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Abstract We use Landsat 8 imagery to generate ice mélange velocity ﬁelds at Greenland’s three most
productive outlet glaciers: Jakobshavn Isbræ, Helheim Glacier, and Kangerdlugssuaq Glacier. Winter velocity
ﬁelds are generally steady and highly uniform. Summer velocity ﬁelds, on the other hand, tend to be much
more variable and can be uniform, compressional, or extensional. We rarely observe compressional ﬂow
at Jakobshavn Isbræ or extensional ﬂow at Helheim Glacier, while both are observed at Kangerdlugssuaq
Glacier. Transverse velocity proﬁles from all three locations are suggestive of viscoplastic ﬂow, in which
deformation occurs primarily in shear zones along the fjord walls. We analyze the transverse proﬁles in
the context of quasi-static ﬂow using continuum rheologies for granular materials and ﬁnd that the force
per unit width that ice mélange exerts on glacier termini increases exponentially with the ice mélange
length-to-width ratio and the eﬀective coeﬃcient of friction. Our estimates of ice mélange resistance are
consistent with other independent estimates and suggest that ice mélange may be capable of inhibiting
iceberg calving events, especially during winter. Moreover, our results provide geophysical-scale support for
constitutive relationships for granular materials and suggest a potential avenue for modeling ice mélange
dynamics with continuum models.

1. Introduction
The stability of marine-terminating outlet glaciers is strongly aﬀected by processes occurring at or near the
ice-ocean interface. For these glaciers, the rate of change of glacier length is given by
dLg
dt

= U t − Uf ,

(1)

where Lg is the glacier length, Ut is the terminus velocity, and Uf is the frontal ablation rate (sum of iceberg
calving and submarine melting). Due to the highly nonlinear behavior of ice ﬂow, small changes in ice velocity
or the frontal ablation rate can lead to sustained, runaway retreat. For example, terminus retreat into deep
water or past a constriction results in a loss of ﬂow resistance, which promotes thinning, ﬂow acceleration,
and an increase in calving activity. This instability can lead to 10’s of kilometers of retreat over several decades
(e.g., Pfeﬀer, 2007; Post et al., 2011).
Seasonal variations in terminus position, which occur due to variations in both ice ﬂow and frontal ablation,
likely aﬀect secular variations in glacier dynamics by inﬂuencing the mean annual ice thickness near a glacier’s
terminus (Amundson & Truﬀer, 2010; Joughin et al., 2012). Several studies have correlated seasonal advance
and retreat cycles of glaciers in Greenland to variations in the strength of proglacial ice mélange (Amundson
et al., 2010; Cassotto et al., 2015; Howat et al., 2010; Joughin et al., 2008), a heterogeneous granular material
composed of icebergs and sea ice. In some cases (e.g., Figure 1), calving completely ceases during winter and
only resumes after the sea ice and ice mélange lose structural rigidity.
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A simple force balance analysis suggests that the resistive stress from ice mélange does not need to be large
relative to other glaciological stresses in order to inﬂuence calving (Amundson et al., 2010). Field data (Walter
et al., 2012) and discrete element models (Burton et al., 2018; Robel, 2017) indicate that resistive stresses in ice
mélange may indeed be suﬃciently high to inhibit calving, although it is also clear that the resistive stresses
vary temporally and between fjords (Cassotto et al., 2015; Fried et al., 2018; Moon et al., 2015). Resistance
from ice mélange likely depends on iceberg productivity, fjord geometry, ocean currents, and the presence
of sea ice.
1
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Figure 1. Landsat 8 images of Kangerdlugssuaq Glacier, Greenland, illustrating the breakup of ice mélange in the
months leading up to the ﬁrst major calving event of 2016.

In addition to potentially inﬂuencing iceberg calving and glacier dynamics, jamming of ice mélange controls
the residence times of icebergs in fjords. Recent studies have indicated that iceberg melt is a major source of
freshwater in fjords (Enderlin et al., 2016; Moon et al., 2017; Sulak et al., 2017) and therefore must inﬂuence
fjord heat transport. Consequently, submarine melting of glacier termini, which in some cases represents a
large fraction of the frontal ablation rate (Truﬀer & Motyka, 2016), is indirectly aﬀected by the presence or
absence of ice mélange and associated iceberg mobility.
A full assessment of the direct and indirect impacts of ice mélange on glacier dynamics requires knowledge
of ice mélange rheology, which is currently lacking. Ice mélange clearly shares some similarities with sea ice,
whose rheology has been studied extensively over the past several decades (Feltham, 2008). Continuum sea
ice models typically invoke a viscoplastic rheology, but the exact form of the rheology is still an active area of
research. Although knowledge of sea ice rheology can guide studies of ice mélange, it is important to note
that ice mélange diﬀers from sea ice in several distinct ways: (i) its thickness is highly heterogeneous and
locally can be 10’s to 100’s of meters thick; (ii) icebergs are not planar, suggesting that ridging and rafting
cannot produce as much horizontal strain in ice mélange as in sea ice; and (iii) ﬂow is commonly driven from
behind by an advancing glacier terminus, though stress from wind and ocean currents may also aﬀect ice
mélange motion and formation (e.g., Christoﬀersen et al., 2012). These diﬀerences in geometry and boundary
conditions motivate observational and modeling studies that are tailored to understanding the behavior of
ice mélange.
Published observations of ice mélange motion, which can be used to validate or negate potential constitutive relations, are limited to GPS surveys of individual icebergs (Amundson et al., 2010; Sutherland et al.,
2014), short terrestrial radar surveys (Burton et al., 2018; Peters et al., 2015; Xie et al., 2018), and a handful of satellite-derived velocity ﬁelds (Foga et al., 2014; Joughin et al., 2008). Here we apply particle image
velocimetry (PIV) to Landsat 8 imagery to produce ice mélange velocity ﬁelds at Greenland’s three most
productive glaciers (e.g., Rignot & Kanagaratnam, 2006): Jakobshavn Isbræ, Helheim Glacier, and Kangerdlugssuaq Glacier. These glacier-fjord systems were chosen for analysis because of their relative importance
for the mass balance of the Greenland Ice Sheet and the persistent presence of ice mélange throughout the
summer, which facilitates the generation of a greater number and variety of velocity ﬁelds. We then compare
transverse proﬁles from the velocity ﬁelds to theoretical proﬁles derived from continuum descriptions of granular ﬂow (Henann & Kamrin, 2013; Jop et al., 2006) and discuss potential resistive stresses from ice mélange
AMUNDSON AND BURTON
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and modeling of ice mélange dynamics. We choose to focus our analysis on continuum modeling, which is
much more computationally eﬃcient than discrete element models, with the goal of developing a modeling
framework that is suitable for long-time scale (years to centuries) simulations of glaciers and ice sheets.

