel shows that the autocorrelation coefficients of this noise is roughly a delta function. 

The power spectrum in the bottom panel shows that this signal is a wide-band signal.

x 103
1

03 _
CL 0

-1
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Figure 3 .10  Illustration of the simulated background noise. This figure shows an example 
of 50 d B //l /iPa background noise. The middle panel shows that the autocorrelation coefficients 
of this noise is roughly a delta function. The power spectrum in the bottom panel shows that 
this signal is a wide-band signal.

3.6 A Brief Summary

The single-beam sonar model presented in this chapter was established based on the 

sonar equation. It allows for interpretation of the transducer beam pattern, the acoustic 

propagation in the water, the target strength from a fish modeled as an ellipsoid, and the

o
x 103

03 -  Q. 2
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noise including the background noise and reverberation. In the next chapter, simulated 

sonar data will be generated and analyzed using this model along with the fish track 

data discussed in Chapter 2.
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Chapter 4

Simulated Sonar Data and Fish 

Counts

In the previous chapter, a single-beam sonar system is modeled. In this chapter, the 

simulated sonar data are generated using this model along with the fish track data 

generated in Chapter 2. The simulated sonar data are then analyzed using echo-counting 

to determine the uncertainty of fish enumeration inherent in this method.

4.1 Generation of Sonar Data

The sonar pulse (or ping) is transmitted at a specific rate (typically 1 to 10 pings/s). 

These pulses are intercepted by the fish tracks and reflected back as echoes whose pressure 

levels are determined through the sonar equation (Figure 4.1).

Note that since the transmitted pulse is modeled as an amplitude modulated (AM) 

rectangular pulse with finite rise and fall times, the returned signal can thus be written 

as:
N

s(t) =  Ak ( t ) c o s ( 2 i r  +  4>k) +  n ( t ) (4.1)
k—1

where s(t) is the returned signal, n(t) is the noise including both the background noise 

and the reverberation, f c is the sonar carrier frequency, A^(t) and </>& are the amplitude 

and phase of the kth echo. Envelope detection is used for demodulation. The signal
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Right Bank

Figure 4.1 Sonar pulses intercepted by one fish track. The sonar pulses are transmitted 
at a specific rate. These pulses are intercepted by the fish tracks and reflected back as echoes. 
The solid line represents a simulated fish track and the squares represent the locations where the 
sonar pulses are intercepted [Chen, 2001].

after demodulation is therefore given as

sd(t) =  F [2s(t) cos(2tt f ct)] (4.2)

where F  represents a proper lowpass filter. In this thesis, a fifth order lowpass Butter- 

worth digital filter (the default lowpass filter used for AM demodulation in Matlab) is 

used for the demodulation.

Recall in Figure 3.5, the frequencies of a modulated pulse are centered at the sonar 

carrier frequency (typically 38 kHz, 120 kHz, 200 kHz, and 420 kHz) and the 3 dB band

width is roughly pulse \[dth • The typical pulse width of a sonar ping ranges from 0.1 

to 1.0 ms. The corresponding 3 dB bandwidth of such a sonar ping is thus roughly 10 

kHz or less, which is much less than the sonar carrier frequency. An ideal demodulation 

shifts the frequency center to 0 Hz and thus most of the frequency components of a 

demodulated signal are limited in a small range (from 0 to several tens of kilohertz). 

According to the sampling theorem, the sampling frequency must be larger than twice 

the maximum frequency to avoid aliasing. Thus the demodulated signal is resampled 

at a lower frequency to reduce the storage space and unnecessary calculations, thereby 

improving the efficiency of the simulation program. Theory and examples on multirate



digital signal processing (upsampling and downsampling) are available in literature [Mi- 

tra 1998; Ifeachor and Jervis 2002]. In this thesis, the Matlab command resample is 

used for downsampling. Resample applies an anti-aliasing lowpass FIR filter to the 

input signal during the resampling process. It designs the filter using firls with a Kaiser 

window [Mathworks, 2000]. Notice in Figure 3.5, the pulse spectrum shows that most of 

the frequency components are in range f c ±  20 kHz. Thus the downsampling frequency 

is chosen as 60 kHz in this thesis.

Figure 4.2 shows the block diagram for generating the sonar data. The detailed 

description of the implementation of this diagram is given in Sonwalkar, et al. [2002]. A 

brief discussion about this diagram follows.

The inputs for this diagram include the fish track data generated in the previous

chapter, the source level at 1 m away from the transducer, transducer beam angles, sonar

carrier frequency, ping rate, pulse width, pulse rise and fall times, sampling frequencies, 

media parameters (sound speeds in the water, the fish body, and the air; densities of the 

water, the fish body, and the air), and the noise level.

As shown in Figure 4.1, sonar pulses are intercepted by the fish tracks. Suppose the 

ping rate is /ip pings/s and the first ping is sent out at time t — 0 s. Thus the A;th ping 

is sent out at time tk =  The fish track data are interpolated with respect to time 

at this given time, t .̂ The range of the fish body is thus calculated to estimate the 

one-way delay of the sonar pulse t<\:

Ri,k = \]xlk +  y\k +  zlk (4-3)

<d =  —  (4.4)
cw

where and are the corresponding coordinates of the zth fish location, cw is

the speed of sound in water. Notice the fish swimming speed (about 1.0 m/s) is much 

smaller than the speed of sound in water (about 1450 m/s). So the actual time when 

the kth ping is intercepted by the ith fish track is

k 1 R'i k / . ~ \
ti,k «  tk +  id =  + (4.5)

/ip Cw

The fish track is thus interpolated at time t^k to give the interpolation data (including 

the ping number, time delay, fish location, and fish orientation). The pulse elongation
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Load fish track data and other inputs

Fish track data interpolation

1 V 1f V
Absorption Transmission

loss
Target

Strength
Beam
Factor

Save sonar dataw and exit

\r 1r r
Generate pure 

received pulses
Generate 

background noise
Generate

reverberation

Generate 
returned signal

Demodulation

Resample at 
lower frequency

T

Figure 4 .2  Flow diagram for generating sonar data. This figure shows the process used to 
obtain sonar data starting with fish track data. Fish track data are interpolated according to the 
time information of the sonar pings to carry on the calculation of the sonar equation. Received 
pulses are generated based the calculated received level including the background noise and the 
reverberation for each ping. The sonar data are then obtained by summing up all these pulses.



is also calculated at this stage for each fish track at each point where the sonar pulse is 

intercepted using the model discussed in section 3.4.2.