2. Methods
We derived velocity ﬁelds of ice mélange at Jakobshavn Isbræ, Helheim Glacier, and Kangerdlugssuaq Glacier
using all available Landsat 8 Operational Land Imager scenes from 2013 to 2017; Landsat 8 has been operational since February 2013. We use the band 8 scenes, which are panchromatic and have a pixel size of 15 m.
After removing all cloudy scenes, the remaining scenes were cropped to our regions of interest.
The image processing chain is similar to that of Fahnestock et al. (2016), with some modiﬁcations in order to
better resolve velocity ﬁelds of relatively small regions. The images are ﬁrst ﬁltered using a Gaussian highpass
ﬁlter with a three-pixel (45 m) standard deviation. The ﬁlter enhances edges of icebergs and helps to eliminate
temporal changes in scene texture due to changes in illumination and shadows. Sequential images are then
processed using normalized cross correlation, as implemented in the Python openPIV module (Taylor et al.,
2010). We use a correlation window size of 64 by 64 pix (960 by 960 m) with 87.5% overlap (in other words,
the distance between the centers of adjacent correlation windows is 8 pix, or 120 m). All correlations with a
signal-to-noise ratio less than 1.5 are excluded. The resultant velocity ﬁelds are then smoothed with a 3 by
3 pix (45 by 45 m) median ﬁlter that ignores data gaps. Each velocity ﬁeld is the result of processing temporally
adjacent images (i.e., we did not apply any temporal averaging). We performed tests on the Landsat images
and on synthetic images and found that decreasing the correlation window size resulted in noisier velocity
ﬁelds but did not aﬀect their overall structure.
Due to overlapping image scenes at high latitudes, it is possible to generate velocity ﬁelds that span time
intervals that are shorter than Landsat 8’s nominal repeat period of 16 days by using scenes from diﬀerent
path/row combinations. For certain applications, use of diﬀerent path/row combinations would potentially
introduce considerable error into the calculations due to orthorectiﬁcation oﬀsets. However, in our application
the icebergs are located roughly along a horizontal plane and ﬂow in the plane, and so the digital elevation
model used to orthorectify the imagery should be highly accurate. In addition, (i) we are mostly interested in
general spatial patterns, and (ii) icebergs tend to move relatively fast (>30 m/day) so that the signal-to-noise
ratio is large. For comparison, apparent ground motion in the velocity ﬁelds is less than 1 m/day. Use of overlapping scenes from diﬀerent path/row combinations greatly increase the number of image pairs that we are
able to analyze, which is important because the ﬂow of ice mélange is often too fast to be observed during a
16-day period, especially in summer when calving events are common.

3. Results
We generated 27, 32, and 82 velocity ﬁelds for Jakobshavn Isbræ, Helheim Glacier, and Kangerdlugssuaq
Glacier, respectively, which amounts to about 10–20 velocity ﬁelds per year. The time interval between image
pairs ranged from 2 to 30 days. Some of the velocity ﬁelds are extensive and span the entire fjord in question, whereas others are spotty or only cover a few kilometers of the fjord. The ability to resolve the velocity
depends on the amount of motion in the fjord, which is typically greater in summer than winter due to a
higher frequency of calving events and greater mobility within the ice mélange.
We observed uniform, extensional, and compressional ﬂow. Uniform ﬂow was most commonly observed, and
was almost always observed during winter and spring (Figures 2 and 3a–3c). With the exception of one winter
velocity ﬁeld that was produced from imagery recorded shortly after a calving event, the wintertime ﬂow at
Helheim Glacier was remarkably steady.
Summer velocity ﬁelds were considerably more variable (Figures 3d–3f and 4). Flow was generally extensional
at Jakobshavn Isbræ, especially within a few kilometers of the terminus. Conversely, ﬂow was rarely extensional at Helheim Glacier and was often compressional. The ice mélange at Kangerdlugssuaq Glacier exhibited
uniform, extensional, and compressional ﬂow during various time periods in summer.
We were unable to detect any distinct seasonal or other temporal patterns in transverse velocity proﬁles.
However, it is clear from Figures 2d–2f and 5 that most of the ﬂow is accommodated in shear bands along the
fjord walls that are about 1 km wide.
AMUNDSON AND BURTON
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Figure 2. Typical winter velocity ﬁelds of ice mélange. (a)–(c) Speed and (d)–(f ) eﬀective strain rate at Jakobshavn
Isbrae (top row; 17–24 February 2017), Helheim Glacier (middle row; 3–12 February 2014), and Kangerdlugssuaq Glacier
(bottom row; 30 March to 6 April 2016). The orientation and scale are the same for all plots; locations within Greenland
are shown in the insets. Gray regions indicate where image cross-correlation results were discarded due to low
signal-to-noise ratios. The white curves indicate longitudinal streamlines and across-fjord transects used to plot velocity
proﬁles in Figures 3 and 5. In (f ), the band of high strain rates that extends across the fjord marks the end of cohesive ice
mélange and indicates where ice mélange is pushing into sea ice.

4. Interpretation of Velocity Fields
The three ﬂow regimes that we observe provide important insights into temporal and spatial variations in ice
mélange rheology.
1. Uniform ﬂow indicates that the ice mélange is tightly packed and that out-of-plane motion, such as iceberg
rotation, ridging, and rafting, is not a dominant ﬂow process. Ice mélange cohesiveness, as estimated by
the ability of our PIV methods to resolve velocities far down fjord from the terminus, is often high during
periods of steady ﬂow. For example, during winter we are able to produce velocity ﬁelds at Jakobshavn Isbræ
that extend 30 km down fjord, which is a distance of about six times the fjord width (Figure 3a). Although
we occasionally generate similarly long velocity ﬁelds during summer, more commonly we are only able to
resolve velocities within about 10 km of the terminus.
2. Compressional ﬂow is typically only observed in velocity ﬁelds generated from image pairs that were closely
spaced in time, and often appears to occur in the days following a calving event. Thus, compressional ﬂow
ﬁelds are observed almost exclusively in summer, when calving is most frequent (Figure 3). One exception
is the lone outlier in the winter velocity proﬁles at Helheim Glacier (Figure 3b), which occurred after a large
calving event displaced the ice mélange. GPS and time-lapse observations from Jakobshavn Isbræ indicate
that during summer icebergs in the fjord experience an accordion-like motion, in which they are moving
slower than the terminus following calving events, slowly accelerate over the course of several days until
they are moving the same speed as the terminus, and eventually start to pull away from the terminus immediately prior to the next calving event (Amundson et al., 2010; Cassotto et al., 2015). Similarly, terrestrial
radar data collected during calving events suggest that the packing fraction experiences a net reduction
in response to calving events (Peters et al., 2015). These observations suggest that the density, or packing
fraction, of the ice mélange evolves in response to calving events and that compressional ﬂow occurs when
AMUNDSON AND BURTON
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Figure 3. Longitudinal velocity proﬁles relative to terminus velocity for (a)–(c) winter and (d)–(f ) summer. Summer is
deﬁned as consisting of May through September. Speeds are taken along the streamlines depicted in Figure 2.

the ice mélange is being recompacted. Compaction requires resistive stresses from the fjord walls, which
likely increase as the icebergs become more highly packed and the ice mélange thickens.
3. Extensional ﬂow is most commonly observed in summer and appears to be the dominant form of summertime ﬂow at Jakobshavn Isbræ (Figure 3d; see also Burton et al., 2018). Extension occurs when ocean
currents, wind, and/or buoyant torques on icebergs are able to overcome shear stresses in the ice mélange.
Iceberg packing fraction likely decreases in the downfjord direction, resulting in enhanced iceberg mobility. The presence of extensional ﬂow at Jakobshavn Isbræ points to the role of fjord geometry in aﬀecting
ice mélange mobility, as the fjord walls are diverging in the near-terminus region. This fjord geometry contrasts with Helheim Glacier, whose fjord is exceptionally straight and parallel-sided, and Kangerdlugssuaq
Glacier, whose fjord is sinuous and has variable width.
In the following section, we use a continuum approach to analyze the quasi-static ﬂow of ice mélange during
winter and demonstrate that constitutive relations developed to describe granular ﬂow in laboratory experiments do an adequate job of characterizing uniform ﬂow of ice mélange. A major challenge, however, will
be in modifying the constitutive relations to be able to account for the growth and decay of sea ice as well as
variations in packing fraction and ice mélange composition that occur during periods of compressional and
extensional ﬂow.
AMUNDSON AND BURTON
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Figure 4. Example extensional (a)–(b) and compressional (c)–(d) ﬂow regimes. Velocities were calculated over the
following time intervals: (a) 8–10 June 2014, (b) 7–9 August 2014, (c) 16 July to 1 August 2015, and (d) 31 August to 2
September 2017. The orientation and scale are the same for all plots. Gray regions indicate where image
cross-correlation results were discarded due to low signal-to-noise ratios.