With the interpolation data, the calculations for the sonar equation are conducted. 

To calculate the beam factor, only the fish location information is needed. The off-axis 

angles in the vertical and the horizontal plane relative to the sonar system are given as

9 =  9t  — arcsin(J^) (4.6)
R

</> =  arctan( —) (4.7)
z

where 9t  is the sonar tilt angle, x, y and 2: are the coordinates1 of the fish body center in 

river system, and R is the range of the fish. Then the beam factor can be be calculated 

using equation (3.4).

To calculate the target strength, the incidence angles must be determined first. Recall 

in section 2.3, a fish coordinate system with z- and y-axes in tail-to-head and ventral-to- 

dorsal directions, respectively, is defined. The incidence angles are actually the angles 

between the direction of the incident sound wave and the z-axis (or y-axis). The direction

the of incident sound wave hin in the river coordinate system is determined by the fish

location

fcin =  - 4  (4-8)
\R\

where R is the fish location vector. Suppose X f , yf, and Zf  are the unit vectors in the

directions of fish coordinate axes, xr, yr, and zr are the unit vectors in the directions of

river coordinate axes. Zf  is simply the fish orientation that is given in the interpolation 

data, i.e.,

i f  =  a z{x r +  /3zfyr +  (4.9)

where azf, /?zf , and j zf are known coefficients. In this model, fish are assumed to have no 

rolling about z-axis. Thus the x-axis of the fish coordinate system is located in horizontal 

plane, i.e.,

X f  =  CXx f X r +  'Yxf'^r (4 * W )

xNote that the subscripts i and k are ignored for simplicity.

64



where axf and 7xf are two unknown coefficients to be determined. By definition,

i f  • if =  0 (4.11)

N  -  1 (4.12)

Solving these two equations gives

Qrf =  , T7rf (4.13)
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l / ' 4  + "d
± a zf 

7 « z f+  7zf
7xf =  ; ±arf (4.14)

Then yf is given by the right hand rule

yf =  if x i f  (4.15)
azf /3zf

-XT T \ /«if +7zf(/r ±  Z'--'7" - ....2r (4.16)
v v/^

For a real fish, the dorsal part is always pointing upwards, i.e., the y-axis of the fish 

coordinate system is pointing upwards. So

v, =  — * r + v A & + ■ £ » . -  .&t7gf *, (4.17)

and the corresponding solution for i f  is given as

Xf =-— ----- - .Kr   (4.18)
V « z f  +  7 z2f  \ / « z f +  7 z f

The discussion above assumes that a f̂ +  7 f̂ > 0. If o^f +  7^ — 0, i.e., <azf =  7zf =  0,

then the fish is swimming vertically upwards or downwards. In this case, i f  and yf are

chosen as

i f  =  i r (4.19)

yf =  “ Sign(/3zf) ir (4.20)

where sign is the signum function.

Finally the incidence angles as shown in Figure 3.4 are given as

din —  “  a rC C O s (£ in • Z f)  (4.21)

kin * J/f 
Mn * .

<̂ in =  arctan ( ) (4.22)



Then the target strength can be calculated using equation (3.13).

The total transmission loss in dB is calculated using

TL =  -2 a R  -  40 log10 R (4.23)

where a is the absorption coefficient discussed in section 3.2 and R is the range of the 

fish.

The received level is thus calculated using the sonar equation. A noise-free sonar 

pulse (modulated at sonar carrier frequency) is generated based on the interpolation 

data (pulse delay and pulse elongation) and the received level (amplitude). A returned 

signal for only one ping is then generated by adding a background noise and reverberation 

signal to this sonar pulse. This signal is then demodulated and resampled at a lower 

frequency. As more pings are sent out, all the received signals are summed up to generate 

the sonar data.

Next, examples of the simulated sonar data are provided under a variety of conditions. 

The data are displayed over a total time period and for one ping. Varying one parameter 

(noise level, ping rate, or pulse width) at a time allows for analysis of the effects of that 

parameter on the sonar data. All the sonar data are generated using the following 

constant parameters: sonar carrier frequency f c =  200 kHz and source level SL =  220 

d B //l  (iPa. Unless stated explicitly, the other parameters are: noise level (for both the 

background noise and the reverberation) NL =  80 d B //l  /uPa, pulse width P W  =  0.1 

ms (rise/fall time tv =  0.01 ms), and ping rate /ip =  5 pings/s. Fish tracks are all 

generated using a river that is 70 m wide and 4 m deep. The scale length of the fish 

spatial distribution is 0.5 m. The average fish velocities are 1.0 m/s in x-direction and 

zeros in y- and z-directions (the standard deviations are 0.5 m/s in all three directions). 

For simplicity, the fish track data generated for a low fish rate (10 fish/min, 2 fish tracks 

are generated for this discussion) and high fish rate (600 fish/min, 87 fish tracks are 

generated) are referred to as the low rate data and the high rate data, respectively.

The total sonar data using a noise level of 20 d B //l  /iPa (low noise level) for an 

example of the low rate data is shown in Figure 4.3. Each vertical bar in the top panel 

represents an echo returned by one or several fish. The amplitude of the received signal 

is given in Pascals. The difference in the amplitude can be explained by the location or
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the orientation of the fish in the beam or by fish size. To better understand the sonar 

data, the bottom panel shows the sonar data for one ping (ping#56 at time t — 11 s). 

Here the echoes from the two fish can be seen and easily distinguished. Also notice that 

the pulse width of the echo is about 0.5 ms, which is much larger than the transmitted 

pulse width because of the pulse elongation.

The addition of noise at various levels also leads to reasonable sonar data equivalent 

to those found in the field. Figure 4.4 shows the same case of low rate data but with 

100 d B //l  fiPa noise level instead of 20 d B //l  /xPa. The received pulses are becoming 

muddled in the noise.

Figure 4.5 shows the sonar data generated from the high rate data. A noise level of 

20 d B //l  //Pa is used. Note that the sonar data looks similar to that of the low rate 

data. The bottom panel shows a zoomed-in view on the echoes from ping#56. Although 

some of the echoes appear to remain as rectangular pulses, others become irregular in 

shape due to the overlap of the received echoes.

The general pattern remains the same by imposing a larger noise level (100 d B //l  

/iPa), but many of the smaller echoes are absorbed by the noise as shown in Figure 4.6.