5. Continuum Models of Ice Mélange
Ice mélange generally exhibits uniform ﬂow in winter with only small variations in velocity in the along-fjord
direction. This is especially true at Helheim Glacier, where the ice mélange ﬂows through a straight fjord of
uniform width. The winter ﬂow regime is therefore analogous to a bulldozer slowly pushing a pile of gravel
through a conﬁned channel, with the exception that ice mélange is ﬂoating and has zero shear stress at its
base (assuming negligible inﬂuence from drag or fjord currents). Thus, although out-of-plane motion is relatively unimportant under these conditions, shear stresses along the fjord walls should impose a thickness
gradient on the ice mélange, as is observed in digital elevation models (Figure 6). We analyze ﬂow under these
quasi-static conditions to assess potential resistive stresses from ice mélange and to test the extent to which
the ﬂow can be approximated by continuum models of granular materials.
We begin by deﬁning a number of variables that are required for describing the continuum models and for
generating thickness and velocity proﬁles. These and all other variables are also listed in the Notation section.
First, we deﬁne the strain rate tensor as 𝜖̇ ij = 1∕2(𝜕ui ∕𝜕xj + 𝜕uj ∕𝜕xi ), where ui is the velocity component and xi

Figure 5. Normalized transverse velocity proﬁles for (a) Jakobshavn Isbræ, (b) Helheim Glacier, and (c) Kangerdlugssuaq
Glacier. The dark proﬁles represent the mean of all proﬁles (gray). Speeds are taken along the transects indicated in
Figure 2.

AMUNDSON AND BURTON
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Figure 6. Digital elevation models of (a) Jakobshavn Isbræ (6 April 2011), (b) Helheim Glacier (16 October 2014), and
(c) Kangerdlugssuaq Glacier (7 April 2016) from the ArcticDEM, after accounting for the local diﬀerence between the
ellipsoid and the geoid. (d)–(f ) Surface elevation proﬁles extracted along the streamlines shown in panels (a)–(c). Dark
curves represent elevation proﬁles after application of a smoothing spline.

is the spatial coordinate. We use the Cauchy stress tensor 𝜎ij = 𝜎ji , which we partition into tectonic stresses 𝜎ij′
(referred to as resistive stresses in the glaciological literature; van der Veen, 2013) and the glaciostatic pressure
P by setting 𝜎ij = 𝜎ij′ − P𝛿ij , where 𝛿ij is the Kronecker delta. The tectonic stress is related to the strain rate
through a viscoplastic constitutive relationship, which we describe in section 5.1. We deﬁne the eﬀective strain
rate as 𝜖̇ e = (𝜖̇ ij 𝜖̇ ij ∕2)1∕2 and assume that the ﬂow is incompressible, such that 𝜖̇ kk = 0, as is commonly done
for well-developed granular ﬂows. Under steady ﬂow conditions, the equations of motion are 𝜕𝜎ij ∕𝜕xj = 𝜌g𝛿iz ,
where 𝜌 is the material density and g is the acceleration due to gravity.
In addition, we make six simplifying approximations: (i) the fjord width is constant; (ii) the driving stress
is entirely balanced by horizontal shear stresses, such that all strain rate components except 𝜖̇ xy can be
neglected; (iii) the strain rates do not vary with depth; (iv) the pressure and ice mélange thickness are uniform
across the width of the fjord; (v) ice mélange can be modeled using a single eﬀective iceberg size; and (vi)
the stress along the fjord walls is at the yield stress. We ﬁrst use these assumptions to analyze the longitudinal thickness and pressure distributions, assess the coeﬃcient of friction at the yield stress, and estimate the
resistive force imposed on a glacier’s terminus. We then use those results to constrain theoretical transverse
velocity proﬁles, which we also compare to the satellite-derived velocities.
5.1. Thickness and Pressure Distributions
Under our approximations, vertical integration of the stress balance equations yields (e.g., van der Veen, 2013,
pp. 48–50)
′
d𝜎xy
d
dP̃
′
(H𝜎xx
= 2H ,
)+H
(2)
dx
dy
dx
where all stresses are hereafter depth-averaged, H is the ice mélange thickness, P̃ is the diﬀerence between
the depth-averaged glaciostatic and hydrostatic pressures and is given by
(
)
𝜌
1
P̃ = 𝜌g 1 −
H,
2
𝜌w
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and 𝜌w is the density of sea water. We assume a corresponding vertically integrated viscoplastic rheology
in which
𝜇 P̃
𝜎ij′ =
𝜖̇ + P̃ L 𝛿ij ,
(4)
𝜖̇ e ij
where 𝜇 is an eﬀective coeﬃcient of friction and the subscript L refers to properties evaluated at the end of
the ice mélange (at x = L). In the granular rheologies that we consider in section 5.2, 𝜇 is a nonlinear function
of 𝜖̇ e and may depend on the presence or absence of sea ice because, for example, sea ice may set a minimum
yield stress that must be met even at low pressure. We do not explicitly account for sea ice in our analysis.
At the end of the ice mélange the depth-averaged stress must balance with the depth-averaged water
pressure, such that
𝜌
1
𝜎xx,L = − 𝜌g HL .
(5)
2 𝜌w
This same boundary condition applies to ice shelves and leads to extensional ﬂow (van der Veen, 2013).
However, the thickness of ice mélange approaches that of individual icebergs at x = L, and thus internal deformation should be minimal there. This is a well-known problem from sea ice modeling (Leppäranta, 2012) and
is resolved by the inclusion of the P̃ L 𝛿ij term in equation (4), which forces the longitudinal strain rate to equal
0 at x = L (e.g., Hibler, 2001).
Due to our assumption that 𝜖̇ xy is the only nonzero strain rate component, we can simplify the ﬂow equations
by noting that
)
(
𝜖̇ ij
W
−y .
= sgn
(6)
𝜖̇ e
2
Consequently, all across-fjord variations in ﬂow are determined by 𝜇 and the ﬂow is symmetric around the
fjord centerline. Inserting equations (4) and (6) into equation (2) and dividing by 𝜌g(1 − 𝜌∕𝜌w )∕2 yields
HL

)
(
d𝜇
W
dH
dH
+ H2 sgn
− y = 2H .
dx
dy
2
dx

Integrating equation (7) across the width of the fjord results in
(𝜇 )
dH
dH
0
− 2H2
= 2H ,
HL
dx
W
dx

(7)

(8)

where 𝜇0 is the coeﬃcient of friction at the yield stress and W is the fjord width. The yield stress, 𝜇0 P̃ , decreases
in the ﬂow direction (see also Burton et al., 2018); it equals 24.3 kPa for 𝜇0 = 0.5 and H = 100 m and is about a
factor of four smaller at x = L (assuming that the eﬀective iceberg size is 25 m). These values are lower than,
but of the same order of magnitude as, the yield stress for ice shelves (van der Veen, 2013). The solution to
equation (8) is given by the implicit exponential function
}
{
(L − x) H − HL
+
.
H = HL exp 𝜇0
(9)
W
2H
̃ . In section 5.2 we
Equation (9) can be solved numerically and combined with equation (3) to determine P(x)
̃
will use P(x), along with the constitutive equation (equation (4)), to investigate variations in transverse velocity
proﬁles along the length of a fjord.

Finally, the width-averaged force exerted against a glacier’s terminus (at x = 0) is given by −𝜎xx,0 H0 . This force
includes the force due to water pressure, which would also act on a glacier in the absence of any ice mélange.
We therefore calculate the excess force acting on a glacier’s terminus by subtracting the depth-integrated
′
water pressure. Recalling that 𝜎xx = 𝜎xx
− P, we arrive at
F∕W =

(
)(
)
H
𝜌
1
𝜌g 1 −
1 − L H02 ,
2
𝜌w
H0

(10)

with H0 determined by evaluating equation (9) at x = 0.
In Figure 7 we plot ice mélange proﬁles and the force per unit width acting on the glacier terminus for various
combinations of L∕W , and 𝜇0 . We ﬁnd that values of 𝜇0 ranging from about 0.3 to 0.5 are required to produce thickness proﬁles that roughly agree with observations (compare Figures 6 and 7). However, changing
AMUNDSON AND BURTON
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Figure 7. Theoretical ice mélange geometries and width-averaged forces acting on glacier termini for HL = 25 m and
W = 5,000 m. (a) Steady-state ice mélange proﬁles for various values of 𝜇0 . (b) Width-averaged force acting on glacier
termini versus the ice mélange length-to-width ratio. Yellow dots indicate values derived from two-dimensional discrete
element simulations (Burton et al., 2018) and the yellow curve is the result from the continuum model using HL = 100 m
and 𝜇0 = 0.25. The gray shaded region indicates the force per unit width that is required to prevent the bottom-out
capsize of 1,000-m tall icebergs, such as are commonly observed to calve from large outlet glaciers in Greenland. This
calculation assumes that the force is exerted along a horizontal line at sea level and that ice mélange does not exert a
vertical force on an iceberg as it capsizes (Amundson et al., 2010). Since ice mélange has a ﬁnite thickness of 100–200 m
and most of the ice is below sea level, the actual force needed to inhibit iceberg capsize may be about a factor of two
smaller than estimated. DEM = discrete element model.

𝜇0 has a relatively minor impact on the surface elevation due to the fact that ice mélange is ﬂoating. The
ﬂotation condition, coupled with the highly heterogeneous nature of ice mélange, makes it diﬃcult to pin
down an appropriate value of 𝜇0 based solely on the thickness proﬁle, which in addition is aﬀected by surface and submarine melting. Nonetheless, our values for the coeﬃcient of friction at the yield stress are within
the range of reported friction coeﬃcients of ice rubble and sea ice, which range from about 0.1 to greater
than 1 but most commonly fall between 0.3 and 0.5 (e.g., Ettema & Urroz, 1989; Liferov & Bonnemaire, 2005;
Lishman et al., 2011; Sukhorukov & Løset, 2013, Tuhkuri & Lensu, 1997). We ﬁnd that the load required to
inhibit calving of 1,000-m thick icebergs is reached when L∕W ∼ 3. The force curves follow a similar trajectory
to results from discrete element modeling but result in lower magnitudes. Moreover, the force curves from the
continuum model can be made to match the results from the discrete element model by setting HL = 100 m
and 𝜇0 = 0.25, eﬀectively making the ice mélange thicker and ﬂatter. The good agreement between the discrete element simulations and the continuum model occurs because both predict an exponential relationship
between F∕W and L∕W (Burton et al., 2018; see also section 5.3).