The effects of varying noise level seem to be the same for all fish rates. As the 

noise increases, the smaller amplitude echoes are lost while high amplitude echoes are 

presented at the receiver.

The effects of varying ping rate work as expected. Figure 4.7 shows an example of 

sonar data generated from the same low rate data as shown in Figure 4.3 using a lower 

ping rate (1 ping/s). Here it is still possible to see the returned echoes clearly in the 

zoomed-in view. Figure 4.8 shows the same 20 seconds of data as shown in Figure 4.7, 

but with a higher ping rate (20 pings/s). Notice that more echoes are returned in the 

same amount of time. But the zoomed-in view still shows a similar result.

For high fish rate data, as the ping rate increases, there is a significant change in the 

amplitude as shown in Figure 4.9 and 4.10. This is due to the overlap of the echoes that 

come from the previous ping.

Lastly, the effects of varying pulse width work as expected. A wider transmitted 

pulse gives a wider echo. For the low rate data, the received echoes are resolvable as
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shown in Figure 4.11 and 4.12. As the fish rate increases, more echoes received in the 

same amount of time, some echoes that were previously separated are now overlapped 

as shown in Figure 4.13 and 4.14.
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Figure 4 .3  Example of low noise level sonar data (for a fish rate of 10 fish/min). The noise 
level for both the background noise and the reverberation is 20 dB //l j/Pa. Each vertical bar in 
the top panel represents an echo returned by one or several fish. The amplitude of the received 
signal is given in Pascals. The bottom panel shows the sonar data for one ping (ping#56 at time 
t = 11 s). Here the echoes from the two fish can be seen and easily distinguished. Also notice 
that the pulse width of the echo is about 0.5 ms, which is much larger than the transmitted pulse 
width because of the pulse elongation.
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Figure 4.4 Example of high noise level sonar data (for a fish rate of 10 fish/min). The
noise level is 100 d B / / l  //Pa in this example. The received pulses are becoming muddled in the 
noise.
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Figure 4 .5  Example of low noise level sonar data (for a fish rate of 600 fish/min). The
noise level is 20 d B //l juPa in this example. Each vertical bar in the top panel represents an 
echo returned by on or several fish. The bottom panel shows a zoomed-in view on the echoes for 
ping#56 (at time t = 11s). Although some of the echoes appear to remain as rectangular pulses, 
others become irregular in shape due to the overlap of the received echoes.
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Figure 4 .6  Example of high noise level sonar data (for a fish rate of 600 fish/m in). The
noise level is 100 d B / / l  //Pa in this example. The general pattern remains the same as in 
Figure 4.5, where a noise level of 20 d B / / l  //Pa is used. But many of the smaller echoes are 
absorbed by the noise.
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Figure 4 .7  Example of low ping rate sonar data (for a fish rate of 10 fish/min). The ping 
rate used here is 1 ping/s. Each vertical bar in the top panel represents an echo returned by on 
or several fish. The bottom panel shows a zoomed-in view on the echoes for ping#56 (at time 
t = 11 s), where the returned echoes can be seen clearly.
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Figure 4 .8  Example of high ping rate sonar data (for a fish rate of 10 fish/min). The ping 
rate used here is 20 pings/s. More echoes are returned in the same amount o f time compared 
to Figure 4.7 (more vertical bars are presented for the same period of time). But the zoomed-in 
view still shows a similar result as in Figure 4.7.
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Figure 4 .9  Example of low ping rate sonar data (for a fish rate of 600 fish/min). The ping
rate used here is 1 ping/s. Each vertical bar in the top panel represents an echo returned by on 
or several fish. The bottom panel shows a zoomed-in view on the echoes for ping#56 (at time 
t ~ 11 s).
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Figure 4 .10  Example of high ping rate sonar data (for a fish rate of 600 fish/m in). The
ping rate used here is 20 pings/s. More echoes are returned in the same amount of time compared 
to Figure 4.9. The bottom panel shows a significant change in the amplitude compared the case 
where the ping rate is 1 ping/s. This is due to the overlap of the echoes that come from the 
previous ping.
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Figure 4 .11 Example of narrow pulse width sonar data (for a fish rate of 10 fish/min). The
pulse width used here is 0.1 ms. Each vertical bar in the top panel represents an echo returned by 
on or several fish. The bottom panel shows a zoomed-in view on the echoes for ping#56 (at time 
t = 11s). The zoomed-in view show a much wider pulse duration due to the pulse elongation.
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Figure 4.12 Example of wide pulse width sonar data (for a fish rate of 10 fish/min). The
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Figure 4 .13  Example of narrow pulse width sonar data (for a fish rate of 600 fish/min).
The pulse width used here is 0.1 ms. Each vertical bar in the top panel represents an echo 
returned by on or several fish. The bottom panel shows a zoomed-in view on the echoes for 
ping#56 (at time t — 11 s).
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Figure 4 .14  Example of wide pulse width sonar data (for a fish rate of 600 fish/min). The
pulse width used here is 1.0 ms. Some echoes that were previously separated (Figure 4.13) are 
now overlapped as shown in the bottom panel due to the wide pulse duration.



At this stage, the sonar data is reasonable and understandable, what is left to be 

done is to numerically estimate the fish count using the simulated data. Three methods, 

namely echo-counting, echo-integration, and target tracking, are use as mentioned in 

Chapter 1. The following section will discuss the first method (echo-counting), apply it 

to the simulated data, and describe the effects of the different parameter values on the 

estimated fish counts.

4.2 Echo-counting

Echo-counting is the simplest quantitative hydroacoustic technique. It has been used 

widely in fisheries management and research as it requires a minimum of equipment 

and the associated data analysis is simple. Several theoretical models have been devel

oped over the years [Kieser and Ehrenberg, 1990; Mesiar, et a/., 1990; MacLennan and 

Simmonds, 1992; Mulligan and Kieser, 1996; Mulligan and Chen, 1998].

The traditional echo-counting model relates the number of observed echoes, ne, to 

the average fish density, p (fish/m3), the number of pings, m, and the detection volume, 

V (m3) [Kieser and Ehrenberg, 1990]:

ne — pmV (4.24)

For the model to work, echoes must not overlap. The best conditions for echo-counting 

method occur when the fish are randomly distributed at a low density.

Note that usually the echo counts are not the same as the number of fish in the river 

(even when m =  1). Suppose the fish are evenly distributed over the river cross-section, 

then it is possible to estimate the number of fish, nf.

m neAv _
nf =  H f - T =  - y -  ■ T  (4.25)

where p,f is the average fish rate (fish/s), T  is the detection time period, A  is the area of 

the river cross-section, and v is the average fish velocity (m/s).

Also the amplitude of the echoes can be measured to provide information about the 

fish size distribution. In general, larger fish give bigger echoes, but the relationship

between fish size and the echo amplitude is not this simple. The echo amplitude also
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depends upon the location and the orientation of the fish within the acoustic beam 

and upon the beam pattern factor of the transducer. The observed echo amplitude 

distribution is further complicated when the echoes come from a range of fish size and 

more than one species may be present. Moreover, in the case of single beam sonar, the 

target direction is unknown, so the beam pattern factor also contributes to the observed 

variation [MacLennan and Simmonds, 1992].

In this thesis, echo-counting is used to determine the number of fish during a specific 

observation period. Only one type of fish is presented. Before proceeding, it is necessary 

to define what constitutes an echo. Any part of the received signal whose amplitude is 

above a pre-determined threshold is considered. Signals below the threshold are ignored 

(Figure 4.15). The reason for applying the threshold is to reject noise and signals from 

very small targets which are of no interest. In general, thresholding is performed not 

only to lower noise, but to reduce the amount of data collected [Daum and Osborne, 

1996].
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Signal after thresholding

i
I
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Figure 4 .15  Thresholding, (a) Envelope of the received signal. The dashed line indicates the 
threshold applied to reject noise, (b) Signal used for echo-counting.

4.2.1 Threshold Problem

The use of a signal threshold adds an additional complication. Traditional echo-counting 

methods suffer from a threshold-related bias [MacLennan and Simmond, 1992]. Kieser
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and Ehrenberg [1990] show that satisfactory results can be obtained with traditional

methods, although it is necessary to know the target strength distribution and to use a 

calibrated sonar to compensate for the bias.

In this thesis, the threshold is chosen based only on the noise level. Since the back

ground noise and the reverberation are independent, the total noise level is thus given

as

where <r, <7b, and av are the total noise level, the background noise level and the rever

beration level, respectively. Threshold is chosen larger than the total noise level.

In the field, the noise level is usually unknown. Threshold is chosen based on the 

estimate of the average target strength related to fish sizes from prior experiments and 

the estimate of the average range of fish spatial distribution using the sonar equation. 

The beam factor is usually taken to be 0 dB (in the acoustic axis of the array) in this

4.2.2 Echo Identification Rules

Single echo identification and acceptance rules are important parts of the signal process

ing codes that are used in data analysis. Suppose T is the duration of the transmitted 

pulse. Firstly, if there are targets at nearly the same range, the individual target echoes 

may overlap, causing the echo duration to be larger than T. Also these individual echoes 

may interfere, causing the envelope to fluctuate. One criterion is to accept only those 

echoes whose duration is within some interval around T. For example, it might be de

cided to reject echoes longer than 1.5T [MacLennan and Simmonds 1992]. Medwin and 

Clay [1998] give similar rules for the identification of single echoes. A specific example 

follows: (a) The echo amplitude must be greater than a threshold, (b) At half-echo am

plitude, the width must be less than 1.5T and greater than 0.5T. (c) The signal is less 

than the threshold before and after the echo. The minimal time interval tm[n is greater 

than the reciprocal frequency bandwidth of the receiver (Figure 4.16).

In this thesis, since the pulse elongation is taken into account, the echo duration is 

always larger than the transmitted pulse width. So only the lower limit of the pulse

(4.26)

case.
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duration is used to identify an echo. Overlapped echoes will be counted as one.

Figure 4 .16  Identification of echoes, (a) The echo amplitude must be greater than a threshold 
and the reverberation and noise, (b) At half-echo amplitude, the width must be less than 1.5T 
and greater than 0.5T. (c) The signal is less than the threshold before and after the echo [Medwin 
and Clay, 1998].

4.2.3 Echo-counting Algorithm

The flow diagram for echo-counting algorithm is given in Figure 4.17. The detailed 

information about the implementation of this diagram is given in Sonwalkar, et al. [2002].  

A brief discussion about this diagram follows.

The inputs for the echo-counting algorithm are the sonar data containing the time 

and amplitude information of the received echoes, the ping rate, the threshold, and the 

acceptable pulse length.

The number of pings is calculated by

N p  =  ( t max ^min) * ftp  (4 .2 7 )

where ftp is the ping rate and [tmin ^max] is the time period of the sonar data.

Once the number of the pings is determined, the sonar data for each ping are ex-
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Figure 4 .1 7  Flow diagram for echo-counting. This figure shows the process used to obtain 
echo counts from the sonar data. The fish counts are calculated using equation (4.25).



tracted. The time for the A:th ping is given as

tk =  —  (* =  1 ,2 ,---) (4.28)
Mp

The time period of the sonar data for the kth ping is then [i* +  j^]-

The number of echoes are counted for each ping. First, the threshold is applied to 

the data by setting those smaller than the threshold to zeros. Two zeros are padded to 

this thresholded signal, one in the front and the other at the end. The reason to pad 

zeros is to avoid missing out the first echo. Then the indices of zeros for this signal are 

found (Using Matlab command find is used, the indices are given in a column vector). 

Subtracting each element (except the first one) by its next element gives the length 

information of all echoes. Only those with acceptable length or more are counted as 

“real” echoes.

The echo count is given as the maximum of the counts for all pings (thus m — 1). 

Note that this algorithm can not distinguish overlapped echoes, which is counted as one. 

The fish count is then calculated by equation (4.25).