5.2. Transverse Velocity Proﬁles
Here we generate theoretical velocity proﬁles for two constitutive relations for granular ﬂow: the 𝜇(I) rheology
(Jop et al., 2006) and the nonlocal granular ﬂuidity rheology (Henann & Kamrin, 2013) in which the viscosity
depends on distant stresses. These constitutive relations are appealing because they are less computationally
expensive than other recent attempts to model the ﬂow of ice mélange as they do not require tracking of
individual icebergs (Burton et al., 2018; Robel, 2017; Vaňková & Holland, 2017). We are additionally motivated
to test whether these rheologies, which have been developed from laboratory scale experiments, scale up to
geophysical settings.
In the following analysis, we restrict ourselves to the half-space y ∈ [0, W∕2], so that the strain rate 𝜖̇ xy is always
positive. In both the 𝜇(I) and nonlocal rheologies, the strain rate is nonlinearly related to the coeﬃcient of
friction 𝜇 , which varies across the fjord. A simple relationship for 𝜇 can be found by subtracting equation (8)
from equation (7) and integrating the result from y = 0 to y, which yields
)
(
2y
.
𝜇 = 𝜇0 1 −
(11)
W
Deriving velocity proﬁles involves relating equation (11) to the strain rate and integrating. During the integration we require that the mean velocity across the proﬁle equal the terminus velocity in order to satisfy the
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conditions of quasi-static ﬂow; thus, the velocity at y = 0, W is not equal to zero and is instead determined as
part of the integration procedure.
5.2.1. 𝝁(I) Rheology
In the 𝜇(I) rheology, the coeﬃcient of friction is a function of the inertial number I and is expressed as
𝜇 = 𝜇s +

I(𝜇0 − 𝜇s )
,
I0 + I

(12)

where 𝜇s is the minimum coeﬃcient of friction and I0 is a constant. The coeﬃcient of friction only approaches
𝜇0 , and therefore when evaluating equation (11) we must subtract some small value to ensure that the friction
coeﬃcient on the fjord walls is slightly smaller than 𝜇0 . The inertial number is the ratio of inertial forces to
imposed forces acting on grains and is given by
𝜖̇ d
I = √e ,
̃
P∕𝜌

(13)

where d is the grain size and 𝜌 is the density. Thus, the eﬀective friction coeﬃcient has a value of 𝜇s when the
strain rate equals zero and goes toward a limiting value of 𝜇0 for high strain rates and low pressures. The value
of I indicates whether the ﬂow is quasi-static (I < 10−3 ), dense (10−3 < I < 10−1 ), or collisional (I > 10−1 ). Using
an eﬀective strain rate of 𝜖̇ e = 10−3 d−1 (Figure 2), and a typical iceberg size of d = 25 m, we ﬁnd that the inertial
number for ice mélange is ∼ 10−7 during periods of steady ﬂow, which is well within the quasi-static range.
Inserting equation (13) into equation (12), noting that 𝜖̇ e = (du∕dy)∕2, and rearranging, we ﬁnd that
√ (
)
I0 P̃ 𝜇 − 𝜇s
du
= −2
.
dy
d 𝜌 𝜇 − 𝜇0

(14)

The pressure in equation (14) is given by equation (3). Although equation (14) can be solved analytically (see
Tankeo et al., 2013), we choose to solve it numerically for brevity and to make a more natural comparison to
the nonlocal rheology, which we are unable to solve analytically.
Equation (14) is only valid where the shear stress is high enough to cause deformation of the material. The
region in which deformation occurs can be determined by noting that 𝜇s ≤ 𝜇 ≤ 𝜇0 . We have already assumed
that the margins are at the yield stress, and therefore we only need to address the left hand side of the
inequality. Thus, according to equation (11), the critical value yc beyond which deformation no longer occurs is
given by
(
)
𝜇
W
1− s .
yc =
(15)
2
𝜇0
We evaluate equation (11) and then integrate equation (14) from y = 0 to y = yc using a centered diﬀerence
approximation and boundary conditions of u(0) = u0 and du∕dy = 0 at y = yc . The velocity is held constant
from y = yc to y = W∕2. After solving for u(y), the velocity u0 is adjusted until the mean velocity across the
proﬁle equals the glacier terminus velocity, deﬁned as equaling 50 m/day.
Velocity proﬁles generated using the 𝜇(I) rheology depend on the coeﬃcients of friction, the eﬀective pressure, the grain size, the constant I0 , and the ice mélange length, width, and thickness HL . Although the width
of the shear zone does not vary with length, the amount of deformation that occurs within the shear zone
decreases in the ﬂow direction due to the reduction in the eﬀective pressure (Figure 8a). Consequently, the
ﬂow becomes increasing plug like and the sliding velocity along the fjord walls increases. Variations in grain
size and I0 have opposite eﬀects. Decreasing the grain size or increasing I0 results in faster ﬂow, which means
that the sliding velocity does not need to be as large to maintain a constant mean velocity across the proﬁles
(Figures 8b–8c). We will address the eﬀect of changing 𝜇s below.
5.2.2. Nonlocal Rheology
The nonlocal rheology attempts to account for the eﬀect of force chains on quasi-static ﬂow by relating the
eﬀective friction coeﬃcient to distant stresses through a parameter referred to as the granular ﬂuidity. In the
nonlocal rheology, the eﬀective friction coeﬃcient is given by
𝜇=
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Figure 8. Eﬀect of model parameters on theoretical proﬁles predicted by the 𝜇(I) rheology. For all proﬁles 𝜇0 = 0.4,
𝜇s = 0.2, W = 5 km, and L = 20 km. (a) Variations in proﬁles along the length of the fjord for d = HL = 25 m, I0 = 10−7 ,
and P̃ prescribed by equation (3). (b) Proﬁles at x∕L = 0.5 for various d. (c) Proﬁles at x∕L = 0.5 for various I0 . The negative
values found in (b) and (c) occur because we have required the mean velocity to be the same across all proﬁles.
′

where g is the granular ﬂuidity. The granular ﬂuidity depends on both local and distant stresses through the
diﬀerential relation
′
′
1 ′
∇2 g = 2 (g − gloc ),
(17)
𝜉
′

where gloc is the local granular ﬂuidity and 𝜉 is the cooperativity length that dictates the distances over which
stresses are transferred through the material. Following experiments that suggest a Bingham-like form for 𝜇 ,
′
gloc is deﬁned as
{√
P̃ (𝜇−𝜇s )
′
if𝜇 > 𝜇s ,
𝜌d2 𝜇b
gloc =
(18)
0,
if 𝜇 ≤ 𝜇s
for dimensionless constant b. Finally, the cooperativity length, which describes the distance over which
stresses inﬂuence ﬂow of distant grains, is given as
𝜉= √

Ad

,
|𝜇 − 𝜇s |
where A is a dimensionless constant that characterizes the amplitude of the cooperativity.