A simple example of this echo-counting algorithm is given below (the data are from 

one ping). Figure 4.18 shows a received signal with respect to time in the top panel. The 

bottom panel shows the signal after thresholding (the x-axis shows the indices instead 

of time). Notice two zeros are padded at both ends. The indices of zeros are thus given 

as

[1,2,3,5,6,7,13,14,15,18, • • • , 29,73, • * • , 81]

Subtracting each element (except the first one) by its previous element gives

[1,1,2,1,1,6,1,1,3,1,-•• , 1,44,1, • • • ,1]

Subtracting each element by 1 gives

[0 ,0 ,1 ,0 ,0 ,5 ,0 ,0 ,2 ,0 ,-.. ,0,43,0,• • • ,0]

The non-zero numbers (1, 5, 2, 43) are the lengths of all the possible echoes (which can be 

seen obviously in the figure). Suppose the acceptable length of an echo is 15 (acceptable 

length is chosen to be the pulse width multiplied by the resampling frequency). Then
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the first three echoes are rejected since they are too short in length. Only one echo is 

counted for this example. Note that three echoes can be counted by observation. But 

they are counted as one because of the overlap of echoes.

time (sec)
C L

Figure 4 .18  Example of the echo-counting algorithm. The top panel shows the received 
signal with respect to time. The bottom panel shows the signal after thresholding. Four echoes 
can be seen. Only one echo is counted because of the width rule.

4.2.4 Echo-counting Results from the Simulated Sonar Data

In this section, the echo-counting method is applied to the simulated sonar data discussed 

in section 4.1 for different fish rates.

To analyze the fish counts of the simulated sonar data, a large number of examples 

must be used for each case. Thus 100 sets of fish tracks (each set might have different 

number of fish tracks) are generated and used to generate the sonar data under three 

fish rates (0.1, 0.5, and 1 fish/s). Due to time and processing constraints, only an 

additional 25 fish tracks are generated for the situation of 5 fish/s. Here the fish track 

data are generated using the following parameters: the river width 100 m and depth 4 

m, the fish spatial distribution scale length 0.5 m, the average fish velocities are 1.0 m/s



in x-direction and zeros in y- and z-directions (the standard deviations are 0.5 m/s in 

x-, y-, and z-directions) and the water velocity 1.0 m/s in negative x-direction. Also, 

each ensemble of fish tracks were generated such that all began within a 30-second time 

period. Choosing a 30-second time period with various fish rates allows for a varying 

amount of fish to be present in the beam within the same time period. The sonar data 

are generated using the following parameters: the source level 220 d B //l  //Pa, the sonar 

carrier frequency 200 kHz, the ping rate 5 pings/s, the pulse width 0.5 ms (rise/fall time 

0.05 ms), beam angle 2°(vertical) x 10°(horizontal), noise level 60 d B //l  /iPa (for both 

the background noise and the reverberation), and the threshold 65 d B //l  /iPa. Note 

that these parameters differ from those discussed in section 4.1.

Figure 4.19 shows fish counts calculated using the echo-counting method for both 

low and high rate fish track data. Each diamond in this figure represents an ordered 

pair of the actual number of fish and the fish count calculated using the echo-counting 

method. The dashed line represents the ideal counting results when the estimated fish 

count matches the actual fish count perfectly. It can be seen that when the fish rate 

is low (less than 1 fish/s), the fish counts calculated by the echo-counting method are 

within ±15% of the actual number of fish. Note that fish could be overcounted in this 

case. As the fish rate increases, the fish count drops below the ideal line. This means 

the error increases and the fish are being undercounted with the echo-counting method. 

The figure shows that the counting error can go up to as much as 57% when the fish 

rate is 5 fish/s.

In order to analyze the effects of each parameter (noise level, threshold, ping rate, 

and pulse width), several examples are shown below 2. Again, unless stated explicitly, 

the typical parameters for this discussion are the sonar source level 220 d B //l  /iPa, the 

sonar carrier frequency 200 kHz, the pulse width 0.5 ms (rise/fall time 0.05 ms), the ping 

rate 5 pings/s, and the noise level 0 d B //l  /j,Pa.

In the field, the noise level is usually much higher (typically ranges from 100 to 

140 d B //l  /iPa for most Alaskan rivers). Table 4.1 and 4.2 show fish count estimates

2Note that only 1 or 2 cases are considered for each example due to the limited resources that don’t 
allow for extensive statistical study.
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actual number of fish in 30 seconds
Figure 4 .19  Fish counts using the echo-counting method. Each diamond in this figure 
represents an ordered pair of the actual number of fish and the fish count calculated using the 
echo-counting method. The dashed line represents the ideal counting results when the estimated 
fish count matches the actual fish count perfectly.
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Table 4.1 Echo-counting results by varying threshold (for 100 d B / / l  /iPa noise level).

fish rate actual # fish counts with different thresholds (d B //l  Pa)
(fish/sec) of fish 110 105 100 95

0.1 3 0 2 42 157
0.1 4 1 2 41 154
1.0 30 2 7 42 156
1.0 29 2 6 44 152
10 299 9 13 51 156
10 300 9 11 48 154

Table 4.2  Echo-counting results by varying threshold (for 120 d B / / l  //Pa noise level).

fish rate actual # fish counts with different thresholds (d B //l  Pa)
(fish/sec) of fish 130 125 120 115

0.1 3 0 5 36 152
0.1 4 1 6 41 156
1.0 30 1 6 43 156
1.0 29 1 5 41 153
10 299 4 9 41 160
10 300 3 7 43 151

calculated using the echo-counting method for both low and high fish rate data as a 

function of threshold for 100 and 120 d B //l  /iPa noise levels, respectively. It can be 

seen that for a given noise level, as the threshold decreases, the fish count increases for 

a given fish rate. Notice that when the threshold is lower than the noise level, the fish 

count increases dramatically. Also notice that in this case, the “fish count” does not 

change much even for different fish rates. This shows that the noise dominates the fish 

counting results. So it is critical to estimate the noise level correctly and choose a proper 

threshold for this method of enumeration.

The ping rate used in the field for a 200 kHz sonar typically ranges from 1 to 10 

pings/sec. The effects of the ping rate on the low rate data (for a fish rate of 0.1 fish/s) 

are shown in Figure 4.20. Here 100 sets of fish tracks are generated and used to generate
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the corresponding sonar data for each of three different ping rates (1,5, and 10 pings/s). 

The left top panel shows the distribution of the actual number of fish for each set of 

the simulated fish track data. The expected fish count is 3 fish for 30 seconds although 

each case may have had an actual number of more or less than 3. The other three 

panels show the distribution of fish counts using the echo-counting method for the three 

different ping rates (1, 5, and 10 pings/s). It can be seen that the ping rate does not 

affect the counting results much for this fish rate (the distributions of fish counts are 

roughly the same for different ping rates). Also it can be seen that fish are overcounted 

more often than undercounted compared to the distribution of the actual number of fish.
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3 4 5

5> 50O'£  40
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Figure 4 .20  Effects of the ping rate on the estimation of fish counts for the low rate data 
(a fish rate of 0.1 fish/s). Here 100 sets of fish tracks are generated and used to generate the 
corresponding sonar data for each of three different ping rates (1, 5, and 10 pings/s). The left 
top panel shows the distribution of the actual number of fish for each set of the simulated fish 
track data. The other three panels show the distribution of fish counts using the echo-counting 
method for the three different ping rates (1, 5, and 10 pings/s). It can be seen that the ping rate 
does not affect the counting results much for this fish rate (the distributions of fish counts are 
roughly the same for different ping rates). Also it can be seen that fish are overcounted more 
often than under counted compared to the distribution of the actual number of fish.

For the high rate data, only one set of fish tracks are generated and used to generate 

the corresponding sonar data (299 fish tracks are generated in 30 seconds for 10 fish/s). 

The fish counts are 109, 114, and 84 for ping rate of 1, 5, and 10 pings/s, respectively. 

Fish are undercounted due to the overlap of echoes from different fish since more fish are 

simultaneously presented in the beam when the fish rate is higher. The lower fish count



for 10 pings/s is due to the overlap of echoes from the previous ping.

The pulse width used in the field for a 200 kHz sonar typically ranges from 0.1 to 1.0 

ms. The effects of the pulse width on the low rate data (for a fish rate of 0.1 fish/s) are 

shown in Figure 4.21. Again 100 sets of fish tracks are generated and used to generate 

the corresponding sonar data for each of three different pulse widths (0.1, 0.5, and 1.0 

ms). The left top panel shows the distribution of the actual number of fish for each set 

of the simulated fish track data. The other three panels show the distribution of fish 

counts using the echo-counting method for the three different pulse widths (0.1, 0.5, and 

1.0 ms). It can be seen that the pulse width does not affect the counting results much 

for this fish rate (the distributions of fish counts are roughly the same for different pulse 

widths). Again it can be seen that fish are overcounted more often than undercounted 

compared to the distribution of the actual number of fish.
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Figure 4 .21 Effects of the pulse width on the estimation of fish counts for the low rate 
data (a fish rate of 0.1 fish/s). In this figure, 100 sets of fish tracks are generated and used to 
generate the corresponding sonar data for each of three different pulse widths (0.1, 0.5, and 1.0 
ms). The left top panel shows the distribution of the actual number of fish for each set of the 
simulated fish track data. The other three panels show the distribution of fish counts using the 
echo-counting method for the three different pulse widths (0.1, 0.5, and 1.0 ms). It can be seen 
that the pulse width does not affect the counting results much for this fish rate (the distributions 
of fish counts are roughly the same for different pulse widths). Again it can be seen that fish are 
overcounted more often than undercounted compared to the distribution of the actual number 
of fish.

For the high rate data, the same fish track data as in the previous example (299 fish



tracks are generated in 30 seconds for 10 fish/s) are used to generate the sonar data. 

The fish counts are 153, 114, and 61 for pulse width of 0.1, 0.5, and 1.0 ms, respectively. 

Fish are undercounted because more echoes are returned in the same amount of time for 

a higher fish rate. The fish counts decreases as the pulse width increases because more 

overlaps occur when the pulse width is larger.

4.3 A Brief Summary

In this chapter, the simulated sonar data are generated using a single-beam sonar system 

discussed in Chapter 3 along with the fish track data generated in Chapter 2. The 

simulated sonar data are then analyzed using an echo-counting method to determine the 

uncertainty of fish enumeration inherent in this method. In the next chapter, conclusions 

and discussions of simulation results as well as suggestions for future work are presented.

92



93

Chapter 5

Summary and Discussion

5.1 New Features in the Fish Distribution Model and the 

Sonar Model

Although there is extensive literature on the theories and experiments of fish movement 

[Azhazha and Shishkova, 1967; Blake, 1983; Webb and Weihs, 1983; Videler, 1993; 

Lutcavage, et a l 2000], there is relatively little work done on modeling of fish movement 

in 3-D space. Also most of the work that has been done tends to focus on marine animals. 

Although some patterns in fish movement have been observed in migrating salmon [Steig 

and Johnston, 1996], in general they move through the river changing direction and 

velocity at random. Chen [2001] built his model based on the data collected by David 

Daum using split-beam sonar in the Chandalar River in 1995. In his work, fish are 

treated as point objects. This assumption causes fish body overlap, i.e., two fish share 

the same location at the same time. That is impossible in the real world once the fish 

size is taken into account, especially when the fish rate is high.

In this thesis, each fish is assumed to have the shape of a capsule (a cylinder with two 

caps at the ends). A capsule is defined as the set of all points that have the same distance 

from a line segment. It is a natural extension of a sphere based on equidistance and thus 

provides an easy shape for calculations that can generally be accepted to represent a 

model of the fish body. This model treats fish length as the length of the capsule



and fish height as the radius of the capsule. The fish movement model uses a collision 

detection algorithm with this capsule model to accurately detect when a new fish track 

location would collide with an existing fish location. In this case, the new location is 

rejected and regenerated. As the fish rate increases, the number of fish colliding also 

increases within a fixed region as expected. This leads to longer generation times for fish 

tracks, but does allow for more accurate fish track data.

Previously, the water in the river was assumed to be stationary. However, in reality 

the water velocity not only slows down the upstream migrating fish, but at each point in 

its track it forces the fish to modify its orientation. So, another new feature of this work 

includes the water velocity vector that causes the yawing of direction in which the fish are 

heading. Fish orientation is now considered as the direction of the fish velocity relative 

to that of the water. Again, this provides a more realistic model of fish movement.

A single beam sonar system that takes the simulated fish track data as inputs is 

modeled once the fish track data are generated. Built on the top of Chen’s work, this 

thesis adds two more features to his model: pulse elongation and reverberation. These 

additions provide simulated sonar data that more accurately matches the experimental 

data.

Ehrenberg and Johnston [1996] set up two scattering models, planar model and ellip

tical model, to investigate the relationship between fish size and returned pulse width. 

In the planar model, pulse elongation is only caused by changes in the fish aspect angle. 

The thickness of the fish is not important at all. While in the elliptical model, fish length 

as well as fish width are taken into account. The elliptical model is used in this thesis 

since it gives a more realistic approximation of pulse elongation.