(19)

Using the same assumptions as previously and rearranging equation (16), we ﬁnd that
′
du
= 2𝜇g .
dy

(20)

We solve for the granular ﬂuidity, which depends on 𝜇 , by numerically integrating equation (17) using standard diﬀerence formulas with boundary conditions of dg∕dy = 0 at y = 0, W∕2 (as recommended by Henann
& Kamrin, 2013) and noting that 𝜇 is given by equation (11). Equation (20) is then integrated to solve for u.
The velocity proﬁles predicted by the nonlocal rheology exhibit more along-fjord variability and tend to
be less rounded than those predicted by the 𝜇(I) rheology, but have a similar grain size dependency
(Figures 9a–9b). Increasing the dimensionless parameter A makes the proﬁles more rounded, but also causes
deformation to occur farther into the interior of the ice mélange because stress coupling allows deformation
to occur at low shear stresses.
In Figure 10 we compare normalized velocity proﬁles from Helheim Glacier to theoretical proﬁles from both
rheologies for various values of 𝜇s . The eﬀect of changing 𝜇s , while holding 𝜇0 ﬁxed, is to change the width of
the shear zone. In the 𝜇(I) rheology the width of the shear zone is ﬁxed by yc (given in equation (15), whereas
in the nonlocal rheology deformation can occur beyond yc . Consequently, the best agreement between
observations and theory occurs at lower values of 𝜇s in the 𝜇(I) rheology than in the nonlocal rheology.
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Figure 9. Eﬀect of model parameters on theoretical proﬁles predicted by the nonlocal rheology. For all proﬁles 𝜇0 = 0.4,
𝜇s = 0.2, W = 5 km, and L = 20 km. (a) Variations in proﬁles along the length of the fjord for d = HL = 25 m, A = 1,
b = 2 × 105 , and P̃ prescribed by equation (3). (b) Proﬁles at x∕L = 0.5 for various d. (c) Proﬁles at x∕L = 0.5 for various A.
Eﬀect of b on the proﬁles is not shown, but has an eﬀect opposite to the grain size in that larger values of b increase the
ﬂow speeds. The negative values found in (b) occur because we have required the mean velocity to be the same across
all proﬁles.

5.3. Two-Dimensional Discrete Element Models
The continuum rheology (equation (4)) leads to an exponential thickness/pressure distribution along the
length of the ice mélange (equation (9)). This agrees well with the exponential distribution shown in Burton
et al. (2018), where a purely two-dimensional discrete element model was used to model ice mélange. A similar two-dimensional model was used in another recent study by Robel (2017). However, the depth-integrated
continuum equations represent a fundamentally diﬀerent response to increased pressure. As the terminus
pushes the ice mélange, the increase in stress mostly causes the icebergs to either rotate or buckle into and
out of the water (suggesting that some ridging and rafting may occur, although likely not to the same extent
as in sea ice). The work done by the increase in pressure is thus stored as gravitational potential energy. In
two-dimensional discrete element models, the work done is stored as compression of the individual grains,
leading to an increase in the density of the system.
Nevertheless, an exponential pressure distribution is a natural feature of jammed, granular, discrete element
models. In two-dimensional models where the particles feel a repulsive force upon geometric overlap, the

Figure 10. Comparison of transverse velocity proﬁles from Helheim Glacier (bold lines) to theoretical proﬁles for the (a)
𝜇(I) and (b) nonlocal rheologies for 𝜇0 = 0.4 and various values of 𝜇s .

AMUNDSON AND BURTON

12

Journal of Geophysical Research: Earth Surface

10.1029/2018JF004685

pressure in the system scales as Pd ∝ (𝜙 − 𝜙c )𝛼 , where 𝜙 is the two-dimensional area fraction of the system
(density) and 𝜙c is the critical density at which the system jams, that is, particles begin to overlap (O’Hern
et al., 2003). The exponent 𝛼 characterizes the dependence of the repulsive force on the degree of particle
overlap. For example, for harmonic, spring-like interactions between particles, 𝛼 = 1. In these systems, upon
the application of shear, the yield stress has been shown to scale as 𝜎0 ∝ (𝜙 − 𝜙c )𝛾 , where 𝛾 ≈ 𝛼 with small
corrections (Bonn et al., 2017; Olsson & Teitel, 2012). After integrating equation (2) across the width of the fjord
̃ with Pd ), one arrives at
(and replacing the driving stress P∕2
dPd
∝ 𝜎0 ∝ Pd ,
dx

(21)

leading to an exponential pressure distribution along the length of the fjord. Thus, although the fundamental mechanism of deformation in the granular material is diﬀerent in real ice mélange, the two-dimensional
discrete element models seem to capture the salient features of granular ﬂow of ice mélange despite not
accounting for out-of-plane motion.