Reverberation signal is modeled after studying its spectral properties. Burdic [1991] 

shows that the spectral density of the reverberation signal received from a limited interval 

has the same form as the power spectrum of the transmitted pulse, but a much smaller 

magnitude. The calculation of reverberation level is available in literature [Gerjuoy, et 

a/., 1968; Urick, 1983; Burdic, 1991; Etter, 1996]. In this thesis, a constant value is 

assigned to the reverberation level for simplicity.
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5.2 Results from Echo-counting

Echo-counting is the simplest quantitative hydroacoustic technique. The echo-counting 

algorithm supplied in this thesis works as expected for both low and high fish rate data 

under different conditions. For low fish rate data (1 fish/s for a river that is 100 m wide 

and 4 m deep), the fish count by the echo-counting method is within ±15% of the actual 

number of fish under proper conditions (pulse width of 0.5 ms, ping rate of 5 pings/s, 

noise level of 60 d B //l  //Pa, and threshold of 65 d B //l  //Pa). As the fish rate increases, 

the error increases (can be as much as 57% for a fish rate of 5 fish/s).

The effects of each parameter are tested under certain conditions. For a threshold 

that is 10 dB higher than the noise level (which is larger than 100 d B //l  //Pa), the error 

could be as much as 100%. Using a threshold that is the lower than the noise level, the 

fish count results are dominated by the noise. So it is critical to estimate the noise level 

correctly and choose a proper threshold for this method of enumeration.

For low fish rate data (less than 1 fish/s for a river that is 100 m wide and 4 m 

deep), the ping rate and the pulse width do not affect the counting results much. Fish 

are overcounted more often than undercounted. For high fish rate data (10 fish/s), as 

the ping rate increases, the fish count decreases due to the overlap of echoes from the 

previous ping (the error could be as much as 72% for a ping rate of 10 pings/s). As the 

pulse width increases, the fish count also decreases because more overlaps occur when 

the pulse width is larger (the error could be as much as 80% for a pulse width of 1.0 ms).

5.3 Recommendation for Future Work

In the fish movement model, the fish is assumed to have the shape of a capsule which 

is too simple an approximation for a real fish. A more realistic fish shape should be 

considered for collision detection. For instance, fish can be treated as an ellipsoid with 

length, height and breadth. For a more accurate approximation, fish can be divided into 

several parts with different shapes, such as many short cylinders.

An exponential distribution is used to generate the fish track initial locations. This is 

not necessarily the best approximation. More data from field work needs to be collected
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and analyzed to establish a more accurate spatial distribution.

Gaussian distributions are used for the fish rate and the fish direction rate. More 

data needs to be collected and analyzed to establish more accurate distributions for these 

two rates.

An analysis of fish spatial distribution on simulated fish track data shows that fish 

spread out through the river cross-section as they swim upstream (dispersion) in this 

model. This is inconsistent with the results from field work, which shows upstream fish 

tend to swim close to the river bottom or banks throughout their migration. The dis

persion is due to the large standard deviations of fish velocities in y- and z-direction 

although these results have been reported [Chen, 2001]. More constraints must be con

sidered for the random velocity distribution. For example, one or more parameters that 

can “pull” fish back to the bottom or banks can be added to the velocity distribution.

Analytically, pulse elongation is a function of fish size and incidence angles when 

using the elliptical model. So it is possible to estimate the pulse elongation distribution 

and thus impose an upper limit for the width rule of echo identification rules.

Overlapped echoes are counted as one echo in this thesis. This adds more uncertainty 

to the counting results. The amplitude information of the detected echoes can be used 

to separate the overlapped echoes, especially those with obvious steps.

Single-beam sonar only gives echo strength and location in radial distance of the fish 

in the river cross-section. Recovery of fish tracks from sonar data is almost impossible. 

Split-beam sonar systems are becoming more popular as they provide much more infor

mation (location as well as echo strength) than the single-beam sonar. It is worthwhile 

to model a split-beam system.

In conclusion, uncertainty exists in the sonar data at various levels. By interpreting 

the sonar data in this light, a deeper understanding of the data will provide better fish 

counts and hopefully more acceptance of the use of sonar to count fish.
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Appendix A

Distance Method

This appendix describes the distance method used in section 2.8 in detail. As a reminder, 

a point in 3-D space is defined by a column vector P  =  [x y z]T, where rr, y, and £ are 

coordinates of this point. A line segment is defined by L(t) — B +  tM , where B is one 

end point of the line segment, M  is the line direction, and £ £ [0 1 ]. A parallelogram is 

defined by T (s,t) =  B  +  sEq +  tE\ for (s,£) £ D — {(s ,t) : s E [0 1],£ E [0 1]}, where B 

is one of the vertex, Eo and E\ are the directions of the corresponding two sides of the 

parallelogram.

A .l Distance between a Point and a Line Segment

Let the point be P  and the line segment is parameterized as L — B + tM  for t E [0 1]. The 

square-distance function for P  to any point on the line segment is Q(t) =  \P — (B+tM )\2 

for t E [0 1], which can be written as

Q(t) =  at2 + 2bt +  c, t E [0 1] (A.l)

where a — M  • M, b =  —(P — B)- M, and c = (P — B) - (P — B ). The goal is to minimize 

Q(t) over the domain [0 1]. Since Q is a continuously differentiable function (part of 

a parabola), the minimum occurs either at an interior point of the domain where the 

differential dQ/dt =  0 or at the boundary points. Figure A .l shows the three possible 

cases for t E [0 1].
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Figure A . l  Three possible solutions of the quadratic function.

A .2 Distance between a Point and a Parallelogram

Let the point be B and the parallelogram is parameterized P(s, t) =  A 4- sPo +  tE\ for 

(s,t) G [0 l]2. The squared-distance function for P  to any point on the parallelogram is 

Q(t) =  \B — (A +  sEo +  tEi)\2 for (5, t) G [0 I]2, which can be written as

Q(s, t) — as2 T 2bst T ct2 -\~ 2ds T 2ct H- / ,  (5, t) G [0 I]2 (A.2)

where a =  Eq • P0, b — Eq • Pi, c =  Pi • Pi, d — P0 * (A -  5 ) , e =  - P i  • (A — P), and 

/  =  (A — P) • (A — B ). The goal is to minimize Q(s,t) over the domain [0 l]2. Since Q 

is a continuously differentiable function, the minimum occurs either at an interior point 

of the domain where the differential VQ — 2(as +  bt +  d, bs +  ct +  e) =  (0,0) or at the 

boundary points.

Quadratics in equation (A.2) are classified by the sign of a c~  b2. For this problem,

a c - b 2 =  {E0• E0)(EX ■ E x) -  ■ =  |£0 x > 0 (A.3)

The positivity is based on the assumption that the two edges Po and E\ of the parallel

ogram are linearly independent, so their cross product is a nonzero vector. The gradient 

of Q is zero only when s — (6e — cd)/(ac—b2) and t =  (bd—ae)/(ac — b2). If (s, t) G [0 l]2, 

then the minimum of Q is found. Otherwise, the minimum must occur on the boundary 

of the parallelogram. The four boundary equations are given as s — 0, s =  1, t =  0, 

and t — 1. So the minimum of Q will be one of the four: Q(0, t), Q (l,t), (2(s,0), and 

Q(s, 1) for (s ,t ) G [0 I]2. By setting s or t to a constant value, this problem is actually



simplified to find the minimal distance between a point and a line segment. This can be 

solved by the method discussed in the previous section.
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A .3 Distance between Two Line Segments

Suppose the two line segments are Lq =  Bq +  sMq for € [0 1] and =  +  tM\ for

t g [0 1]. The squared-distance function for any two points, one from each line segment, 

is Q (s,t) — \Lo(s) ~ L i(t)\2 for s,t E [0 1]. The function is quadratic in s and £,

Q(s, t) — as2 +  2bst +  ct2 +  2ds +  2et +  / ,  (s, t) E [0 l]2 (A.4)

where a =  Mq ■ Mo, b — —Mo * Mi, c =  M\ -Mi, d =  Mo * (-Bo — Bi), e — —M\ • (Bo — -Bi),

and /  =  (Bo — Bi) • (Bo — B\). Notice that equation (A.4) has the same form as 

equation (A.2) as discussed in the previous section. For this function of

ac — b2 =  (Mo • Mo)(Mi • Mi) -  (M0 • M i)2 =  |M0 * M x\2 >  0 (A.5)

If ac — b2 — 0, then the two line segments are parallel and the gradient of Q is zero on

an entire st-line,

as +  bt +  d =  0 (A.6)

If any pair (s,t) satisfying equation (A.6) is in [0 l]2, then the corresponding two points

yield the shortest distance between the two line segments. Otherwise, the minimum

must occur on the boundary of the square. Rather than solving the problem through 

minimization, we take advantage of the fact that the two line segments lie on two parallel 

lines respectively. The second line segment can be projected onto the first line. The end 

point Bi can be represented as

B\ =  Bo +  cfoMo T Uo (A.7)

where Uo is a vector orthogonal to Mo- The coefficient of Mo is

a, =  =  _ d  (A 8)
Mo * M o a

where a and d are corresponding coefficients of Q (s,t). The other end point B\ +  M\ 

can be represent as

B\ +  Mi =  Bq +  aiM 0 +  U\ (A.9)

r a s m u s o n  l i b r a r y
■DIVERSITY OF AlASKAJttlPD.MK,



where U\ is a vector orthogonal to Mq. The coefficient of Mo is

G — M*' iMl + ~ Bp) _  ft +  ^ ^  10)
Mo * Mo

where b is also a coefficient of Q(s,t). The problem now is reduced to determining the 

relative position of [min(ao, oq) max(ao, cq)] with respect to [0 1]. If the two intervals 

overlap, then there exist many pairs of points yielding minimal distance between the two 

line segments (Figure A.2a). If the two intervals are disjoint, then the minimum distance 

occurs at end points of the two line segments (Figure A.2b).
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(b)
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Figure A .2 Relative position of two parallel line segments, (a) Minimal distance occurs 
between inner points, (b) Minimal distance occurs between at the boundaries.

If ac — b2 > 0, then the line segments are not parallel. The gradient of Q is zero only 

when s — (be — cd)/(ac — b2) and t =  (bd — ae)/(ac — b2). If (s ,t) E [0 l]2, then the 

minimum of Q is found. Otherwise, the minimum must occur on the boundary of the 

square, where s or t is a constant. By setting 5 or t to a constant value, this problem is 

simplified to find the minimum distance between a point and a line segment. This can 

also be solved by the method discussed in the earlier section.

A .4 Distance between a Line Segment and a Parallelogram

The goal here is to compute the minimal distance between two points, one from a line 

segment L(r) =  B + rM  for r € [0 1], and another one from a parallelogram P (s,t) =  

A +  sE0 +  tE\ for (s,t) E [0 l]2. The squared-distance function is given as Q (s,t,r) =



a\2 =  —Ex • M, bo =  Eo • {A — B ), 61 — —i?i * (A -  B), 62 =  —M  • (A -  J5), and 

c — (A — i?) • (A — B). Setting VQ =  0 gives

\A\ =  0, then the line segment is parallel to the parallelogram. It can be shown [Eberly, 

2001] that the minimal distance is one of the distances below: (1) distances between the 

line segment and the four boundaries of the parallelogram, (2) distances between the 

two end points of the line segment and the parallelogram. Thus, the problem is reduced 

to one of the problems discussed in the previous sections.

If \A\ ^  0, then the line segment is not parallel to the parallelogram. The gradient 

of Q is zero only when p =  (s, r) =  — A~lb. If (s,t,r) E [0 l]3, then the minimum of Q 

is found. Otherwise, the minimum must occur on the boundary of the cube. This cube 

divides the whole 3-D space into twenty-seven regions, which can be grouped into three 

sets with each consisting of nine regions. Figure A.3 shows the nine regions for s >  1.

Suppose (?, r) is in region 1. Since we don’t care about the exact location where 

the minimum occurs, we can calculate the three possible distances at three boundaries 

(s — 1, t — 0, and r =  1). By setting 5 =  1, the problem is simplified to determining the 

minimum distance between segments, L(r) — B +  rM  and P(s =  1, t) — (A +  Eq) +  tE\.

Ap =  —b (A.12)

where

«oo «oi 02
A «oi « ii fli2 (A.13)

P

a 02 1̂2 &22. 
1Ts t r (A. 14)

b bo bi 62 (A.15)

The quadratics in equation (A.11) are classified by the determinant of A (|A|). If
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Figure A .3 Nine regions for s >  1.

This can be solved by the method discussed in previous section. The occurrence of (s,t) 

in other regions are handled in a similar manner.
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