6. Conclusions
Ice mélange velocity ﬁelds vary seasonally. The velocity ﬁelds are typically uniform and steady in winter,
whereas they tend to be more highly variable in summer and can be steady, extensional, or compressional. At
all times, though, ice mélange exhibits signs of viscoplastic deformation, with concentrated regions of deformation near fjord walls and plug-like ﬂow in the interior. The shear zones typically span 10–20% of the fjord
widths.
Comparison of transverse velocity and longitudinal thickness proﬁles with theoretical proﬁles derived from
constitutive relations for granular ﬂow, under the conditions of quasi-static granular ﬂow, shows good agreement and provide an avenue for future development of ice mélange ﬂow models. In particular we analyzed
two granular rheologies: the 𝜇(I) rheology (Jop et al., 2006) and the nonlocal rheology (Henann & Kamrin,
2013). The shape of the velocity proﬁles predicted by both rheologies depends on the pressure (and therefore ice mélange thickness), the coeﬃcients of friction at the yield stress 𝜇0 and at low strain rates 𝜇s , and the
characteristic iceberg size d. We ﬁnd that 𝜇0 ≈ 0.4 yields thickness proﬁles that are consistent with observations. Larger values of 𝜇0 result in thicker ice mélange and larger longitudinal thickness gradients; because
the velocity proﬁles depend on pressure, higher values of 𝜇0 also cause greater variations in the velocity proﬁles along the length of the fjord. Assuming a value of 𝜇0 = 0.4, we ﬁnd good agreement between theoretical
velocity proﬁles and observations in the 𝜇(I) and nonlocal rheologies when 𝜇s is about 0.05 and 0.2, respectively. For both rheologies, we ﬁnd that the characteristic iceberg size should be roughly 25 m, with larger
values resulting in more plug-like ﬂow.
Many challenges remain for ice mélange ﬂow modeling. In particular, our comparison with constitutive
relations for granular ﬂow did not directly account for binding eﬀects from sea ice and assumed incompressibility, uniform ice mélange thickness and iceberg dimensions, steady ﬂow through a straight channel, and
stresses being at the yield stress along the fjord walls. These assumptions may be adequate for characterizing
quasi-static ﬂow conditions, but are unable to account for the compressional and extensional ﬂow regimes
that are often observed in summer. Moreover, the friction coeﬃcients are likely to vary seasonally through a
dependence on interstitial sea ice, and ocean currents and wind are likely to exert nonnegligible stresses on
ice mélange that may tend to pull it apart. Although our analysis provides some support for the use of idealized continuum rheologies of ice mélange, future work should attempt to account for heterogeneous iceberg
size distributions, test granular rheologies under a wider variety of conditions, and compare model results
to observed thickness and velocity proﬁles. Our results underscore the need to better resolve ice mélange
characteristics in the ﬁeld, which is clearly a challenging endeavor.
The continuum approach that we have adopted here, in lieu of discrete element modeling, will facilitate
development of coupled glacier-ice mélange models. For situations in which simpliﬁed approximations of ice
mélange stresses are preferred, such as in long-time scale ice sheet modeling, both continuum and discrete
element models suggest that the width-averaged force that ice mélange exerts on glacier termini increases
exponentially with the ice mélange length-to-width ratio and becomes suﬃciently large to inhibit iceberg
calving when the ratio exceeds about 3. It is encouraging that preliminary results from continuum and discrete
element models are in agreement with each other.
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Notation
Lg Glacier length
Ut Terminus velocity
Uf Frontal ablation rate; sum of iceberg calving rate and submarine melting
ui Velocity vector
x i Spatial coordinate
x Along-fjord coordinate
y Transverse coordinate
yc Critical value of y beyond which no deformation occurs in the 𝜇(I) rheology and at which there is a
′
transition in gloc in the nonlocal rheology
W Ice mélange width
L Ice mélange length
H Ice mélange thickness
g Gravitational acceleration
𝝆 Ice density
𝝆w Seawater density
𝝐̇ ij Strain rate tensor
𝝐̇ e Eﬀective strain rate or the second invariant of the strain rate tensor
𝝈 ij Cauchy stress tensor
′
𝝈 ij Tectonic stress tensor
P Glaciostatic pressure
P̃ Eﬀective pressure, taken to be the diﬀerence between glaciostatic pressure and hydrostatic pressure
from seawater
Pd Pressure in two-dimensional discrete element models of ice mélange
𝜹ij Kronecker delta
𝝁 Eﬀective friction coeﬃcient
𝝁s Friction coeﬃcient at low strain rates
𝝁0 Friction coeﬃcient at the yield stress
I Inertial number, which is the ratio of inertial forces to imposed forces acting on grains
I0 Material constant that controls variations in the eﬀective friction coeﬃcient in the 𝜇(I) rheology
d Grain size
′
g Granular ﬂuidity
′
gloc Local granular ﬂuidity
𝝃 Cooperativity length
b Dimensionless constant in the nonlocal rheology that aﬀects the local granular ﬂuidity
A Dimensionless constant in the nonlocal rheology that aﬀects the cooperativity length
𝝓 Two-dimensional area fraction (density)
𝝓c Critical value of 𝜙 at which a system jams
𝜶 Exponent that characterizes the dependency of the pressure on the proximity to the jamming point
𝜸 Exponent that characterizes the dependency of the yield stress on the proximity to the jamming point
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